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1 AlList-Utils.tex

theory AList— Utils

imports Main ~~ /src/HOL/ Library/ AList

begin

declare implies- True-equals [simp] False-implies-equals|simp)

We want to have delete and update back in the namespace.

abbreviation delete where delete = AList.delete
abbreviation update where update = AList.update
abbreviation restrictA where restrictA = AList.restrict
abbreviation clearjunk where clearjunk = AList.clearjunk

lemmas restrict-eq = AList.restrict-eq
and delete-eq = AList.delete-eq

lemma restrictA-append: restrictA S (a@b) = restrictA S a @ restrictA S b
unfolding restrict-eq by (rule filter-append)

lemma length-restrictA-le: length (restrictA S a) < length a
by (metis length-filter-le restrict-eq)

1.1 The domain of an associative list

definition domA
where domA h = fst ‘ set h

lemma domA-append[simpl:domA (a Q b) = domA a U domA b
and [simp]:domA ((v,e) # h) = insert v (domA h)
and [simp]:domA (p # h) = insert (fst p) (domA h)
and [simp]:domA || = {}
by (auto simp add: domA-def)

lemma domA-from-set:
(z,e) € seth = x € domA h
by (induct h, auto)

lemma finite-domA[simp]:
finite (domA T)
by (auto simp add: domA-def)

lemma domA-delete[simp]:
domA (delete z T') = domA T — {z}
by (induct T') auto

lemma domA-restrictA[simp]:



domA (restrictA S T') = domAT'N S
by (induct T') auto

lemma delete-not-domA[simp]:
z ¢ domAT = deletex ' =T
by (induct T") auto

lemma deleted-not-domA: = ¢ domA (delete x T')
by (induct T') auto

lemma dom-map-of-conv-domA:
dom (map-of T') = domA T
by (induct T') (auto simp add: dom-if)

lemma domA-map-of-Some-the:
z € domA T = map-of T' = Some (the (map-of T' z))
by (induct T') (auto simp add: dom-if)

lemma domA-clearjunk[simp]: domA (clearjunk T') = domA T’
unfolding domA-def using dom-clearjunk.

lemma the-map-option-domA[simp|: x € domA T' = the (map-option f (map-of T z)) = f
(the (map-of T x))
by (induction T') auto

lemma map-of-domAD: map-of I' x = Some e = x € domA T’
using dom-map-of-conv-domA by fastforce

lemma restrictA-noop: domA T C S = restrictA ST =T
unfolding restrict-eq by (induction T') auto

lemma restrictA-cong:

(Nz.z € domA ml =z €V <=z € V)= ml = m2 = restrictA V ml = restrictA
V' m2

unfolding restrict-eq by (induction m1 arbitrary: m2) auto

1.2 Other lemmas about associative lists

lemma delete-set-none: (map-of 1)(z := None) = map-of (delete z 1)
proof (induct )

case Nil thus ?case by simp

case (Cons [ ls)

from this[symmetric]

show ?case

by (cases fst I = z) auto
qed

lemma list-size-delete[simp]: size-list size (delete x 1) < Suc (size-list size [)
by (induct 1) auto



lemma delete-append[simp]: delete x (11 Q 12) = delete x 11 Q delete z 12
unfolding AList.delete-eq by simp

lemma map-of-delete-insert:
assumes map-of I' z = Some e
shows map-of ((z,e) # delete x T') = map-of T
using assms by (induct T') (auto split:prod.split)

lemma map-of-delete-iff [simp]: map-of (delete © T') za = Some e «— (map-of ' za = Some
e) N\ za # x
by (metis delete-conv fun-upd-same map-of-delete option.distinct(1))

lemma map-add-domA[simp]:
z € domA T = (map-of A ++ map-of T') x = map-of T z
z ¢ domA T = (map-of A ++ map-of T') x = map-of Az
apply (metis dom-map-of-conv-domA map-add-dom-app-simps(1))
apply (metis dom-map-of-conv-domA map-add-dom-app-simps(3))
done

lemma map-of-empty-iff1 [simp]: map-of T = empty «+— T =[]
by (cases T') auto

lemma map-of-empty-iff2[simp]: empty = map-of T +— T =]
apply (subst eq-commute)
by (rule map-of-empty-iff1)

lemma set-delete-subset: set (delete k al) C set al
by (auto simp add: delete-eq)

lemma dom-delete-subset: snd ‘ set (delete k al) C snd ‘ set al
by (auto simp add: delete-eq)

lemma map-ran-cong|fundef-cong):
IAz.z€setml = fI (fstz) (sndx)=f2 (fstz) (snd z) ; ml = m2]
= map-ran f1 m1 = map-ran f2 m2
by (induction m1 arbitrary: m2) auto

lemma domA-map-ran[simp|: domA (map-ran f m) = domA m
unfolding domA-def by (rule dom-map-ran)

lemma map-ran-delete:
map-ran [ (delete x T') = delete x (map-ran f T)
by (induction T') auto

lemma map-ran-restrictA:
map-ran | (restrictA V T') = restrictA V (map-ran f T')

10



by (induction T') auto

lemma map-ran-append:
map-ran [ (TQA) = map-ran f T' Q@ map-ran f A
by (induction T') auto

1.3 Syntax for map comprehensions

definition mapCollect :: (‘a = 'b = 'c) = ('a = 'b) = 'c set
where mapCollect fm = {fkv | kv.mk = Some v}

syntax

-MapCollect :: 'c = pttrn => pttrn = 'a — 'b => 'c set  ((1{- |/-/—/-/€/-/}))
translations

{e | k—v € m} == CONST mapCollect (\k v. e) m

lemma mapCollect-empty[simpl: {f kv | k — v € empty} = {}
unfolding mapCollect-def by simp

lemma mapCollect-const[simp]:
m # empty = {e | k—vem} = {e}
unfolding mapCollect-def by auto

lemma mapCollect-cong|fundef-cong]:

(A kv.ml k= Somev= flkv=[2kv) = ml =m2 = mapCollect f1 m1 = mapCollect
f2 m2

unfolding mapCollect-def by force

lemma mapCollectE[elim!]:
assumes z € {fkv | k— v € m}
obtains k v where m k = Some v and z = fk v
using assms by (auto simp add: mapCollect-def)

lemma mapCollectI[intro]:
assumes m k = Some v
shows fkv e {fkv|k— vem}
using assms by (auto simp add: mapCollect-def)

lemma ball-mapCollect[simp]:
Vze{fkv|k—vem} Pz)«— YV kv.mk = Somev — P (fkv))
by (auto simp add: mapCollect-def)

lemma image-mapCollect[simp]:
g {fkv|k—vem}={g(kov)|k—vem}
by (auto simp add: mapCollect-def)

lemma mapCollect-map-upd|[simp]:
mapCollect f (m(k—v)) = insert (fk v) (mapCollect f (m(k := None)))

11



unfolding mapCollect-def by auto

definition mapCollectFilter :: (‘a = 'b = (bool x 'c)) = ("a — 'b) = 'c set
where mapCollectFilter f m = {snd (fkv) | kv.mk = Somev A fst (fkv)}

syntax
-MapCollectFilter :: 'c = pttrn = pttrn = (‘a — 'b) = bool = 'c set  ((1{-|/-/—/-/€/-/./
1)
translations
{e| k—v e m . P} == CONST mapCollectFilter (\k v. (P,e)) m

lemma mapCollectFilter-const-False[simp]:
{e | k—v € m . False } = {}
unfolding mapCollect-def mapCollectFilter-def by simp

lemma mapCollectFilter-const- True[simp):
{e | kv em. True } = {e | k—v € m}
unfolding mapCollect-def mapCollectFilter-def by simp

end

2 HOLCF-Join.tex

theory HOLCF —Join
imports ~~/src/HOL/HOLCF /HOLCF
begin

2.1 Binary Joins and compatibility

context cpo

begin

definition join :: 'a => ‘a => ‘o (infixl U 80) where
zUy=(f 3 2z {z, y} <<| z then ludb {z, y} else x)

definition compatible :: 'a = 'a = bool
where compatible v y = (3 2. {z, y} <<| 2)

lemma compatiblel:
assumes z C 2
assumes y L z
assumes A a.[zCa;yCa]=2Ca
shows compatible x y
proof—
from assms
have {z,y} <<| z

12



by (auto intro: is-lubl)
thus ?thesis unfolding compatible-def by (metis)
qed

lemma is-joinl:

assumes z C 2

assumes y C 2

assumes A a. [z Ca;yCa]=2Ca

shows z U y = 2
proof—

from assms

have {z,y} <<|

by (auto intro: is-lubl)

thus ?thesis unfolding join-def by (metis lub-eql)

qed

lemma is-join-and-compatible:
assumes z C 2
assumes y L z
assumes A a.[zCa;yCa]=2Ca
shows compatible zy Nz Uy = 2
by (metis compatiblel is-joinl assms)

lemma compatible-sym: compatible x y => compatible y x
unfolding compatible-def by (metis insert-commute)

lemma compatible-sym-iff: compatible x y <— compatible y x
unfolding compatible-def by (metis insert-commute)

lemma join-abovel: compatible v y =z C z U y
unfolding compatible-def join-def
apply auto
by (metis is-lubD1 is-ub-insert lub-eql )

lemma join-above2: compatible vy — y C x U y
unfolding compatible-def join-def
apply auto
by (metis is-lubD1 is-ub-insert lub-eql )

lemma larger-is-joinl: yC oz =z Uy =1z
unfolding join-def
by (metis doubleton-eq-iff lub-bin)

lemma larger-is-join2: x Ty —= x Uy =y
unfolding join-def
by (metis is-lub-bin lub-bin)

lemma join-self [simp]: x Uz =z
unfolding join-def by auto

13



end

lemma join-commute: compatible ry —= x Uy =y U x
unfolding compatible-def unfolding join-def by (metis insert-commute)

lemma [ub-is-join:
{z,y}<<]lz=2zUy=12
unfolding join-def by (metis lub-eql)

lemma compatible-refl[simp]: compatible z x
by (rule compatibleI [OF below-refl below-refl])

lemma join-mono:
assumes compatible a b
and compatible ¢ d
and a C ¢
and b C d
shows ¢ LU b LC cU d
proof—
from assms obtain z y where {a, b} <<| z {¢, d} <<| y unfolding compatible-def by
auto
with assms have a C y b C y by (metis below.r-trans is-lubD1 is-ub-insert)+
with (a, b} <<| © have z C y by (metis is-lub-below-iff is-lub-singleton is-ub-insert)
moreover
from ({a, b} <<| 2> (e, d} <<| y have a U b =z ¢ U d = y by (metis lub-is-join)+
ultimately
show ?thesis by simp
qed

lemma
assumes compatible T y
shows join-abovel: © C z U y and join-above2: y C z U y
proof—
from assms obtain z where {z,y} <<| 2z unfolding compatible-def by auto
hence z Uy =z and z C 2z and y C z apply (auto intro: lub-is-join) by (metis is-lubD1
is-ub-insert)+
thus z C z U y and y C z U y by simp-all
qed

lemma

assumes compatible T y

shows compatible-abovel: compatible x (z U y) and compatible-above2: compatible y (z U
y)
proof—

from assms obtain z where {z,y} <<| z unfolding compatible-def by auto

hence z Uy =z and z C 2z and y C z apply (auto intro: lub-is-join) by (metis is-lubD1
is-ub-insert)+

thus compatible z (z U y) and compatible y (z U y) by (metis below.r-refl compatiblel )+
qed

14



lemma join-below:
assumes compatible x y
and z Cocand y C a
shows z Ll y C a
proof—
from assms obtain z where z: {z,y} <<| z unfolding compatible-def by auto
with assms have z T a by (metis is-lub-below-iff is-ub-empty is-ub-insert)
moreover
from z have z U y = z by (rule lub-is-join)
ultimately show ?thesis by simp
qed

lemma join-below-iff
assumes compatible x y
showszUyCa+— (zCaAyCa)
by (metis assms below-trans cpo-class.join-abovel cpo-class.join-above2 join-below)

lemma join-assoc:
assumes compatible T y
assumes compatible z (y U z)
assumes compatible y z
shows (z Uy)Uz=zU(yUz)
apply (rule is-joinl)
apply (rule join-mono[OF assms(1) assms(2) below-refl join-abovel [OF assms(3)]])
apply (rule below-trans|OF join-above2[OF assms(3)] join-above2[OF assms(2)]])
apply (rule join-below[OF assms(2)])
apply (erule rev-below-trans)
apply (rule join-abovel [OF assms(1)])
apply (rule join-below[OF assms(3)])
apply (erule rev-below-trans)
apply (rule join-above2[OF assms(1)])
apply assumption
done

Py

lemma join-idem[simp]: compatiblezy — z U (z U y) =2 Uy
apply (subst join-assoc|symmetric])
apply (rule compatible-refl)
apply (erule compatible-abovel )
apply assumption
apply (subst join-self)
apply rule
done

lemma join-bottom[simp: z U L =z L Uz =2
by (auto intro: is-joinl)

lemma compatible-adm?2:
shows adm (X y. compatible z y)

15



proof (rule adml)
fix Y
assume c: chain Y and Vi. compatible x (Y 1)
hence a: A i. compatible x (Y i) by auto
show compatible (| | i. Y i)
proof(rule compatiblel)
have ¢2: chain (Ai. z U Y 1)
apply (rule chainl)
apply (rule join-mono[OF a a below-refl chainE[OF (chain Y)]])
done
show z C (|| 4. z U Y4)
by (auto intro: admD[OF - ¢2] join-abovel [OF a])
show (|| 7. Yi)C (] 4.2 U Y4)
by (auto intro: admD[OF - c] below-lub[OF ¢2 join-above2[OF al])
fix a
assume z Cagand (|| i. Yi)Ca
show (|| i.2U Yi)Ca
apply (rule lub-below|[OF c¢2])
apply (rule join-below[OF a «x C a)))
apply (rule below-trans|OF is-ub-thelub[OF ¢] «(| ] i. Y i) C )
done
qed
qed

lemma compatible-adm1: adm (X z. compatible z y)
by (subst compatible-sym-iff, rule compatible-adm2)

lemma join-contl:
assumes chain Y
assumes compat: N i. compatible (Y i) y
shows (| |i. Yi)Uy=(] i YiUy)
proof—
have c¢: chain (Ai. Yi U y)
apply (rule chainl)
apply (rule join-mono[OF compat compat chainE[OF (chain Y)] below-refl])
done

show ?thesis
apply (rule is-joinI)
apply (rule lub-mono[OF <chain Y ¢ join-abovel [OF compat]))
apply (rule below-lub[OF ¢ join-above2[OF compat]])
apply (rule lub-below[OF c])
apply (rule join-below[OF compat))
apply (metis lub-below-iff [OF (chain Y)])
apply assumption
done
qed

lemma join-cont2:
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assumes chain Y

assumes compat: N i. compatible © (Y i)

shows z U (| |i. Yi)= (] i-2U Yi)

proof—

have c: chain (Ai. z U Y i)
apply (rule chainl)
apply (rule join-mono[OF compat compat below-refl chainE[OF <chain Y))])
done

show ?thesis

apply (rule is-joinI)
apply (rule below-lub[OF ¢ join-abovel [OF compat]])
apply (rule lub-mono[OF <chain Y) ¢ join-above2|OF compat]))
apply (rule lub-below[OF c])
apply (rule join-below[OF compat])
apply assumption
apply (metis lub-below-iff [OF (chain Y)])
done

qed

lemma join-cont12:
assumes chain Y and chain Z
assumes compat: \ i j. compatible (Y i) (Z j)
shows (| |i. Yi)U (| ]i- Z4) = (] ¢ Yi U Z9)
proof—
have (| |i. YY) U (i Zi) = (e Yiu (Uj. Z4))
by (rule join-contl[OF (chain Y> admD[OF compatible-adm2 <chain Z) compat]])

also have ... = (| |ij. YiU Zj)
by (subst join-cont2[OF (chain Z) compat], rule)
also have ... = (| ]i. YiU Z 1)

apply (rule diag-lub)
apply (rule chainl, rule join-mono[OF compat compat chainE[OF <chain Y)] below-refl])
apply (rule chainl, rule join-mono[OF compat compat below-refl chainE[OF (chain 7)]))
done
finally show ?thesis.
qed

context pcpo
begin
lemma bot-compatible[simp]:
compatible x 1 compatible | x
unfolding compatible-def by (metis insert-commute is-lub-bin minimal)+
end

end
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3 HOLCF-Join-Classes.tex

theory HOLCF —Join— Classes
imports HOLCF —Join
begin

class Finite-Join-cpo = cpo +
assumes all-compatible: compatible x y

lemmas join-mono = join-mono[OF all-compatible all-compatible ]

lemmas join-abovel [simp] = all-compatible[ THEN join-abovel ]

lemmas join-above2|[simp| = all-compatible| THEN join-above?2)]

lemmas join-below[simp] = all-compatible] THEN join-below]

lemmas join-below-iff = all-compatible|[ THEN join-below-iff|

lemmas join-assoc[simp] = join-assoc[OF all-compatible all-compatible all-compatible]
lemmas join-comm|[simp] = all-compatible| THEN join-commute]

lemma join-lc[simp]: z U (y U z) = y U (z U (z::'a:: Finite-Join-cpo))
by (metis join-assoc join-comm)

lemma join-cont” chain Y = (|| i. Yi) Uy = (] ¢ Y iU (y::'a::Finite-Join-cpo))
by (metis all-compatible join-contl)

lemma join-contl:
fixes y :: 'a :: Finite-Join-cpo
shows cont (Az. (z U y))
apply (rule conti2)
apply (rule monofunl)
apply (metis below-refl join-mono)
apply (rule eg-imp-below)
apply (rule join-cont”)
apply assumption
done

lemma join-cont2:
fixes z :: 'a :: Finite-Join-cpo
shows cont (\y. (z U y))
unfolding join-comm by (rule join-contl)

lemma join-cont|cont2cont,simp]:cont f = cont g = cont (Az. (fz U (g z::'a:: Finite-Join-cpo)))
apply (rule cont2cont-case-prod[where ¢ = A z. (fz, gz)and f = A pzy .z Uy,
simplified)])
apply (rule join-cont2)
apply (metis cont2cont-Pair)
done

instantiation fun :: (type, Finite-Join-cpo) Finite-Join-cpo

begin
definition fun-join :: (‘a = b)) — (‘a = 'b) = (‘a = 'b)
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where fun-join = (A fg.(Az. (fz)U (g

lemma [simp]: (fun-join-f-g) z = (fz) U (g
unfolding fun-join-def

apply (subst beta-cfun, intro cont2cont cont2cont-lambda cont2cont-fun)+

)

~— —

instance

apply standard

proof (intro compatiblel exI conjl strip)
fix x y
show z C fun-join-z-y by (auto simp add: fun-below-iff)
show y C fun-join-z-y by (auto simp add: fun-below-iff)
fix z
assume z C z and y C 2
thus fun-join-z-y C z by (auto simp add: fun-below-iff)

qed

end

instantiation cfun :: (cpo, Finite-Join-cpo) Finite-Join-cpo
begin
definition cfun-join :: (‘la — 'b) = ('a = b)) = (‘a — 'b)
where cfun-join = (A fg z. (f -2) U (g - z)
lemma [simp]: cfun-join-f-g-x = (f - z) U (g - z)
unfolding cfun-join-def
apply (subst beta-cfun, intro cont2cont cont2cont-lambda cont2cont-fun)-+
instance
apply standard
proof (intro compatiblel exl congl strip)
fix z y
show z C cfun-join-z-y by (auto simp add: cfun-below-iff)
show y C cfun-join-z-y by (auto simp add: cfun-below-iff )
fix z
assume z C z and y C 2
thus cfun-join-z-y C z by (auto simp add: cfun-below-iff)
qed
end

lemma bot-lub[simp]: S <<| L +— S C {L}
by (auto dest!: is-lubD1 is-ubD intro: is-lubl is-ubl)

lemma compatible-up|[simp]: compatible (up-z) (up-y) <— compatible z y
proof
assume compatible (up-z) (up-y)
then obtain z’ where 2" {up-z,up-y} <<| 2z’ unfolding compatible-def by auto
then obtain z where {up-z,up-y} <<| up-z by (cases z’) auto
hence {z,y} <<| z
unfolding is-lub-def
apply auto
by (metis up-below)
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thus compatible © y unfolding compatible-def ..
next
assume compatible x y
then obtain z where 2: {z,y} <<| z unfolding compatible-def by auto
hence {up-z,up-y} <<| up-z unfolding is-lub-def
apply auto
by (metis not-up-less-UU upE up-below)
thus compatible (up-x) (up-y) unfolding compatible-def..
qed

instance u :: (Finite-Join-cpo) Finite-Join-cpo
proof

fixzy:'ay

show compatible x y

apply (cases x, simp)

apply (cases y, simp)

apply (simp add: all-compatible)

done
qed

class is-unit = fixes unit assumes is-unit: \ z. x = unit

instantiation unit :: is-unit
begin

definition unit = ()

instance
by standard auto

end

instance lift :: (is-unit) Finite-Join-cpo
proof
fix zy :: 'a lift
show compatible x y
apply (cases x, simp)
apply (cases y, simp)
apply (simp add: all-compatible)
apply (subst is-unit)
apply (subst is-unit) back
apply simp
done
qed

instance prod :: (Finite-Join-cpo, Finite-Join-cpo) Finite-Join-cpo

proof
fix xy :: (Yla x ')
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let %z = (fst z U fsty, snd U snd y)
show compatible x y
proof (rule compatiblel)
show z C ?z by (cases z, auto)
show y C %z by (cases y, auto)
fix 2’
assume z C 2z’ and y C 2z’ thus %z C 2z’
by (cases z’, cases x, cases y, auto)
qged
qed

lemma prod-join:

fixes x y :: 'a::Finite-Join-cpo x 'b::Finite-Join-cpo
shows z Uy = (fst z U fst y, snd x Ll snd y)

apply (rule is-joinI)

apply (cases z, auto)[1]

apply (cases y, auto)[1]

apply (cases x, cases y, case-tac a, auto)[1]

done

lemma
fixes z y :: 'a::Finite-Join-cpo x 'b::Finite-Join-cpo
shows fst-join[simp]: fst (x U y) = fst x U fst y
and snd-join[simp]: snd (z U y) = snd z U snd y
unfolding prod-join by simp-all

lemma fun-meet-simp[simpl: (f U g) © = fz U (g z::’a:: Finite-Join-cpo)
proof—

have fUg=(Az. fz U gux)

by (rule is-joinI)(auto simp add: fun-below-iff)

thus ?thesis by simp
qed

lemma fun-upd-meet-simp[simp]: (f U g) (z:=y) =f (z:=y) Ug (z := y::'a::Finite-Join-cpo)
by auto

lemma cfun-meet-simp[simp]: (f U g) -z =f -z U (g - x::"a:: Finite-Join-cpo)
proof—

have fUg=(Az. f-2Ug-z)

by (rule is-joinI)(auto simp add: cfun-below-iff)

thus ?thesis by simp
qed

lemma cfun-join-below:
fixes f :: (‘a::Finite-Join-cpo) — ('b::Finite-Join-cpo)
shows f-z U f-y C f-(z U y)

by (intro join-below monofun-cfun-arg join-abovel join-above2)

lemma join-self-below|[iff]:
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z =1z Uy <+— y C (z:'a::Finite-Join-cpo)
x =y Uz +— yC (z::'a::Finite-Join-cpo)
z Uy =2z +— yC (z::/a::Finite-Join-cpo)
y Uz =1z« yC (z:'a::Finite-Join-cpo)
z Uy Cx+— y C (z::a::Finite-Join-cpo)
y Uz Cz+— yC (z::a:Finite-Join-cpo)

done

lemma join-bottom-iff [iff]:
zUy=1+—z=_1A (y:'a:{Finite-Join-cpo,pcpo}) = L
by (metis all-compatible join-bottom(2) join-comm join-idem)

class Join-cpo = cpo +
assumes ezists-lub: Ju. S <<| u

context Join-cpo
begin
subclass Finite-Join-cpo
apply standard
unfolding compatible-def
apply (rule exists-lub)
done
end

lemma below-lubl [intro, simp]:
fixes z :: 'a :: Join-cpo
shows z€ S=— 2 C lub S

by (metis exists-lub is-ub-thelub-ex)

lemma lub-belowl [intro, simp]:

fixes z :: 'a :: Join-cpo

shows (ANy.yeS=yCz)= WwhSCzx
by (metis exists-lub is-lub-thelub-ex is-ub-def)

instance Join-cpo C pcpo
apply standard
apply (rule exI[where z = lub {}])
apply auto
done

lemma lub-empty-set[simp]:
b {} = (L::'a::Join-cpo)
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by (rule lub-eqI) simp

lemma lub-insert[simp]:

fixes z :: 'a :: Join-cpo

shows lub (insert £ S) = z U lub S
by (rule lub-eql) (auto intro: below-trans[OF - join-above2] simp add: join-below-iff is-ub-def
is-lub-def)

end

4 Env.tex
theory Fnv
imports Main HOLCF —Join— Classes
begin
default-sort type

Our type for environments is a function with a pcpo as the co-domain; this theory collects
related definitions.

4.1 The domain of a pcpo-valued function

definition edom :: (key = 'value::pcpo) = 'key set
where edom m = {z. mx # 1}

lemma bot-edom[simp]: edom L = {} by (simp add: edom-def)
lemma bot-edom2[simp]: edom (A-. L) = {} by (simp add: edom-def)

lemma edomlIff: (a € edom m) = (m a # L) by (simp add: edom-def)
lemma edom-iff2: (m a = L) +— (a ¢ edom m) by (simp add: edom-def)

lemma edom-empty-iff-bot: edom m = {} +— m = L
by (metis below-bottom-iff bot-edom edomIff empty-iff fun-belowl)

lemma lookup-not-edom: © ¢ edom m = m x = L by (auto iff :edomIff)
lemma lookup-edom[simp]: m x # L = x € edom m by (auto iff :edomlIff)
lemma edom-mono: x C y = edom x C edom y

unfolding edom-def
by auto (metis below-bottom-iff fun-belowD)
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lemma edom-subset-adm[simp]:
adm (Aae'. edom ae’ C S)
apply (rule adml)
apply rule
apply (subst (asm) edom-def) back
apply simp
apply (subst (asm) lub-fun) apply assumption
apply (subst (asm) lub-eg-bottom-iff)
apply (erule ch2ch-fun)
unfolding not-all
apply (erule exE)
apply (rule set-mp)
apply (rule allE) apply assumption apply assumption
unfolding edom-def
apply simp
done

4.2 Updates

lemma edom-fun-upd-subset: edom (h (z := v)) C insert x (edom h)
by (auto simp add: edom-def)

declare fun-upd-same[simp] fun-upd-other|[simp]

4.3 Restriction

definition env-restr :: ‘a set = (‘a = 'b::pcpo) = (‘a = 'b)
where env-restr S m = (X x. if € S then m z else 1)

abbreviation env-restr-rev (infixl f|¢ 110)
where env-restr-rev m S = env-restr S m

notation (latex output) env-restr-rev (-|-)

lemma env-restr-empty-iff [simp]: m f|*S = L ¢— edom m N S = {}
apply (auto simp add: edom-def env-restr-def lambda-strict|symmetric] split:if-splits)
apply metis
apply (fastforce simp add: edom-def env-restr-def lambda-strict[symmetric] split:if-splits)
done

lemmas env-restr-empty = iff D2[OF env-restr-empty-iff , simp]

lemma lookup-env-restr[simp]: © € S = (m f|*S) z =m =z
by (fastforce simp add: env-restr-def)

lemma lookup-env-restr-not-there[simp): © ¢ S = (env-restr S m) z = L
by (fastforce simp add: env-restr-def)

lemma lookup-env-restr-eq: (m f|*S) x = (if x € S then m x else L)
by simp
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lemma env-restr-eql: (Az. 2 € S = m1 = mg ) = mq f|°S = ma f|*S
by (auto simp add: lookup-env-restr-eq)

lemma env-restr-eqD: my f|*S =mo fI|S =z €S5S = mi 2 =mo x
by (auto dest!: fun-cong[where z = z])

lemma env-restr-belowl: (ANz. 2 € S = m; z C mg ) = mq f|*S C mao f|°S
by (auto intro: fun-belowl simp add: lookup-env-restr-eq)

lemma env-restr-belowD: my f|* ST me f|'S =2 €S = mizCmy z
by (auto dest!: fun-belowD|[where z = z])

lemma env-restr-env-restr[simp]:
e f| d2 f] dl =z f|* (dI N d2)
by (fastforce simp add: env-restr-def)

lemma env-restr-env-restr-subset:
dl1 Cd2 = zf|*d2f|*dl = f|]‘dl
by (metis Int-absorb2 env-restr-env-restr)

lemma env-restr-useless: edom m C S = m f|*S =m
by (rule ext) (auto simp add: lookup-env-restr-eq dest!: set-mp)

lemma env-restr-UNIV [simp]: m f|* UNIV = m
by (rule env-restr-useless) simp

lemma env-restr-fun-upd[simp]: x € § = mi1(z :=v) f|*S = (m1 f|*S)(z := v)
apply (rule ext)
apply (case-tac ra = x)
apply (auto simp add: lookup-env-restr-eq)
done

lemma env-restr-fun-upd-other[simpl: ¢ ¢ S = ml1(z :=v) f|*S = m1 f|*S
apply (rule ext)
apply (case-tac za = x)
apply (auto simp add: lookup-env-restr-eq)
done

lemma env-restr-eq-subset:
assumes S C S’
and ml! f|*S'= m2 f|* S’
shows m1 f|*S = m2 f|‘S
using assms
by (metis env-restr-env-restr le-iff-inf)

lemma env-restr-below-subset:
assumes S C S’
and m1 f|*S'C m2 f|* S’
shows m1 f|¢S C m2 f|‘S
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using assms
by (auto intro!: env-restr-belowl dest!: env-restr-belowD)

lemma edom-env[simp]:
edom (m f|S) = edomm N S
unfolding edom-def env-restr-def by auto

lemma env-restr-below-self: f f|* S C f
by (rule fun-belowl) (auto simp add: env-restr-def)

lemma env-restr-below-trans:
m1 f|*S1 C m2f|*S1 = m2f|*S2 C m3f|‘S2 = mlf|*(S1NS2)LC msf|*(SIN
S52)

by (auto intro!: env-restr-belowl dest!: env-restr-belowD elim: below-trans)

lemma env-restr-cont: cont (env-restr S)
apply (rule cont2cont-lambda)
unfolding env-restr-def
apply (intro cont2cont cont-fun)
done

lemma env-restr-mono: m1 C m2 = ml1 f|*S T m2 f|*S
by (metis env-restr-belowl fun-belowD)

lemma env-restr-mono2: S2 C S1 = m f|*S2 C m f|* St
by (metis env-restr-below-self env-restr-env-restr-subset)

lemmas cont-compose[OF env-restr-cont, cont2cont, simp]

lemma env-restr-cong: (Az. edomm C SN S'U-SN-=5) = mf|*S=mf|S’
by (rule ext)(auto simp add: lookup-env-restr-eq edom-def)

4.4 Deleting

definition env-delete :: ‘a = (a = 'b) = (‘a = 'b::pcpo)
where env-delete x m = m(z := 1)

lemma lookup-env-delete[simp]:
z' # x = env-delete x m ' = m z’
by (simp add: env-delete-def)

lemma lookup-env-delete-None[simp):
env-delete x m x = L
by (simp add: env-delete-def)

lemma edom-env-delete[simp):

edom (env-delete © m) = edom m — {z}
by (auto simp add: env-delete-def edom-def)
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lemma edom-env-delete-subset:
edom (env-delete © m) C edom m by auto

lemma env-delete-fun-upd|[simp]:
env-delete x (m(z := v)) = env-delete x m
by (auto simp add: env-delete-def)

lemma env-delete-fun-upd2[simp]:
(env-delete x m)(z := v) = m(z := v)
by (auto simp add: env-delete-def)

lemma env-delete-fun-upd3[simp]:
z # y = env-delete x (m(y := v)) = (env-delete x m)(y := v)
by (auto simp add: env-delete-def)

lemma env-delete-noop[simp]:
z ¢ edom m = env-delete x m = m
by (auto simp add: env-delete-def edom-def)

lemma fun-upd-env-delete[simp]: © € edom I' => (env-delete ¢ T')(z :=T 2) =T
by (auto)

lemma env-restr-env-delete-other|[simp): x ¢ S = env-delete x m f|* S = m f|*S
apply (rule ext)
apply (auto simp add: lookup-env-restr-eq)
by (metis lookup-env-delete)

lemma env-delete-restr: env-delete x m = m f|* (—{x})
by (auto simp add: lookup-env-restr-eq)

lemma below-env-deletel: fo = 1 = f C g = f C env-delete x g
by (metis env-delete-def env-delete-restr env-restr-mono fun-upd-triv)

lemma env-delete-below-cong[intro]:
assumes r # v = el z C e2x
shows env-delete v el x C env-delete v e2 «
using assms unfolding env-delete-def by auto

lemma env-delete-env-restr-swap:

env-delete x (env-restr S e) = env-restr S (env-delete x ¢e)

by (metis (erased, hide-lams) env-delete-def env-restr-fun-upd env-restr-fun-upd-other fun-upd-triv
lookup-env-restr-eq)
lemma env-delete-mono:

m C m’' = env-delete x m T env-delete x m’

unfolding env-delete-restr

by (rule env-restr-mono)

lemma env-delete-below-arg:
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env-delete t m T m
unfolding env-delete-restr
by (rule env-restr-below-self)

4.5 Merging of two functions

We’d like to have some nice syntax for override-on.

abbreviation override-on-syn (- ++4- - [100, 0, 100] 100) where f1 ++g f2 = override-on
1728

lemma override-on-bot[simp]:
L++gm=mf|‘S
m ++g L =mf| (=5)
by (auto simp add: override-on-def env-restr-def)

lemma edom-override-on[simp|: edom (ml1 ++g m2) = (edom m1 — S) U (edom m2 N S)
by (auto simp add: override-on-def edom-def)

lemma lookup-override-on-eq: (m1 ++g m2)
by (cases x ¢ S) simp-all

(if x € S then m2 z else m1 x)

lemma override-on-upd-swap:
0§ § = oz = 2) ++5 0 = (0 ++5 0)(s = 2)
by (auto simp add: override-on-def edom-def)

lemma override-on-upd:
z €S =0++g((z:=2)) = (e ++g5 _ 4} &)z = 2)
by (auto simp add: override-on-def edom-def)

lemma env-restr-add: (m1 ++g9 m2) f|*S = mi1 f|*S ++g9 m2 f|* S
by (auto simp add: override-on-def edom-def env-restr-def)

lemma env-delete-add: env-delete © (ml ++g m2) = env-delete z m1 ++g _ {2} env-delete x
m2
by (auto simp add: override-on-def edom-def env-restr-def env-delete-def)

4.6 Environments with binary joins

lemma edom-join[simp]: edom (f U (g::(‘a::type = 'b::{ Finite-Join-cpo,pcpo}))) = edom f U
edom g
unfolding edom-def by auto

lemma env-delete-join[simp]: env-delete x (f U (g::("a::type = 'b::{ Finite-Join-cpo,pcpo}))) =
env-delete x f Ll env-delete x g

by (metis env-delete-def fun-upd-meet-simp)

lemma env-restr-join:
fixes m1 m2 :: 'a:type = 'b::{ Finite-Join-cpo,pcpo}
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shows (m1 U m2) f|*S = (mI f|*S)U (m2f]°S)
by (auto simp add: env-restr-def)

lemma env-restr-join2:
fixes m :: 'a::type = 'b::{ Finite-Join-cpo,pcpo}
shows m f|*SUmf]*S'=mf|*(SUS)
by (auto simp add: env-restr-def)

lemma join-env-restr-UNIV :
fixes m :: 'a::type = 'b::{ Finite-Join-cpo,pcpo}
shows S1 U §2 = UNIV = (m f|*S1) U (m f|*S2) =m
by (fastforce simp add: env-restr-def)

lemma env-restr-split:
fixes m :: ‘a::type = 'b::{ Finite-Join-cpo,pcpo}
shows m =m f|*S Umf|* (= 9)

by (simp add: env-restr-join2 Compl-partition)

lemma env-restr-below-split:
mfl‘SCm'=mfl'(—S) Cm'= mLCm'
by (metis Compll fun-below-iff lookup-env-restr)

4.7 Singleton environments
definition esing :: ‘a = 'b::{pcpo} — (‘a = 'b)

where esing x = (A a. (A y . (if £ = y then a else 1)))

lemma esing-bot[simp]: esing z - L = L
by (rule ext)(simp add: esing-def)

lemma esing-simps|[simp]:
(esingz - m) z =mn
z'# 1= (esingz -n)z' =1
by (simp-all add: esing-def)

lemma esing-eq-up-iff [simp]: (esing z-(up-a)) y = up-a’ +— (x =y N a = a)
by (auto simp add: fun-below-iff esing-def)

lemma esing-below-iff [simp]: esing © - a C ae +— a C aez
by (auto simp add: fun-below-iff esing-def)

lemma edom-esing-subset: edom (esing z-n) C {z}
unfolding edom-def esing-def by auto

lemma edom-esing-up|[simp|: edom (esing z - (up - n)) = {z}
unfolding edom-def esing-def by auto

lemma env-delete-esing[simp]: env-delete © (esing x - n) = L
unfolding env-delete-def esing-def
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by auto

lemma env-restr-esing[simp]:
z€ S = esing z-v f|* S = esing z-v
by (auto intro: env-restr-useless dest: set-mp[OF edom-esing-subset])

lemma env-restr-esing2[simp):

x ¢ S = esingzovflS =1

by (auto dest: set-mp[OF edom-esing-subset])
lemma esing-eq-iff [simp]:

esing T-v = esing T-v’ +— v = v’
by (metis esing-simps(1))

end

5 Pointwise.tex

theory Pointwise imports Main begin

Lifting a relation to a function.
definition pointwise where pointwise P m m’ = (V x. P (m z) (m’ x))

lemma pointwisel [intro]: (A\ z. P (m z) (m’z)) = pointwise P m m' unfolding pointwise-def
by blast

end

6 HOLCF-Utils.tex

theory HOLCF — Utils
imports ~~/src¢/HOL/HOLCF /HOLCF Pointwise
begin

default-sort type

lemmas cont-fun|simp]
lemmas cont2cont-fun|simp]

lemma cont-compose2:
assumes A\ y. cont (A z. cx y)
assumes A z. cont (A y. cx y)
assumes cont f
assumes cont g
shows cont (A\z. ¢ (fz) (g z))
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by (intro cont-apply|OF assms(4) assms(2)]
cont2cont-fun|OF cont-compose|OF - assms(3)]]
cont2cont-lambda|OF assms(1)])

lemma pointwise-adm:
fixes P :: 'a::pcpo = 'b::pcpo = bool
assumes adm (A z. P (fst z) (snd x))
shows adm (A m. pointwise P (fst m) (snd m))
proof (rule admlI, goal-cases)
case prems: (1Y)
show ?Zcase
apply (rule pointwisel )
apply (rule admD[OF adm-subst[where t = Ap . (fst p z, snd p x) for z, OF - assms,
simplified] <chain Y))])
using prems(2) unfolding pointwise-def apply auto
done
qed

lemma cfun-beta-Pair:
assumes cont (A p. f (fst p) (snd p))
shows csplit-(A ab . fab)(z,y)=fzy
apply simp
apply (subst beta-cfun)
apply (rule cont2cont-LAM ')
apply (rule assms)
apply (rule beta-cfun)
apply (rule cont2cont-fun)
using assms
unfolding prod-cont-iff
apply auto
done

lemma fun-upd-mono:
01 C 02 = vl C v2 = gol(z :=vl) C 02(z := v2)
apply (rule fun-belowI)
apply (case-tac za = z)
apply simp
apply (auto elim:fun-belowD)
done

lemma fun-upd-cont[simp,cont2cont]:
assumes cont [ and cont h
shows cont (A z. (fz)(v :=h z) :: 'a = 'bpcpo)
by (rule cont2cont-lambda)(auto simp add: assms)

lemma fun-upd-belowl:

assumes \ z .z £z = pz2LC o'z
assumes y C o'z
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shows o(z :=y)C o
apply (rule fun-belowl)
using assms

apply (case-tac za = x)
apply auto

done

lemma cont-if-else-above:
assumes cont f
assumes cont g
assumes A\ z. fz C gz
assumes A zy. 2 Cy— Py —=— Pz
assumes adm P
shows cont (Az. if Pz then f x else g z) (is cont ¢I)
proof (intro contI2 monofunl)
fixzy:'a
assume z L y
with assms(4)[OF this]
show 21z C 2]y
apply (auto)
apply (rule cont2monofunE[OF assms(1)], assumption)
apply (rule below-trans|OF cont2monofunE[OF assms(1)] assms(3)], assumption)
apply (rule cont2monofunE[OF assms(2)], assumption)
done
next
fix Y :: nat = 'a
assume chain Y
assume chain (Ai . I (Y 1))

have ch-f: f (|| i. Yi) T (I 4. f (Y4)) by (metis <chain Y assms(1) below-refl cont2contlubE)

show 21 (|| i. Yi)C (] ¢ 2 (Y49))
proof(cases ¥V i. P (Y 7))
case True hence P (|| i. Y i) by (metis «chain Y) adm-def assms(5))
with True ch-f show ?thesis by auto
next
case Fulse
then obtain j where - P (Y j) by auto
hence x: Vi>j. - P (Yi)=P (] i Yi)
apply (auto)
apply (metis assms(4) chain-mono[OF (chain Y)])
apply (metis assms(4) is-ub-thelub[OF (chain Y)))

done
have ?I (|| i. Yi) =g (|] ¢ Y i) using x by simp
also have ... = ¢ (|l . Y (¢ + 7)) by (metis lub-range-shift|OF (chain Y)))
also have ... = (] . (¢ (Y (i + 7)))) by (rule cont2contlubE[OF assms(2) chain-shift[OF

(chain Y]] )
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also have ... = (|| i. (?I (Y (i + j)))) using x by auto

also have ... = (|| 4. (?I (Y 4))) by (metis lub-range-shift[OF (chain (\i .
finally show ?thesis by simp
qed
qed

fun up2option :: 'a::cpo. = 'a option
where up2option Ibottom = None
| up2option (Iup a) = Some a

lemma up2option-simps|simp]:
up2option L. = None
up2option (up-x) = Some x
unfolding up-def by (simp-all add: cont-Tup inst-up-pcpo)

fun option2up :: 'a option = 'a::cpo
where option2up None = L
| option2up (Some a) = up-a

lemma option2up-up2option[simp]:
option2up (upZoption z) = x
by (cases z) auto

lemma up2option-option2up|simp):
up2option (option2up x) =
by (cases z) auto

lemma adm-subst2: cont f = cont ¢ = adm (Az. f (fst ) = g (snd x))
apply (rule adml)
apply (simp add:
cont2contlubE[where f = f] cont2contlubE[where f = g]
cont2contlubE[where f = snd] cont2contlubE|[where f = fst]

)

done

6.1 Composition of fun and cfun

lemma cont2cont-comp [simp, cont2cont]:
assumes cont f
assumes A z. cont (f z)
assumes cont g
shows cont (A z. (fz) o (g z))
unfolding comp-def
by (rule cont2cont-lambda)

I (Y4))))

(intro cont2cont (cont g (cont f) cont-compose2[OF cont2cont-fun|OF assms(1)] assms(2)]

cont2cont-fun)

definition cfun-comp :: (‘a::pcpo — 'biipepo) — (‘citype = ‘a) — (‘ciitype = 'b)

where cfun-comp = (A f 0. (A z. f-z) o 0)
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lemma [simp]: cfun-comp-f-(o(z := v)) = (cfun-comp-f-0)(z := f-v)
unfolding cfun-comp-def by auto

lemma cfun-comp-app[simp]: (cfun-comp-f-0) x = f-(0 z)
unfolding cfun-comp-def by auto

lemma fiz-eq-fiz:

f-(fiz-g) € fix-g = g-(fix-f) C fix-f = fiz-f = fixg

by (metis fiz-least-below below-antisym)
6.2 Additional transitivity rules

These collect side-conditions of the form cont f, so the usual way to discharge them is to
write by this (intro cont2cont)+ at the end.

lemma below-trans-cong[trans]:
aCfer=z2Cy= contf = al fy
by (metis below-trans cont2monofunkE)

lemma not-bot-below-trans|trans]:
a#1l=alb=b# 1
by (metis below-bottom-iff)

lemma not-bot-below-trans-cong[trans:
fa#El=aClb= contf = fb+# 1L
by (metis below-bottom-iff cont2monofunkE)

end

7 EvalHeap.tex

theory FvalHeap
imports AList— Utils Env ../ Nominal2 /Nominal2 HOLCF — Utils
begin

7.1 Conversion from heaps to environments

fun

evalHeap :: ('var x 'exp) list = ('exp = 'value::{pure,pcpo}) = "var = 'value
where

evalHeap [ - = L
| evalHeap ((x,e)#h) eval = (evalHeap h eval) (z := eval e)

lemma cont2cont-evalHeap[simp, cont2cont]:
(N e.ecsnd‘seth = cont (\o. eval ¢ €)) = cont (X . evalHeap h (eval p))
by (induct h, auto)

lemma evalHeap-equt|[equt]:
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7 - evalHeap h eval = evalHeap (w - h) (7 - eval)
by (induct h) (auto simp add:fun-upd-equt simp del: fun-upd-apply)

lemma edom-evalHeap-subset:edom (evalHeap h eval) C domA h
by (induct h eval rule:evalHeap.induct) (auto dest:set-mp[OF edom-fun-upd-subset] simp del:

fun-upd-apply)

lemma evalHeap-cong[fundef-cong]:
[ heapl = heap2 ; (N e. e € snd ‘ set heap2 = evall e = eval2 e) ]
=—> evalHeap heapl evall = evalHeap heap?2 eval2
by (induct heap2 eval2 arbitrary:heap! rule:evalHeap.induct, auto)

lemma lookupFEvalHeap:
assumes v € domA h
shows (evalHeap h f) v = f (the (map-of h v))
using assms
by (induct h f rule: evalHeap.induct) auto

lemma lookupEvalHeap":
assumes map-of I' v = Some e
shows (evalHeap T' f) v = fe
using assms
by (induct T f rule: evalHeap.induct) auto

lemma lookupEvalHeap-other|[simp]:
assumes v ¢ domA T
shows (evalHeap ' f) v = L
using assms
by (induct T f rule: evalHeap.induct) auto

lemma env-restr-evalHeap-noop:
domA h C S = env-restr S (evalHeap h eval) = evalHeap h eval
apply (rule ext)
apply (case-tac x € )
apply (auto simp add: lookupEvalHeap intro: lookupEvalHeap-other)
done

lemma env-restr-evalHeap-same[simp]:
env-restr (domA h) (evalHeap h eval) = evalHeap h eval
by (simp add: env-restr-evalHeap-noop)

lemma evalHeap-cong':
[ (A z. z € domA heap = evall (the (map-of heap x)) = eval2 (the (map-of heap z))) |
= evalHeap heap evall = evalHeap heap eval2
apply (rule ext)
apply (case-tac x € domA heap)
apply (auto simp add: lookupEvalHeap)
done

35



lemma lookupEvalHeapNotAppend[simp):
assumes ¢ ¢ domA T
shows (evalHeap (TQhA) f) © = evalHeap h f x
using assms by (induct T'; auto)

lemma evalHeap-delete[simp]: evalHeap (delete x© T') eval = env-delete x (evalHeap T eval)
by (induct T') auto

lemma evalHeap-mono:
z ¢ domAT =
evalHeap T eval T evalHeap ((z, e) # ') eval
apply simp
apply (rule fun-belowl)
apply (case-tac za € domA T')
apply (case-tac za = x)
apply auto
done

7.2 Reordering lemmas

lemma evalHeap-reorder:
assumes map-of I' = map-of A
shows evalHeap I' h = evalHeap A h
proof (rule ext)
from assms
have x: domA T = domA A by (metis dom-map-of-conv-domA)

fix z
show evalHeap I' h © = evalHeap A h x
using assms(1) *
apply (cases © € domA T)
apply (auto simp add: lookupEvalHeap)
done
qed

lemma evalHeap-reorder-head:
assumes t # y
shows evalHeap ((z,el)#(y,e2)#I") eval = evalHeap ((y,e2)#(x,el)#I) eval
by (rule evalHeap-reorder) (simp add: fun-upd-twist[OF assms))

lemma evalHeap-reorder-head-append:
assumes z ¢ domA T
shows evalHeap ((x,e)#TQA) eval = evalHeap (T Q ((z,e)#A)) eval

by (rule evalHeap-reorder) (simp, metis assms dom-map-of-conv-domA map-add-upd-left)

lemma evalHeap-subst-exp:
assumes eval ¢ = eval e’
shows evalHeap ((x,e)#T) eval = evalHeap ((x,e’)#I") eval
by (simp add: assms)
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end

8 Nominal-Utils.tex

theory Nominal— Utils
imports ../Nominal2/Nominal2 ~~ /src/ HOL/ Library/ AList
begin

8.1 Lemmas helping with equivariance proofs

lemma perm-rel-lemma:
assumes Amzy. r(m-z)(m-y) =rzy
shows r (m - z) (m-y) «— razy (is 2 «+— ?r)
by (metis (full-types) assms permute-minus-cancel(2))

lemma perm-rel-lemma?2:
assumes Amzy. rey =1 (7-z) (7-y)
shows rzy «— r (m-z) (7 -y) (is 2 +— ?r)
by (metis (full-types) assms permute-minus-cancel(2))

lemma fun-equtl:

assumes f-equtlequt]: (Apz.p- (fz)=f (p - x))
shows p - f = f by perm-simp rule

lemma equt-at-apply:
assumes equt-at f x
shows (p - f) z = fz
by (metis (hide-lams, no-types) assms equt-at-def permute-fun-def permute-minus-cancel(1))

lemma equt-at-apply’:
assumes equt-at f x
showsp - fz =f (p - x)
by (metis (hide-lams, no-types) assms equt-at-def)

lemma equt-at-apply’”:
assumes equt-at f x
shows (p - f) (p - z) =f (p - 7)
by (metis (hide-lams, no-types) assms equt-at-def permute-fun-def permute-minus-cancel(1))

lemma size-list-equt[equt]: p - size-list f x = size-list (p - f) (p - )
proof (induction x)

case (Cons z xs)

have fz = p - (f z) by (simp add: permute-pure)

also have ... = (p - f) (p - z) by simp

with Cons

show ?case by (auto simp add: permute-pure)
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qed simp

8.2 Freshness via equivariance

lemma equt-fresh-congl: (Apz.p - (fz)=f (p-z)) = afz = atfz
apply (rule fresh-fun-equt-app|of f])
apply (rule equtl)
apply (rule eg-reflection)
apply (rule ext)
apply (metis permute-fun-def permute-minus-cancel(1))
apply assumption
done

lemma equt-fresh-cong2:
assumes equt: (Apzy.p- (fzy)=f(p-z)(p-y)
and freshl: a § x and fresh2: a t y
shows a ff fz y
proof—
have equt (A (z,y). fz y)
using equt
apply —
apply (auto simp add: equt-def)
apply (rule ext)
apply auto
by (metis permute-minus-cancel(1))
moreover
have a § (z, y) using freshl fresh2 by auto
ultimately
have a § (A (z,y). fz y) (z, y) by (rule fresh-fun-equt-app)
thus “thesis by simp
qed

lemma equi-fresh-star-cong1:
assumes equt: (Apz. p - (fz)=f (p - 2))
and freshl: a tix x
shows a #x fz
by (metis fresh-star-def equt-fresh-congl assms)

lemma equi-fresh-star-cong2:
assumes equt: (Ap . p - (foy) =f (p - 2) (p - 1))
and freshl: a ti*x x and fresh2: a fix y
shows a fx fz y
by (metis fresh-star-def equt-fresh-cong2 assms)

lemma equt-fresh-cong3:
assumes equt: (\p sy 2. p - (foy2) =F (p-2) (p- 1) (p - 2))
and freshl: a = and fresh2: a § y and fresh3: a § 2
shows a § fx y 2

proof—
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have equt (A (z,y,2). fz y 2)
using equt
apply —
apply (auto simp add: equt-def)
apply (rule ext)
apply auto
by (metis permute-minus-cancel(1))
moreover
have a § (z, y, z) using freshl1 fresh2 fresh3 by auto
ultimately
have a § (X (z,y,2). fz y 2) (z, y, 2) by (rule fresh-fun-equt-app)
thus “thesis by simp
qed

lemma equt-fresh-star-cong3:
assumes equt: (Apzyz.p-(fzyz)=f(p-2)(p-y) (p-2)
and freshl: a tix x and fresh2: a f*x y and fresh3: a f* 2
shows a f* fz y 2
by (metis fresh-star-def equt-fresh-cong3 assms)

8.3 Additional simplification rules

lemma not-self-fresh[simp]: atom = § © <— False
by (metis fresh-at-base(2))

lemma fresh-star-singleton: { x } fx e «— z ff e
by (simp add: fresh-star-def)

8.4 Additional equivariance lemmas

lemma equt-cases:
fixes fz 7
assumes equt: Ax. - fo =f (7 - )
obtains fz f (m-z) |~ fz —f (7. x)
using assms|[symmetric|
by (cases f x) auto

lemma range-equt: w « range Y = range (7 - Y)
unfolding image-equt UNIV-equt ..

lemma case-option-equt|equt]:
7 - case-option d f x = case-option (7 - d) (7 - f) (7 - x)
by (cases x)(simp-all)

lemma supp-option-equt:
supp (case-option d fx) C supp d U supp [ U supp z
apply (cases x)
apply (auto simp add: supp-Some )
apply (metis (mono-tags) Un-iff subsetCE supp-fun-app)
done

39



lemma funpow-equt|[simp,equt]:
7 ((f'a="azpt) ~"n)=(r-f) °" (7 -n)
apply (induct n)
apply simp
apply (rule ext)
apply simp
apply perm-simp
apply simp
done

lemma delete-equt|equt]:
7 - AList.delete ¢ T' = AList.delete (7 + z) (m - T)
by (induct T, auto)

lemma restrict-equt|equt]:
7 - AList.restrict S T' = AList.restrict (m - S) (7w - T)
unfolding AList.restrict-eq by perm-simp rule

lemma supp-restrict:
supp (AList.restrict S T') C supp T'
by (induction T') (auto simp add: supp-Pair supp-Cons)

lemma clearjunk-equt|equt]:
7« AList.clearjunk T' = AList.clearjunk (w - T')
by (induction T rule: clearjunk.induct) auto

lemma map-ran-equt|equt]:
7 - map-ran f T' = map-ran (7 - f) (v - T)
by (induct T, auto)

lemma dom-perm:
dom (mw - f) =m - (dom f)
unfolding dom-def by (perm-simp) (simp)

lemmas dom-perm-rev[simp,equt] = dom-perm[symmetric]

lemma ran-perm|[simp]:
7w - (ran f) = ran (7 - f)
unfolding ran-def by (perm-simp) (simp)

lemma map-add-equt|equt]:
7w (ml +4+ m2) = (7 - ml) ++ (7 - m2)
unfolding map-add-def
by (perm-simp, rule)

lemma map-of-equt]equt]:

7+ map-of | = map-of (w - 1)
apply (induct 1)
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apply (simp add: permute-fun-def)
apply simp

apply perm-simp

apply auto

done

lemma concat-equt[equt]: m + concat | = concat (w - 1)
by (induction 1)(auto simp add: append-equt)

lemma tranclp-equt|equt]: m « tranclp P vq vo = tranclp (7 - P) (7w + v1) (7 - v3)
unfolding tranclp-def by perm-simp rule

lemma rtranclp-equt[equt]: © « rtranclp P vy v2 = rtranclp (7 - P) (7 - v1) (7 + va)
unfolding rtranclp-def by perm-simp rule

lemma Set-filter-equt[equt]: 7 - Set.filter P S = Set.filter (w - P) (w - S)
unfolding Set.filter-def
by perm-simp rule

lemma Sigma-equt'[equt]: © - Sigma = Sigma
apply (rule ext)
apply (rule ext)
apply (subst permute-fun-def)
apply (subst permute-fun-def)
unfolding Sigma-def
apply perm-simp
apply (simp add: permute-self)
done

lemma override-on-equt|equt]:
7« (override-on m1 m2 S) = override-on (w + m1) (7 - m2) (w - S)
by (auto simp add: override-on-def )

lemma card-equt]equt]:

7w+ (card S) = card (7w - S)
by (cases finite S, induct rule: finite-induct) (auto simp add: card-insert-if mem-permute-iff
permute-pure)

lemma Projl-permute:

assumes a: dy. f = Inl y

shows (p - (Sum-Type.projl f)) = Sum-Type.projl (p - f)
using a by auto

lemma Projr-permute:

assumes a: dy. f = Inry

shows (p - (Sum-Type.projr f)) = Sum-Type.projr (p -+ f)
using a by auto
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8.5 Freshness lemmas

lemma fresh-list-elem:
assumes a § I’
and e € set T’
shows a ff ¢
using assms
by (induct T)(auto simp add: fresh-Cons)

lemma set-not-fresh:
z € set L = —(atom z ¢ L)
by (metis fresh-list-elem not-self-fresh)

/

lemma pure-fresh-star[simp|: a §x (z :: 'a :: pure)

by (simp add: fresh-star-def pure-fresh)

lemma supp-set-mem: x € set L = supp ¢ C supp L
by (induct L) (auto simp add: supp-Cons)

lemma set-supp-mono: set L C set L2 —> supp L C supp L2
by (induct L)(auto simp add: supp-Cons supp-Nil dest:supp-set-mem)

lemma fresh-star-at-base:
fixes z :: 'a :: at-base
shows S fix z +— atomz ¢ S
by (metis fresh-at-base(2) fresh-star-def)

8.6 Freshness and support for subsets of variables
lemma supp-mono: finite (B::'a::fs set) = A C B = supp A C supp B

by (metis infinite-super subset-Un-eq supp-of-finite-union)

lemma fresh-subset:
finite B= z # (B :: 'a::at-base set) = AC B =z 4 A
by (auto dest:supp-mono simp add: fresh-def)

lemma fresh-star-subset:
finite B = = f* (B :: 'a::at-base set) = A C B = x fix A
by (metis fresh-star-def fresh-subset)

lemma fresh-star-set-subset:

z g% (B :: 'a:at-base list) = set A C set B = z #x A
by (metis fresh-star-set fresh-star-subset|OF finite-set])

8.7 The set of free variables of an expression

definition fv :: 'a::pt = 'b::at-base set
where fv e = {v. atom v € supp e}

lemma fu-equt[simp,equt]: w - (fu e) = fu (7 - €)
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unfolding fv-def by simp

lemma fv-Nil[simp]: fv [] = {}
by (auto simp add: fu-def supp-Nil)

lemma fv-Cons[simp]: fv (z # zs) = foz U fv xs
by (auto simp add: fv-def supp-Cons)

lemma fu-Pair[simp]: fo (z, y) = fox U foy
by (auto simp add: fu-def supp-Pair)

lemma fv-append[simp]: fo (z @ y) = fox U foy
by (auto simp add: fu-def supp-append)

lemma fv-at-base[simp|: fv a = {a::'a::at-base}
by (auto simp add: fu-def supp-at-base)

lemma fo-pure[simp]: fo (a::'a::pure) = {}
by (auto simp add: fu-def pure-supp)

lemma fuv-set-at-base[simp]: fo (I : (Ya :: at-base) list) = set |
by (induction 1) auto

lemma flip-not-fv: a ¢ fox = b ¢ fvx = (a = b) -z =2
by (metis flip-def fresh-def fu-def mem-Collect-eq swap-fresh-fresh)

lemma fv-not-fresh: atom z f e «+— x & fve
unfolding fv-def fresh-def by blast

lemma fresh-fu: finite (fv e :: 'a set) = atom (z :: ('a::at-base)) § (fv e =

e
unfolding fv-def fresh-def
by (auto simp add: supp-finite-set-at-base)

lemma finite-fo[simp]: finite (fv (e::'a::fs) = ('b::at-base) set)
proof—
have finite (supp e) by (metis finite-supp)
hence finite (atom —* supp e :: 'b set)
apply (rule finite-vimagel)
apply (rule inj-onI)
apply (simp)
done
moreover
have (atom —* supp e :: 'b set) = fv e unfolding fv-def by auto
ultimately
show ?thesis by simp
qed

definition fv-list :: 'a::fs = 'b::at-base list
where fu-list e = (SOME 1. set | = fv e)

lemma set-fo-list[simp]: set (fv-list €) = (fv e :: ('b::at-base) set)

proof—
have finite (fv e :: 'b set) by (rule finite-fv)
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from finite-list[OF finite-fv]
obtain [ where set [ = (fv e :: 'b set)..
thus ?thesis
unfolding fv-list-def by (rule somel)
qed

lemma fresh-fu-list[simp):
a § (fv-list e :: 'b::at-base list) «+— a § (fv e :: 'b::at-base set)
proof—
have a f (fv-list e :: 'b::at-base list) +— a § set (fv-list e :: 'b::at-base list)
by (rule fresh-set|symmetric])
also have ... +— a § (fv e :: 'b::at-base set) by simp
finally show ?thesis.
qed

8.8 Other useful lemmas

lemma pure-permute-id: permute p = (A z. (x::’a::pure))
by rule (simp add: permute-pure)

lemma supp-set-elem-finite:
assumes finite S
and (m:'a:fs) € S
and y € supp m
shows y € supp S
using assms supp-of-finite-sets
by auto

lemmas fresh-star-Cons = fresh-star-list(2)
lemma mem-permute-set:

showsz ep-S+—(—p-2)€e s

by (metis mem-permute-iff permute-minus-cancel(2))
lemma flip-set-both-not-in:

assumes z ¢ S and z’' ¢ S

shows ((z' < z) - S) =S

unfolding permute-set-def

by (auto) (metis assms flip-at-base-simps(3))+
lemma inj-atom: inj atom by (metis atom-eq-iff injl )
lemmas image-Int[OF inj-atom, simp]
lemma equt-uncurry: equt f = equt (case-prod f)

unfolding equt-def

by perm-simp simp

lemma supp-fun-app-equt2:
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assumes a: equt f
shows supp (f z y) C supp z U supp y

proof—
from supp-fun-app-equt| OF equt-uncurry [OF al]
have supp (case-prod f (z,y)) C supp (z,y).
thus ?thesis by (simp add: supp-Pair)

qed

lemma supp-fun-app-equt3:
assumes a: equt f
shows supp (fzy z) C supp & U supp y U supp z
proof—
from supp-fun-app-equt2[OF equt-uncurry [OF al]
have supp (case-prod f (z,y) z) C supp (z,y) U supp z.
thus ?thesis by (simp add: supp-Pair)
qed

lemma permaute-0[simp]: permute 0 = (X z. x)
by auto
lemma permute-comp[simp|: permute z o permute y = permute (z + y) by auto

lemma map-permute: map (permute p) = permute p
apply rule
apply (induct-tac x)
apply auto
done

lemma fresh-star-restrictA[intro]: a §x I' = a #x AList.restrict V. T
by (induction T') (auto simp add: fresh-star-Cons)

lemma Abs-lst-Nil-eq[simp]: [[|]lst. (z::'a:fs) = [zs]lst. ' «— (([l,xz) = (zs, z))
apply rule
apply (frule Abs-Ist-fcb2[where f = Az y - . (z,y) and as = [] and bs = zs and ¢ = ()])
apply (auto simp add: fresh-star-def)
done

lemma Abs-lst-Nil-eq2[simp]: [ws]lst. (z::"axfs) = [[|]ist. 2’ +— ((zs,2) = ([], 7))

by (subst eq-commute) auto

end
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9 AlList-Utils-Nominal.tex

theory AList— Utils— Nominal
imports AList— Utils Nominal— Utils
begin

9.1 Freshness lemmas related to associative lists

lemma domA-not-fresh:
z € domAT = —(atom z 4 I
by (induct T, auto simp add: fresh-Cons fresh-Pair)

lemma fresh-delete:
assumes a § I’
shows a §f delete v T’
using assms
by (induct T')(auto simp add: fresh-Cons)

lemma fresh-star-delete:
assumes S fx I’
shows S fx delete v T’
using assms fresh-delete unfolding fresh-star-def by fastforce

lemma fv-delete-subset:
fv (delete v T') C fo T
using fresh-delete unfolding fresh-def fv-def by auto

lemma fresh-heap-expr:
assumes a f I’
and (z,e) € set T’
shows a ff €
using assms
by (metis fresh-list-elem fresh-Pair)

lemma fresh-heap-expr’:
assumes a f I’
and e € snd ‘ set T’
shows a ff €
using assms
by (induct T', auto simp add: fresh-Cons fresh-Pair)

lemma fresh-star-heap-expr’:
assumes S fx I’
and e € snd ‘set I’
shows S fx e
using assms
by (metis fresh-star-def fresh-heap-expr’)

lemma fresh-map-of:
assumes z € domA T’
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assumes a f I’

shows a § the (map-of T x)

using assms

by (induct T')(auto simp add: fresh-Cons fresh-Pair)

lemma fresh-star-map-of:
assumes ¢ € domA I’
assumes ¢ fx [’
shows a fx the (map-of T x)
using assms by (simp add: fresh-star-def fresh-map-of)

lemma domA-fv-subset: domA T C fo T’
by (induction T') auto

lemma map-of-fv-subset: x € domA T = fv (the (map-of T z)) C fo T
by (induction T") auto

lemma map-of-Some-fv-subset: map-of I' © = Some e = fve C fu T’
by (metis domA-from-set map-of-fv-subset map-of-SomeD option.sel)

9.2 Equivariance lemmas

lemma domA[equt]:
7w+ domAT = domA (w - T
by (simp add: domA-def)

lemma mapCollect]equt]:

7« mapCollect f m = mapCollect (mw - f) (m - m)
unfolding mapCollect-def
by perm-simp rule

9.3 Freshness and distinctness

lemma fresh-distinct:
assumes atom ‘S #§x I’
shows S N domAT = {}
proof—
{fixz
assume z € S
moreover
assume z € domA T
hence atom = € supp T’
by (induct T')(auto simp add: supp-Cons domA-def supp-Pair supp-at-base)
ultimately
have Fulse
using assms
by (simp add: fresh-star-def fresh-def)

thus S N domA T = {} by auto
qed
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lemma fresh-distinct-list:

assumes atom ‘S fx [

shows S N set | = {}

using assms

by (metis disjoint-iff-not-equal fresh-list-elem fresh-star-def image-eql not-self-fresh)

lemma fresh-distinct-fv:

assumes atom ‘S fx [

shows S N fol = {}

using assms

by (metis disjoint-iff-not-equal fresh-star-def fu-not-fresh image-eql)

9.4 Pure codomains

lemma domA-fv-pure:
fixes T' :: (‘a::at-base x 'b::pure) list
shows fv I' = domA T
apply (induct T)
apply simp
apply (case-tac a)
apply (simp)
done

lemma domA-fresh-pure:
fixes ' :: (‘a::at-base x 'bi:pure) list
shows z € domA T +— —(atom z §T)
unfolding domA-fv-pure[symmetric]
by (auto simp add: fu-def fresh-def)

end

10 Nominal-HOLCF.tex

theory Nominal—HOLCF
imports

Nominal— Utils HOLCF — Utils
begin

10.1 Type class of continuous permutations and variations thereof

class cont-pt =
cpo +
pt +
assumes perm-cont: \p. cont ((permute p) :: 'a::{cpo,pt} = 'a)

class discr-pt =
discrete-cpo +
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pt

class pcpo-pt =
cont-pt +
pcpo

instance pcpo-pt C cont-pt
by standard (auto intro: perm-cont)

instance discr-pt C cont-pt
by standard auto

lemma (in cont-pt) perm-cont-simp[simpl: 7 -z Cw-y<+— x Cy
apply rule
apply (drule cont2monofunE[OF perm-cont, of - - —7|, simp)[1]
apply (erule cont2monofunE[OF perm-cont, of - - 7))
done

lemma (in cont-pt) perm-below-to-right: 1 -t Cy+— 2z C — 7 - gy
by (metis perm-cont-simp pt-class.permute-minus-cancel(2))

lemma perm-is-ub-simp[simp]: m - S <| 7 - (z::'az:cont-pt) +— S <| z
by (auto simp add: is-ub-def permute-set-def)

lemma perm-is-ub-equt[simp,equt]: S <| (z::'a::cont-pt) = 7+ S <| 7 -z
by simp

lemma perm-is-lub-simp[simp]: © - S <<| 7 - (z:'a::cont-pt) +— S <<| z
apply (rule perm-rel-lemma)
by (metis is-lubl is-lubD1 is-lubD2 perm-cont-simp perm-is-ub-simp)

lemma perm-is-lub-equt[simp,equt]: S <<| (z::'a:cont-pt) ==>m - § <<| 7+ x
by simp

lemmas perm-cont2cont|simp,cont2cont] = cont-compose|OF perm-cont|

lemma perm-still-cont: cont (w - f) = cont (f :: ("a :: cont-pt) = ('b :: cont-pt))
proof
have imp: A\ (f :: '7a = 'b) 7. cont f = cont (7w - f)
unfolding permute-fun-def
by (metis cont-compose perm-cont)
show cont f = cont (7 - f) using imp[of f 7].
show cont (7 - f) = cont (f) using imp[of 7 - f —x] by simp
qed

lemma perm-bottom|[simp,equt]: m - L = (L::'a::{cont-pt,pcpo})
proof—
have | C —x - (L::’a::{cont-pt,pcpo}) by simp
hence 7 - L C 7 - (—7 - (L::ax{cont-pt,pcpo})) by (rule cont2monofunE|OF perm-cont])
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hence 7 - L C (L::’a::{cont-pt,pcpo}) by simp
thus 7 - L = (L::a:{cont-pt,pcpo}) by simp
qed

lemma bot-supp[simp]: supp (L :: ’a :: pepo-pt) = {}
by (rule supp-fun-equt) (simp add: equt-def)

lemma bot-fresh[simpl: a § (L :: 'a :: pcpo-pt)
by (simp add: fresh-def)

lemma bot-fresh-star[simp]: a #$x (L :: 'a :: pcpo-pt)
by (simp add: fresh-star-def)

lemma below-equt [equt]:
7 (xCy)=(m-2Cmx- (y:'a:cont-pt)) by (auto simp add: permute-pure)

lemma lub-equt[simp]:
(3 2. S << (z'ar{cont-pt})) = 7 - lub S = lub (7 - S)
by (metis lub-eql perm-is-lub-simp)

lemma chain-equt|equt]:
fixes F :: nat = 'a::cont-pt
shows chain F = chain (7 - F)
apply (rule chainl)
apply (drule-tac i = i in chainE)
apply (subst (asm) perm-cont-simp|symmetric, where m = 7))
by (metis permute-fun-app-eq permute-pure)

10.2 Instance for cfun

instantiation cfun :: (cont-pt, cont-pt) pt
begin
definition p - (f :’a = b)) =Az.p-(f - (—p - 1))

instance
apply standard
apply (simp add: permute-cfun-def eta-cfun)
apply (simp add: permute-cfun-def cfun-eql minus-add)
done
end

lemma permute-cfun-eq: permute p = (X f. (Abs-cfun (permute p)) oo f oo (Abs-cfun (permute

(=)

by (rule, rule cfun-eql, auto simp add: permute-cfun-def)

lemma Cfun-app-equt|equt]:
T (fra)=(r-f) (7 x)

unfolding permute-cfun-def
by auto
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lemma permute-Lam: cont f = p - (A z. fz)= Az (p - f) z)
apply (rule cfun-eql)
unfolding permute-cfun-def
by (metis Abs-cfun-inverse2 equt-lambda unpermute-def )

lemma Abs-cfun-equt: cont f = (p - Abs-cfun) f = Abs-cfun f
apply (subst permute-fun-def)
by (metis permute-Lam perm-still-cont permute-minus-cancel(1))

lemma cfun-equtl: (Nz.p - (f-2)=f"-p-2)=0p-f=F
by (metis Cfun-app-equt cfun-eql permute-minus-cancel(1))

lemma ID-equtlequt]: w - ID = ID
unfolding ID-def
apply perm-simp
apply (simp add: Abs-cfun-equt)
done

instance cfun :: (cont-pt, cont-pt) cont-pt
by standard (subst permute-cfun-eq, auto)

instance cfun :: ({pure,cont-pt}, {pure,cont-pt}) pure
by standard (auto simp add: permute-cfun-def permute-pure Cfun.cfun.Rep-cfun-inverse)

instance cfun :: (cont-pt, pcpo-pt) pcpo-pt
by standard

10.3 Instance for fun

lemma permaute-fun-eq: permute p = (A f. (permute p) o f o (permute (—p)))
by (rule, rule, metis comp-apply equt-lambda unpermute-def)

instance fun :: (pt, cont-pt) cont-pt
apply standard
apply (rule cont2cont-lambda)
apply (subst permute-fun-def)
apply (rule perm-cont2cont)
apply (rule cont-fun)
done

lemma fiz-equt|equt]:
7w - fix = (fix :: ('a — 'a) = 'a::{cont-pt,pcpo})
apply (rule cfun-eql)
apply (subst permute-cfun-def)
apply simp
apply (rule parallel-fiz-ind[OF adm-subst2])
apply (auto simp add: permute-self)
done
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10.4 Instance for u

instantiation u :: (cont-pt) pt

begin
definition p - (z :: ‘a u) = fup-(A z. up-(p - z))z
instance
apply standard
apply (case-tac x) apply (auto simp add: permute-u-def)
apply (case-tac x) apply (auto simp add: permute-u-def)
done

end

instance u :: (cont-pt) cont-pt
proof
fix p

have permute p = (A z. fup-(A z. up-(p - z))-(z:: 'a uw))
by (rule ext, rule permute-u-def)
moreover have cont (A z. fup-(A z. up-(p + x))-(z:: 'a u)) by simp
ultimately show cont (permute p :: 'a u = 'a u) by simp
qed

instance u :: (cont-pt) pepo-pt ..
class pure-cont-pt = pure + cont-pt

instance u :: (pure-cont-pt) pure
apply standard
apply (case-tac )
apply (auto simp add: permute-u-def permute-pure)
done

lemma up-equt[equt]: ™ + up = up
apply (rule cfun-eql)
apply (subst permute-cfun-def, simp)
apply (simp add: permute-u-def)
done

lemma fup-equt[equt]: m « fup = fup
apply (rule cfun-eql)
apply (rule cfun-eql)
apply (subst permute-cfun-def, simp)
apply (subst permute-cfun-def, simp)
apply (case-tac za)
apply simp
apply (simp add: permute-self)
done
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10.5 Instance for lift

instantiation lift :: (pt) pt

begin
definition p - (z :: 'a lift) = case-lift L (A z. Def (p - z)) =
instance
apply standard
apply (case-tac x) apply (auto simp add: permute-lift-def)
apply (case-tac x) apply (auto simp add: permute-lift-def)
done

end

instance lift :: (pt) cont-pt
proof
fix p

have permute p = (A z. case-lift L (X z. Def (p - z)) (z::'a lift))
by (rule ext, rule permute-lift-def)
moreover have cont (A z. case-lift L (A z. Def (p - z)) (z::'a lift)) by simp
ultimately show cont (permute p :: 'a lift = 'a lift) by simp
qed

instance lift :: (pt) pepo-pt ..

instance lift :: (pure) pure
apply standard
apply (case-tac x)
apply (auto simp add: permute-lift-def permute-pure)
done

lemma Def-equt[equt]: m + (Def x) = Def (7w + x)
by (simp add: permute-lift-def)

lemma case-lift-equt[equt]: m - case-lift d f x = case-lift (w - d) (7 - f) (7 - x)
by (cases z) (auto simp add: permute-self)

10.6 Instance for prod

instance prod :: (cont-pt, cont-pt) cont-pt
proof
fix p

have permute p = (A (z = (Ya, 'b) prod). (p - fst x, p - snd z)) by auto
moreover have cont ... by (intro cont2cont)

ultimately show cont (permute p :: (‘a,’b) prod = ('a,’b) prod) by simp
qed

end
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11 Env-HOLCF.tex

theory Env—HOLCF
imports Env HOLCF — Utils
begin

11.1 Continuity and pcpo-valued functions

lemma override-on-belowl:
assumes A a.a € S = yal za
and ANa.a¢ S=zaC za
shows z ++gy C 2
using assms
apply —
apply (rule fun-belowl)
apply (case-tac za € S)
apply auto
done

lemma override-on-contl: cont (A z.  ++g m)
by (rule cont2cont-lambda) (auto simp add: override-on-def)

lemma override-on-cont2: cont (A z. m ++g )
by (rule cont2cont-lambda) (auto simp add: override-on-def)

lemma override-on-cont2cont[simp, cont2cont|:
assumes cont f
assumes cont g
shows cont (A z. fz ++g g z)
by (rule cont-apply[OF assms(1) override-on-contl cont-compose| OF override-on-cont2 assms(2)]])

lemma override-on-mono:

assumes z! C (22 :: 'a::type = 'b:icpo)

assumes yI C y2

shows z1 ++g yl C 22 ++g y2
by (rule below-trans[OF cont2monofunE[OF override-on-contl assms(1)] cont2monofunE[OF
override-on-cont2 assms(2)]])

lemma fun-upd-below-env-deletel:
assumes env-delete © o T env-delete z o’
assumes y C o' z
shows o(z :=y) C o’
using assms
apply (auto intro!: fun-upd-belowl simp add: env-delete-def)
by (metis fun-belowD fun-upd-other)

lemma fun-upd-belowl2:
assumes \ z .z £ 2 = p 2z LC o'z
assumes p v L y
shows ¢ C o'(z := y)
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apply (rule fun-belowl)
using assms by auto

lemma env-restr-belowl:
assumes A z.z€ S = (mIf|‘S)zC (m2f|‘S)
shows m1 f|¢S C m2 f|*S
apply (rule fun-belowl)
by (metis assms below-bottom-iff lookup-env-restr-not-there)

lemma env-restr-belowl?2:
assumes /\m.mES:>m1:vEm2x
shows m1 f|*S C m2
by (rule fun-belowl)
(simp add: assms env-restr-def)

lemma env-restr-below-itself :
shows m f|*S C m
apply (rule fun-belowl)
apply (case-tac z € S)
apply auto
done

lemma env-restr-cont: cont (env-restr S)
apply (rule cont2cont-lambda)
apply (case-tac y € S)
apply auto
done

lemma env-restr-belowD:
assumes ml f|‘S C m2 f|‘S
assumes z € S
shows m1 z C m2 x
using fun-belowD[OF assms(1), where © = x] assms(2) by simp

lemma env-restr-eqD:
assumes ml f|‘S = m2 f| S
assumes z € S
shows m1 z = m2 =
by (metis assms(1) assms(2) lookup-env-restr)

lemma env-restr-below-subset:
assumes S C S’
and mI f|*S'C m2 f|‘ S’
shows m1 f|*S C m2 f|*S
using assms
by (auto intro!: env-restr-belowl dest: env-restr-belowD)
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lemma override-on-below-restrl:
assumes z f|‘ (=9) C z f|* (-=5)
and y f|* S C 2 f|*S
shows 2z ++gy C 2
using assms
by (auto intro: override-on-belowl dest:env-restr-belowD)

lemma fmap-below-add-restrl:
assumes 7 f|° (~S) C y f|* (~S)
and zf|‘SCzf|‘S
shows z C y ++g 2
using assms
by (auto intro!: fun-belowl dest:env-restr-belowD simp add: lookup-override-on-eq)

lemmas env-restr-cont2cont|simp,cont2cont] = cont-compose| OF env-restr-cont]

lemma env-delete-cont: cont (env-delete x)
apply (rule cont2cont-lambda)
apply (case-tac y = x)
apply auto
done
lemmas env-delete-cont2cont[simp,cont2cont] = cont-compose|OF env-delete-cont]

end

12 HasESem.tex

theory HasESem
imports Nominal—HOLCF Env—HOLCF
begin

A local to work abstract in the expression type and semantics.

locale has-ESem =

fixes ESem :: 'exp::pt = (‘var::at-base = "value) — 'value::{pure,pcpo’}
begin

abbreviation ESem-syn ([ - ] [0,0] 110) where [e], = ESem e - p
end

locale has-ignore-fresh-ESem = has-ESem +
assumes fu-supp: supp e = atom ‘ (fv e :: 'b set)

assumes ESem-considers-f: [ e Jo =[ €], £ (fo e)

end
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13 lterative.tex

theory Iterative
imports Env—HOLCF
begin

A setup for defining a fixed point of mutual recursive environments iteratively

locale iterative =
fixes o :: ‘a::type = 'b::pcpo
and el :: (‘la = 'b) = (la = 'b)
and €2 :: (‘la = b)) = 'b
and S :: 'a set and z :: ‘a
assumes ne:xr ¢ S

begin
abbreviation L == (A ¢’. (¢ ++g el - 0')(z := €2 - 0'))
abbreviation H == (X o". A ¢o”. o' ++g el - 0")
abbreviation R == (A ¢’ (¢ ++g (fix - (H 0)))(z :
abbreviation R’ == (A o'. (0 ++g (fix - (H 0'))(z :

e2 - o)
e2 - (fix - (H 0"))))

lemma split-x:
fixes y
obtainsy=zandy ¢ S|y Sandy#z |y ¢ S and y # z using ne by blast
lemmas below = fun-belowl[OF split-z, where yI = A\z. z]
lemmas eq = ext|OF split-x, where y1 = A\z. z]

lemma lookup-fiz|simp]:
fixes y and F :: (Yla = 'b) = (la = ')
shows (fiz - F) y = (F - (fic - F)) y
by (subst fir-eq, rule)

lemma R-S: A\ y.y € S = (fir - R) y = (el - (fix - (H (fix - R)))) y
by (case-tac y rule: split-x) simp-all

lemma R-S: A y.ye S = (fiz - R)y= (el - (fix- (H (fir - R"))) y
by (case-tac y rule: split-x) simp-all

lemma HR-is-R[simp]: fiz-(H (fix - R)) = fir - R
by (rule eq) simp-all

lemma HR’-is-R'[simp]: fiz - (H (fix - R')) = fix - R’
by (rule eq) simp-all

lemma H-noop:
fixes o’ 0"’
assumes \ y.y €S = y#z = (el -0")yC o'y
shows H ¢’ - 0" C o’
using assms
by —(rule below, simp-all)
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lemma HL-is-L[simp]: fix - (H (fix - L)) = fix - L
proof (rule below-antisym)
show fiz - (H (fir - L)) C fiz - L
by (rule fiz-least-below|OF H-noop]) simp
hence x: €2 - (fir - (H (fix - L))) C e2 - (fix - L) by (rule monofun-cfun-arg)

show fix - LC fix - (H (fix - L))
by (rule fiz-least-below|[OF below]) (simp-all add: ne x)
qged

lemma iterative-override-on:
shows fir - L= fix - R
proof(rule below-antisym)
show fix - RC fiz - L
by (rule fiz-least-below|[OF below]) simp-all

show fix - LC fix - R
apply (rule fiz-least-below[OF below))
apply simp
apply (simp del: lookup-fiz add: R-S)
apply simp
done
qged

lemma iterative-override-on'”:
shows fiz - L = fizx - R’
proof(rule below-antisym)
show fiz - R'C fix - L
by (rule fiz-least-below|[OF below]) simp-all

show fiz - L C fiz - R’

apply (rule fiz-least-below|[OF below])
apply simp

apply (simp del: lookup-fix add: R’-S)
apply simp

done

qed
end

end

14 Env-Nominal.tex
theory Env—Nominal

imports Env Nominal— Utils Nominal—HOLCF
begin
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14.1 Equivariance lemmas

lemma edom-perm:
fixes f :: ‘a:pt = 'b::{pcpo-pt}
shows edom (7 - f) = 7 - (edom f)
by (simp add: edom-def)

lemmas edom-perm-rev|[simp,equt] = edom-perm|[symmetric]

lemma mem-edom-perm|[simp]:
fixes o :: ‘a::at-base = 'b::{pcpo-pt}
shows za € edom (p - 0) «— — p - za € edom o
by (metis (mono-tags) edom-perm-rev mem-Collect-eq permute-set-eq)

lemma env-restr-equt[equt]:
fixes m :: ‘a::pt = 'b::{ cont-pt,pcpo}
shows - m f|‘d = (7 - m) f|* (7 - d)
by (auto simp add: env-restr-def)

lemma env-delete-equt|equt]:
fixes m :: ‘a::pt = 'b::{ cont-pt,pcpo}
shows 7 - env-delete © m = env-delete (7w - z) (w - m)
by (auto simp add: env-delete-def)

lemma esing-equt[equt]: m - (esing ) = esing (7 - z)
unfolding esing-def
apply perm-simp
apply (simp add: Abs-cfun-equt)
done

14.2 Permutation and restriction

lemma env-restr-perm:
fixes o :: ‘a::at-base = 'b::{pcpo-pt,pure}
assumes supp p i+ S and [simp]: finite S
shows (p - o) f|*S =0 f[*S

using assms

apply —

apply (rule ext)

apply (case-tac x € S)

apply (simp)

apply (subst permute-fun-def)

apply (simp add: permute-pure)

apply (subst perm-supp-eq)

apply (auto simp add:perm-supp-eq supp-minus-perm fresh-star-def fresh-def supp-set-elem-finite)

done

lemma env-restr-perm”:

fixes ¢ :: ‘a::at-base = 'b::{pcpo-pt,pure}
assumes supp p fx S and [simp]: finite S
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shows p - (o fI*S) =0 f|'S
by (simp add: perm-supp-eq[OF assms(1)] env-restr-perm[OF assms])

lemma env-restr-flip:
fixes o :: ‘a::at-base = 'b::{pcpo-pt,pure}
assumes z ¢ S and z’' ¢ S
shows (' < )+ 0) /1S = 0 f* S
using assms
apply —
apply rule
apply (auto simp add: permute-flip-at env-restr-def split:if-splits)
by (metis equt-lambda flip-at-base-simps(3) minus-flip permute-pure unpermute-def)

lemma env-restr-flip":
fixes o :: ‘a::at-base = 'b::{pcpo-pt,pure}
assumes z ¢ S and z' ¢ S
shows (z' < z) - (o f|*S) =0 f|*S
by (simp add: flip-set-both-not-in|OF assms| env-restr-flip] OF assms])

14.3 Pure codomains

lemma edom-fv-pure:
fixes f :: (“ar:at-base = 'b::{pcpo,pure})
assumes finite (edom f)
shows fv f C edom f
using assms
proof (induction edom f arbitrary: f)
case empty
hence f = | unfolding edom-def by auto
thus ?case by (auto simp add: fu-def fresh-def supp-def)
next
case (insert z S)
have f = (env-delete  f)(z := fz) by auto
hence fv f C fv (env-delete x f) U foz U fo (f z)
using equt-fresh-cong3[where f = fun-upd and = = env-delete z f and y = z and z = [z,
OF fun-upd-equt]
apply (auto simp add: fo-def fresh-def)
by (metis fresh-def pure-fresh)
also

from «nsert £ S = edom f> and @ ¢ S

have S = edom (env-delete x f) by auto

hence fv (env-delete z f) C edom (env-delete x f) by (rule insert)
also

have fv (f z) = {} by (rule fv-pure)

also

from dnsert x S = edom f> have = € edom f by auto

hence edom (env-delete z f) U fu o U {} C edom f by auto
finally
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show ?case by this (intro Un-mono subset-refl)
qed

end

15 HeapSemantics.tex

theory HeapSemantics
imports EvalHeap AList— Utils—Nominal HasESem Iterative Env— Nominal
begin

15.1 A locale for heap semantics, abstract in the expression semantics

context has-ESem
begin

abbreviation EvalHeapSem-syn ([ -]- [0,0] 110)
where EvalHeapSem-syn T' o = evalHeap T' (X e. [e],o)

definition
HSem :: ("var x 'exp) list = ("var = 'value) — (‘var = '"value)
where HSem I' = (A ¢ . (1 0" ¢ ++doma 1 [I],))

abbreviation HSem-syn ({ - }}- [0,60] 60)
where {I'}o = HSem T - ¢

lemma HSem-def”: {T'}o = (1 0". 0 ++gomA T [[F]]g/)
unfolding HSem-def by simp

15.2 Induction and other lemmas about HSem

lemma HSem-ind:
assumes adm P
assumes P |
assumes step: \ 0. P o' = P (0 ++4omA T [[F]]Q/)
shows P ({T'}o)
unfolding HSem-def’
apply (rule fiz-ind[OF assms(1), OF assms(2)])
using step by simp

lemma HSem-below:
assumes rho: N\z. ¢ ¢ domAh = oz Crz
assumes h: A\z. © € domA h = [the (map-of h )]+ C rz
shows {hllo C r
proof (rule HSem-ind, goal-cases)
case 1 show Zcase by (auto)

61



next
case 2 show ?case by (rule minimal)
next
case (3 o)
show ?Zcase
by (rule override-on-belowl )
(auto simp add: lookupEvalHeap below-trans|OF monofun-cfun-arg[OF (o’ € m] h] rho)
qed

lemma HSem-bot-below:
assumes h: Az. © € domA h = [the (map-of h 2)]+ C rx
shows {a}L C r
using assms

by (metis HSem-below fun-belowD minimal)

lemma HSem-bot-ind:
assumes adm P
assumes P |
assumes step: \ o’. P o'= P ([T ]]Q/)
shows P ({T'} 1)
apply (rule HSem-ind[OF assms(1,2)])
apply (drule assms(3))
apply simp
done

lemma parallel-HSem-ind:
assumes adm (Ao’. P (fst o') (snd o))
assumes P | |
assumes step: Ay z. Py z =
P (o1 ++doma 1y [T1ly) (02 ++doma 1, [T2]2)
shows P ({T'1fte1) ({T'2}02)
unfolding HSem-def’
apply (rule parallel-fiz-ind[OF assms(1), OF assms(2)])
using step by simp

lemma HSem-eq:
shows {I'}o = 0 ++4oma T [[F]]{]P[}g
unfolding HSem-def’
by (subst fiz-eq) simp

lemma HSem-bot-eq:
shows {I'} L = |IF]]{]F[}L
by (subst HSem-eq) simp

lemma lookup-HSem-other:
assumes y ¢ domA h
shows ({hlre) y =0y
apply (subst HSem-eq)
using assms by simp
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lemma lookup-HSem-heap:
assumes y € domA h
shows ({hlto) v = [ the (map-of h y) ]]‘{]hl}g
apply (subst HSem-eq)
using assms by (simp add: lookupEvalHeap)

lemma HSem-edom-subset: edom ({T'}o) C edom o U domA T
apply rule
unfolding edomIff
apply (case-tac x € domA T)
apply (auto simp add: lookup-HSem-other)
done

lemma env-restr-override-onl:—S2 C S = env-restr S 91 ++g9 02 = 01 ++g9 02
by (rule ext) (auto simp add: lookup-override-on-eq )

lemma HSem-restr:
{nh(e fI* (= domA h)) = {h}o
apply (rule parallel-HSem-ind)
apply simp
apply auto[1]
apply (subst env-restr-override-onl)
apply simp-all
done

lemma HSem-restr-cong:
assumes ¢ f|‘ (— domA h) = o' f|* (— domA h)
shows {hllo = {h]o’
apply (subst (1 2) HSem-restr[symmetric])
by (simp add: assms)

lemma HSem-restr-cong-below:
assumes ¢ f|‘ (— domA h) C o’ f|* (— domA h)
shows {h}o C {h]o’
by (subst (1 2) HSem-restr[symmetric]) (rule monofun-cfun-arg[OF assms))

lemma HSem-reorder:
assumes map-of I' = map-of A
shows {T'}o = {A}o
by (simp add: HSem-def' evalHeap-reorder|OF assms] assms dom-map-of-conv-domA[symmetric])

lemma HSem-reorder-head:
assumes r # y
shows {(z,e1)#(y,e2)#I'fto = {(y,e2)#(z,e1)#I'}to
proof—
have set ((z,el)#(y,e2)#T) = set ((y,e2)#(z,el)#T)
by auto
thus ?thesis
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unfolding HSem-def evalHeap-reorder-head[OF assms]
by (simp add: domA-def)
qed

lemma HSem-reorder-head-append:
assumes z ¢ domA T
shows {(z,e)#TQA}p = {T' @ ((z,e)#A)}o
proof—
have set ((z,e)#TQA) = set (I' @ ((z,e)#A)) by auto
thus ?thesis
unfolding HSem-def evalHeap-reorder-head-append|OF assms]
by simp
qed

lemma env-restr-HSem:
assumes domAT' N S = {}
shows (I T o) f|°S = 0 /| §
proof (rule env-restr-eql)
fix z
assume z € S
hence z ¢ domA T' using assms by auto
thus ({T o) z =0 =
by (rule lookup-HSem-other)
qed

lemma env-restr-HSem-noop:
assumes domA I' N edom o = {}
shows ({ T }o) f|* edom 0 = o
by (simp add: env-restr-HSem[OF assms| env-restr-useless)

lemma HSem-Nil[simp]: {[]}o = 0
by (subst HSem-eq, simp)

15.3 Substitution

lemma HSem-subst-exp:
assumes Ao’ [ e ]]g’ =[e’ ]]Q/

shows {(z, e) # Tlo = {(z, ') # T}o
by (rule parallel-HSem-ind) (auto simp add: assms evalHeap-subst-exp)

lemma HSem-subst-expr-below:
assumes below: [ el ]]{](1‘7 ¢2) # Tho E [ e2 ]]{](17 ¢2) # Tho

shows {(z, el) # I'lo C {(z, e2) # T'lo
by (rule HSem-below) (auto simp add: lookup-HSem-heap below lookup-HSem-other)

lemma HSem-subst-expr:
assumes below!: [ el ]]ﬂ(% e2) # Tho C[e2 ]]{[(% e2) # Tho
assumes below?2: [ e2 ]]{](L el) # Tho E [ et ]]{[(m, el) # Tho
shows {(z, el) # T'}o = {(z, e2) # T'}o
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by (metis assms HSem-subst-expr-below below-antisym)

15.4 Re-calculating the semantics of the heap is idempotent

lemma HSem-redo:
shows {T'}({T" @ Al}o) f|* (edom o U domA A) = {I' @ Al}p (is ?LHS = ?RHS)
proof (rule below-antisym)
show ?LHS T ?RHS
by (rule HSem-below)
(auto simp add: lookup-HSem-heap fun-belowD[OF env-restr-below-itself])

show ?RHS C ?LHS
proof(rule HSem-below, goal-cases)
case (1 z)
thus ?case
by (cases x ¢ edom o) (auto simp add: lookup-HSem-other dest:lookup-not-edom)
next
case prems: (2 z)
thus ?case
proof (cases © € domA T)
case True
thus %thesis by (auto simp add: lookup-HSem-heap)
next
case Fulse
hence delta: © € domA A using prems by auto
with False <?LHS T ?RHS)
show ?thesis by (auto simp add: lookup-HSem-other lookup-HSem-heap monofun-cfun-arg)
qed
qed
qed

15.5 Iterative definition of the heap semantics

lemma iterative-HSem:
assumes z ¢ domA T
shows {(z,e) # Tlo = (1 0" (¢ ++doma T ({Tle))( = = [e] ;1)
proof—
from assms
interpret iterative
where el = A o’ [[F]]Q/
and e2 = A o' [[e]]gf
and S = domA T’
and z = z by unfold-locales

have {(z,e) # Tfo = fiz - L
by (simp add: HSem-def’ override-on-upd ne)

also have ... = fix - R
by (rule iterative-override-on)
also have ... = (u 0" (¢ ++goma v ({The))( = := [e] )
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by (simp add: HSem-def”)
finally show ?Zthesis.
qed

lemma iterative-HSem":
assumes z ¢ domA T
shows (1 0" (¢ ++doma T ({T}e))( z = [e] 1))
= (0" (e ++aomar (TN 2 = [elgry,)
proof—
from assms
interpret iterative
where el = A o' [[F]]Q/
and e2 = A o’ [[e]]gz
and S = domA T
and z = z by unfold-locales

have (1 0" (0 ++doma v ({The)( @ :=[el ) = fiz - R
by (simp add: HSem-def")

also have ... = fix - L
by (rule iterative-override-on[symmetric])

also have ... = fiz - R’
by (rule iterative-override-on')

also have ... = (u 0" (0 ++goma 1T {The))( z := [[e]]ﬂrl}gz))
by (simp add: HSem-def”)

finally

show ?thesis.

qed

15.6 Fresh variables on the heap are irrelevant

lemma HSem-ignores-fresh-restr':
assumes fo I' C §
assumes /\ z 0. ¢ € domAT = [ the (map-of I z) | = [ the (map-of ' z) ], F1° (fo (the (map-of T z)))
shows ({T}o) | 5 = {T}o /| S
proof (induction rule: parallel-HSem-ind[case-names adm base step))
case adm thus ?case by simp
next
case base
show ?case by simp
next
case (step y 2)
have [I' [y =[T ].
proof(rule evalHeap-cong’)
fix z
assume z € domA I’
hence fv (the (map-of T z)) C fo T by (rule map-of-fu-subset)
with assms(1)
have fv (the (map-of T z)) N S = fu (the (map-of T z)) by auto
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with step
have y f|* fv (the (map-of T z)) = z f|* fo (the (map-of T z)) by auto
with ¢ € domA I)
show [ the (map-of T z) ]|y = [ the (map-of T z) ],
by (subst (1 2) assms(2 )[OF @ € domA Iv]) simp
qed
moreover
have domA T' C S using domA-fv-subset assms(1) by auto
ultimately
show ?case by (simp add: env-restr-add env-restr-evalHeap-noop)
qed
end

15.7 Freshness

context has-ignore-fresh-ESem begin

lemma ESem-fresh-cong:
assumes ¢ f|* (fve) = o' f|* (fv e)
shows[[e}]gz[[e]]gz

by (metis assms ESem-considers-fv)

lemma ESem-fresh-cong-subset:
assumes fv e C §
assumes o f|‘S =o' f|* S
shows[[e}]gz[[e]]gz
by (rule ESem-fresh-cong[OF env-restr-eq-subset|OF assms]])

lemma ESem-fresh-cong-below:
assumes o f|* (foe) T o' f|* (fve)
shows [e ], C [ e ]]g/
by (metis assms ESem-considers-fv monofun-cfun-arg)

lemma ESem-fresh-cong-below-subset:
assumes fv e C §
assumes o f|‘*S C o' f|*S
shows [e ], C [ e ]]g/
by (rule ESem-fresh-cong-below|OF env-restr-below-subset|OF assms]|)

lemma ESem-ignores-fresh-restr:
assumes atom ‘S f#x e
shows[[e}]gz[[e]]gf‘g (- 9)
proof—
have fuv e N — S = fv e using assms by (auto simp add: fresh-def fresh-star-def fv-supp)
thus ?thesis by (subst (1 2) ESem-considers-fv) simp
qed

lemma ESem-ignores-fresh-restr’:
assumes atom ‘ (edom o — S) f#x e
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shows[[e]]g:[[e]]gf‘:s
proof—
have [ e o= [el, ¢ (= (edom o — 9))
by (rule ESem-ignores-fresh-restr|OF assms])
also have o f|‘ (— (edom o — S)) =0 f|* S
by (rule ext) (auto simp add: lookup-env-restr-eq dest: lookup-not-edom)
finally show ?thesis.
qed

lemma HSem-ignores-fresh-restr’":
assumes fo I' C §

shows ({T'}o) f|1*S = {T}o f|*S
by (rule HSem-ignores-fresh-restr'|OF assms(1) ESem-considers-fv))

lemma HSem-ignores-fresh-restr:
assumes atom ‘S #§x I’
shows ({T}o) I (— ) = {Tho fI* (= S)
proof—
from assms have fu I' C — S by (auto simp add: fu-def fresh-star-def fresh-def)
thus ?thesis by (rule HSem-ignores-fresh-restr’’)
qed

lemma HSem-fresh-cong-below:
assumes ¢ f|* (SU fuT') — domAT)C o' f|* (SU fuT') — domAT)
shows ({T'}e) f|*5 E ({The) fI° S
proof—
from assms
have {[}(o f|* (S U fo T)) C {THo' f* (S U fu T))
by (auto intro: HSem-restr-cong-below simp add: Diff-eq inf-commute)
hence ({T'}to) f|* (S U fo T) C (IT}e") I (S U fo T)
by (subst (1 2) HSem-ignores-fresh-restr’’) simp-all
thus ?thesis
by (rule env-restr-below-subset[OF Un-upperl))
qed

lemma HSem-fresh-cong:
assumes o f|* (SU fuT) — domAT) =o' f|* (SU foT') — domAT)
shows ({T}o) /]S = ({T}e") /] S
apply (rule below-antisym)
apply (rule HSem-fresh-cong-below[OF eg-imp-below[OF assms]])
apply (rule HSem-fresh-cong-below|[OF eg-imp-below|[OF assms[symmetric]]])
done

15.8 Adding a fresh variable to a heap does not affect its semantics

lemma HSem-add-fresh’:
assumes fresh: atom z § T’
assumes z ¢ edom o

assumes step: Ne p’. e € snd ‘set ' = [ e ]]Q/ = [ e lonv-delete = o'
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shows env-delete x ({(z, €) # T}o) = {T'}o
proof (rule parallel-HSem-ind, goal-cases)
case 1 show ?case by simp
next
case 2 show ?case by auto
next
case prems: (3 y z)
have env-delete x ¢ = o using ¢ ¢ edom @ by (rule env-delete-noop)
moreover
from fresh have © ¢ domA T" by (metis domA-not-fresh)
hence env-delete © ([ (z, e) # T Jy) =[T 1y
by (auto intro: env-delete-noop dest: set-mp[OF edom-evalHeap-subset])
moreover
have ... = [T ],
apply (rule evalHeap-cong[OF refl])
apply (subst (1) step, assumption)
using prems(1) apply auto
done
ultimately
show ?case using ¢ ¢ domA I
by (simp add: env-delete-add)
qed

lemma HSem-add-fresh:

assumes atom z § I’

assumes z ¢ edom o

shows env-delete x ({(z, €) # T}o) = {T}o
proof (rule HSem-add-fresh’|OF assms], goal-cases)

case (1 e o)

assume e € snd ‘ set I’

hence atom z § e by (metis assms(1) fresh-heap-expr’)

hence z ¢ fv e by (simp add: fv-def fresh-def)

thus Zcase

by (rule ESem-fresh-cong[OF env-restr-env-delete-other|[symmetric]])

qed

15.9 Mutual recursion with fresh variables

lemma HSem-subset-below:
assumes fresh: atom ‘ domA T" #§x A
shows {A}(o f|* (— domA T)) C ({AQT'}o) f|* (— domAT)
proof (rule HSem-below)
fix z
assume [simp]: © € domA A
with assms have x: atom ‘ domA T * the (map-of A z) by (metis fresh-star-map-of)
hence [simp|: © ¢ domA T using fresh x € domA A by (metis fresh-star-def domA-not-fresh
image-eql )
show [ the (map-of A ) [(ya @ T}p) f|* (= doma T) & ({A @ Tho) fI* (= domAT)) &
by (simp add: lookup-HSem-heap ESem-ignores-fresh-restr[OF x, symmetric])
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qed (simp add: lookup-HSem-other lookup-env-restr-eq)

In the following lemma we show that the semantics of fresh variables can be be calculated
together with the presently bound variables, or separately.

lemma HSem-merge:
assumes fresh: atom ‘ domA T x A
shows {['}{A}o = {TQA}o
proof (rule below-antisym)
have map-of-eq: map-of (A @ T') = map-of (T' @ A)
proof
fix z
show map-of (A QT) z = map-of (I @ A) z
proof (cases v € domAT)
case True
hence z ¢ domA A by (metis fresh-distinct fresh Intl equalsOD)
thus map-of (A QT) z = map-of ([ Q@ A) z
by (simp add: map-add-dom-app-simps dom-map-of-conv-domA)
next
case Fulse
thus map-of (A QT) z = map-of (T Q@ A) z
by (simp add: map-add-dom-app-simps dom-map-of-conv-domA)
qed
qed

show {T'}{A}o C {TQA}p
proof (rule HSem-below)

fix z

assume [simp|:x ¢ domA T

have ({A}o) = = (1A}o) /I (— domA T)) & by simp
also have ... = ({A}(o f|¢ (— domAT))) =

by (rule arg-cong|OF HSem-ignores-fresh-restr|OF fresh]])
also have ... C (({AQT'lo) f|‘ (= domAT)) x

by (rule fun-belowD[OF HSem-subset-below[OF fresh]] )

also have ... = ({AQTI'}g) = by simp
also have ... = ({T' @ A}p) z by (rule arg-cong[OF HSem-reorder[OF map-of-eq]])
finally

show ({A}g) z C ({T' @ A}p) z.
qed (auto simp add: lookup-HSem-heap lookup-env-restr-eq)

have x: A\ z. z € domA A = z ¢ domAT
using fresh by (auto simp add: fresh-Pair fresh-star-def domA-not-fresh)

have foo: edom o U domA A U domA T — (edom o U domA A U domAT) N — domA T =
domA T by auto
have foo2:(edom ¢ U domA A — (edom ¢ U domA A) N — domA T') C domA T by auto

{fixz
assume z € domA A
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hence x: atom ‘ domA T" tx the (map-of A z)
by (rule fresh-star-map-of [OF - fresh])

have [ the (map-of A z) H{IFHAI}Q = [ the (map-of A z) H(ﬂFHAI}Q) f1° (= domA T)
by (rule ESem-ignores-fresh-restr[OF x))

also have ({T'H{A}o) f|¢ (= domAT) = ({A}o) f|* (— domAT)
by (simp add: env-restr-HSem)

also have [ the (map-of A z)]... = [ the (map-of A z) ]]{IAI}Q
by (rule ESem-ignores-fresh-restr[symmetric, OF x))
finally
have [ the (map-of A z) ]]{IFI}{]A[}Q = [ the (map-of A ) }]{]Al}g.
}

thus {T@A}o C {T}{A}e
by —(rule HSem-below, auto simp add: lookup-HSem-other lookup-HSem-heap *)
qed
end

15.10 Parallel induction

lemma parallel-HSem-ind-different-ESem:

assumes adm (Ao". P (fst o’) (snd o))

assumes P 1 |

assumes \y z. Py z = P (0 ++4oma 1, evalHeap h (Xe. ESeml1 e - y)) (02 ++domA ho
evalHeap h2 (Ae. ESem2 e - z))

shows P (has-ESem.HSem ESeml h-g) (has-ESem.HSem ESem2 h2-02)
proof—

interpret HSeml1: has-ESem ESemlI.

interpret HSem2: has-ESem ESem?2.

show ?thesis
unfolding HSem1.HSem-def’ HSem2.HSem-def’
apply (rule parallel-fiz-ind[OF assms(1)])
apply (rule assms(2))
apply simp
apply (erule assms(3))
done

qed

15.11 Congruence rule

lemma HSem-cong[fundef-cong]:
[ (A e e€ snd‘set heap2 = ESeml e = ESem2 e); heapl = heap2 ]
—> has-ESem.HSem ESeml heapl = has-ESem.HSem ESem?2 heap2
unfolding has-ESem.HSem-def
by (auto cong:evalHeap-cong)

15.12 Equivariance of the heap semantics

lemma HSem-equt|equt]:
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7 - has-ESem.HSem ESem I' = has-ESem.HSem (7 - ESem) (m - I)
proof—

show ?thesis

unfolding has-ESem.HSem-def

apply (subst permute-Lam, simp)

apply (subst equt-lambda)

apply (simp add: Cfun-app-equt permute-Lam)

done
qed

end

16 Vars.tex

theory Vars
imports ../ Nominal2 /Nominal2
begin

The type of variables is abstract and provided by the Nominal package. All we know is
that it is countable.

atom-decl var

end

17 Terms.tex

theory Terms
imports Nominal— Utils Vars AList— Utils—Nominal
begin

17.1 Expressions

This is the main data type of the development; our minimal lambda calculus with re-
cursive let-bindings. It is created using the nominal datatype command, which creates
alpha-equivalence classes.

The package does not support nested recursion, so the bindings of the let cannot simply
be of type (var, exp) list. Instead, the definition of lists have to be inlined here, as the
custom type assn. Later we create conversion functions between these two types, define
a properly typed let and redo the various lemmas in terms of that, so that afterwards,
the type assn is no longer referenced.

nominal-datatype exp =
Var var
| App exp var
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| LetA as::assn body::exp binds bn as in body as

| Lam z::var body:exp binds z in body (Lam [-]. - [100, 100] 100)
| Bool bool
| IfThenElse exp exp exp (((-)/ ? (-)/ : (-)) [0, 0, 10] 10)
and assn =
ANil | ACons var exp assn
binder
bn :: assn = atom list
where bn ANil =[] | bn (ACons x t as) = (atom z) # (bn as)

notation (latex output) Terms. Var (-)
notation (latex output) Terms.App (- -)
notation (later output) Terms.Lam (A-. - [100, 100] 100)

type-synonym heap = (var x exp) list

lemma exp-assn-size-equt[equt]: p - (size :: exp = nat) = size
by (metis exp-assn.size-equt(1) fun-equtl permute-pure)

17.2 Rewriting in terms of heaps

We now work towards using heap instead of assn. All this could be skipped if Nominal
supported nested recursion.

Conversion from assn to heap.

nominal-function asToHeap :: assn = heap
where ANilToHeap: asToHeap ANil = []

| AConsToHeap: asToHeap (ACons v e as) = (v, e) # asToHeap as
unfolding equt-def asToHeap-graph-auz-def

apply rule

apply simp

apply rule

apply (case-tac = rule: exp-assn.exhaust(2))

apply auto

done

nominal-termination(equt) by lezicographic-order

lemma asToHeap-equt: equt asToHeap

unfolding equt-def
by (auto simp add: permute-fun-def asToHeap.equt)

The other direction.

fun heapToAssn :: heap = assn
where heapToAssn [| = ANil
| heapToAssn ((v,e)#T') = ACons v e (heapToAssn T')

declare heapToAssn.simps|[simp del]
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lemma heap ToAssn-equt[simp,equt]: p - heapToAssn T' = heapToAssn (p - T)
by (induct T rule: heapToAssn.induct)
(auto simp add: heapToAssn.simps)

lemma bn-heapToAssn: bn (heapToAssn T') = map (Ax. atom (fst z)) T
by (induct rule: heapToAssn.induct)
(auto stimp add: heapToAssn.simps exp-assn.bn-defs)

lemma set-bn-to-atom-domA:
set (bn as) = atom ¢ domA (asToHeap as)
by (induct as rule: asToHeap.induct)
(auto simp add: exp-assn.bn-defs)

They are inverse to each other.

lemma heapToAssn-asToHeap[simp):
heapToAssn (asToHeap as) = as
by (induct rule: exp-assn.inducts(2)[of A - . True])
(auto simp add: heapToAssn.simps)

lemma asToHeap-heapToAssn[simp]:
asToHeap (heapToAssn as) = as
by (induct rule: heapToAssn.induct)
(auto simp add: heapToAssn.simps)

lemma heapToAssn-inject[simp]:
heapToAssn x = heapToAssn y «— = =y
by (metis asToHeap-heap ToAssn)

They are transparent to various notions from the Nominal package.

lemma supp-heapToAssn: supp (heapToAssn T') = supp T
by (induct rule: heapToAssn.induct)
(simp-all add: heapToAssn.simps exp-assn.supp supp-Nil supp-Cons supp-Pair sup-assoc)

lemma supp-asToHeap: supp (asToHeap as) = supp as
by (induct as rule: asToHeap.induct)
(simp-all add: exp-assn.supp supp-Nil supp-Cons supp-Pair sup-assoc)

lemma fv-asToHeap: fv (asToHeap T') = fo T
unfolding fv-def by (auto simp add: supp-asToHeap)

lemma fv-heapToAssn: fv (heapToAssn T') = fo T
unfolding fv-def by (auto simp add: supp-heapToAssn)

lemma [simp]: size (heapToAssn T') = size-list (X (v,e) . size e) T
by (induct rule: heapToAssn.induct)
(simp-all add: heapToAssn.simps)

lemma Lam-eq-same-var[simp]: Lam [y]. e = Lam [y]. e’ +— e =¢’
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by auto (metis fresh-PairD(2) obtain-fresh)

Now we define the Let constructor in the form that we actually want.

hide-const HOL.Let
definition Let :: heap = exp = exp
where Let T' e = LetA (heapToAssn T') e

notation (latex output) Let (let - in -)

abbreviation
LetBe :: var=-exp=exp=>exp (let - be - in - [100,100,100] 100)
where

let © be t1 in t2 = Let [(z,t1)] t2

We rewrite all (relevant) lemmas about LetA in terms of Let.

lemma size-Let[simp]: size (Let T' e) = size-list (Ap. size (snd p)) T’ + size e + Suc 0
unfolding Let-def by (auto simp add: split-beta’)

lemma Let-distinct][simp]:
Var v # Let T e
Let T' e # Varwv
Appev # Let T e’
Lam [v]. e’ # Let T e
Let T e # Lam [v]. e’
Let T e/ # App e v
Boolb # Let T e
Let T' e # Bool b
(scrut 2 el : e2) # Let T e
Let T e # (scrut 7 el : e2)
unfolding Let-def by simp-all

lemma Let-perm-simps|simp,equt]:
p-LetT e=Let (p-T)(p-e)
unfolding Let-def by simp

lemma Let-supp:

supp (Let T e) = (supp e U supp T') — atom * (domA T)

unfolding Let-def by (simp add: exp-assn.supp supp-heapToAssn bn-heapToAssn domA-def
image-image)

lemma Let-fresh[simp):
afLetl'e=(ateNadl Vacatom ‘domAT)
unfolding fresh-def by (auto simp add: Let-supp)

lemma Abs-eq-cong:
assumes A p. (p-z=z')+— (p-y =1y
assumes supp y = Supp
assumes supp y' = supp z’
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shows ([a]lst. x = [a']lst. ') «— ([a]lst. y = [a]lst. y)
by (simp add: Abs-eq-iff alpha-lst assms)

lemma Let-eg-iff [simp]:

(Let T' e = Let T/ €') = ([map (Az. atom (fst z)) T ]lst. (e, ') = [map (Az. atom (fst z))
T)ist. (e’.T))

unfolding Let-def

apply (simp add: bn-heapToAssn)

apply (rule Abs-eq-cong)

apply (simp-all add: supp-Pair supp-heapToAssn)

done

lemma exp-strong-exhaust:
fixes ¢ :: a i1 fs
assumes Avar. y = Var var = P
assumes Aezp var. y = App exp var = P
assumes AT ezp. atom ‘domA T ffx ¢ = y = Let T exp = P
assumes Avar exp. {atom var} §x ¢ = y = Lam [var]. exp = P
assumes A b. (y = Bool b) = P
assumes A\ scrut el e2. y = (scrut ? el : e2) = P
shows P
apply (rule exp-assn.strong-erhaust(1)[where y = y and ¢ = ¢])
apply (metis assms(1))
apply (metis assms(2))
apply (metis assms(8)
apply (metis assms(4))
apply (metis assms(5))
apply (metis assms(6))
done

3) set-bn-to-atom-domA Let-def heapToAssn-asToHeap)
4
5
6

Py

And finally the induction rules with Let.

lemma exp-heap-induct|case-names Var App Let Lam Bool IfThenElse Nil Cons|:
assumes Ab var. P1 (Var var)
assumes A ezxp var. P1 exp = P1 (App exp var)
assumes AT ezp. P2 ' = P1 exp = P1 (Let T' exp)
assumes Avar exp. P1 exp = P1 (Lam [var]. exp)
assumes A\ b. P1 (Bool b)
assumes A scrut el e2. P scrut = P1 el = P1 e2 = P1 (scrut ? el : e2)
assumes P2 ||
assumes Avar exp I'. Pl exp = P2 I' = P2 ((var, exp)#T)
shows P! e and P2 T
proof—
have PI e and P2 (asToHeap (heapToAssn T'))
apply (induct rule: exp-assn.inducts[of P1 X assn. P2 (asToHeap assn)])
apply (metis assms(1))
apply (metis assms(2))
apply (metis assms(3)
apply (metis assms(4))
apply (metis assms(5))

3) Let-def heapToAssn-asToHeap )
4
5
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apply (metis assms(6))
apply (metis assms(7) asToHeap.simps(1))
apply (metis assms(8) asToHeap.simps(2))
done
thus P! e and P2 T unfolding asToHeap-heapToAssn.
qed

lemma exp-heap-strong-induct[case-names Var App Let Lam Bool IfThenElse Nil Cons]:

assumes Avar c¢. P1 ¢ (Var var)

assumes Aexp var c. (Ac. P1 ¢ exp) = P1 ¢ (App exp var)

assumes AT ezp c. atom ‘ domAT $x ¢ = (A\c. P2 ¢T) = (Ac. P1 ¢ exp) = P1 ¢ (Let
T exp)

assumes Avar exp c. {atom var} $x ¢ = (A\c. P1 ¢ exp) = P1 ¢ (Lam [var]. exp)

assumes A b c. P1 ¢ (Bool b)

assumes )\ scrut el e2 c. (\ c¢. PI ¢ scrut) = (\ ¢. P1 cel) = (A c. P1 ¢ e2) = P1
¢ (scrut 7 el : e2)

assumes Ac. P2 ¢ [|

assumes Avar exp T' ¢. (Ac. P1 ¢ exp) = (Ac. P2 ¢ T) = P2 ¢ ((var,exp)#T)

fixes ¢ :: a i1 fs

shows Pl ceand P2 cT
proof—

have P1 ¢ e and P2 ¢ (asToHeap (heapToAssn T'))
apply (induct rule: exp-assn.strong-induct[of P1 X ¢ assn. P2 ¢ (asToHeap assn)))
apply (metis assms(1))
apply (metis assms(2))
apply (metis assms(3) set-bn-to-atom-domA Let-def heapToAssn-asToHeap )
apply (metis assms(
apply (metis assms(
apply (metis assms(
apply (metis assms(
apply (metis assms(

done

thus PI ¢ e and P2 ¢ I unfolding asToHeap-heap ToAssn.

qed

asToHeap.simps(1))
asToHeap.simps(2))

17.3 Nice induction rules

These rules can be used instead of the original induction rules, which require a separate
goal for assn.

lemma exp-induct|case-names Var App Let Lam Bool IfThenElse]:

assumes Avar. P (Var var)

assumes A exp var. P exp = P (App exp var)

assumes AI' exp. (\ z. 2 € domA T = P (the (map-of T z))) = P exp = P (Let T’
exp)

assumes Avar exp. P exp = P (Lam [var]. exp)

assumes A b. P (Bool b)

assumes A\ scrut el e2. P scrut = P el = P e2 = P (scrut ? el : e2)

shows P exp
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rule exp-heap-induct[of P A T. (Vx € domA T. P (the (map-of T z)))])

metis assms(1))

metis assms(2

apply (metis assms(

apply (metis assms(
(
(

apply
apply
apply

NN N N S

apply (metis assms
apply (metis assms
apply auto

done

lemma exp-strong-induct-set|case-names Var App Let Lam Bool IfThenElse]:

assumes Avar c¢. P ¢ (Var var)

assumes Aezxp var c. (Ac. P ¢ exp) = P ¢ (App exp var)

assumes AT exp c.

atom ‘domAT x ¢ = (Acze. (v,e) € set ' = Pce) = (Ac. Pcexp) = Pc (Let

T exp)

assumes Avar exp c. {atom var} $x ¢ = (Ac. P ¢ exp) = P ¢ (Lam [var]. exp)

assumes Ab c. P ¢ (Bool b)

assumes Ascrut el e2 ¢. (\ ¢. P ¢ scrut) = (AN ¢c. Pcel) = (\ ¢. Pce2) = Pc
(scrut ? el : e2)

shows P (c::’a::fs) exp

apply (rule exp-heap-strong-induct(1)[of P X ¢ T. (V(z,e) € set T. P c e)])

apply (metis assms(1))

apply (metis assms(2))

apply (metis assms(3) split-conv)

apply (metis assms(4))

apply (metis assms(5)

apply (metis assms(6)
apply auto
done

)
)

lemma exp-strong-induct|case-names Var App Let Lam Bool IfThenFElse]:
assumes Avar c. P ¢ (Var var)
assumes Aexp var c. (Ac. P ¢ exp) = P ¢ (App exp var)
assumes AT exp c.
atom ‘ domA T % ¢ = (Ncz. x € domA T = P c (the (map-of T z))) = (Ac. P ¢
exp) = P ¢ (Let T exp)
assumes Avar exp c. {atom var} $x ¢ = (Ac. P ¢ exp) = P ¢ (Lam [var]. exp)
assumes Ab c. P ¢ (Bool b)
assumes A scrut el e2 c. (A ¢. P ¢ scrut) = (\ ¢. Pcel) = (A c. Pce2) = Pc
(scrut ? el : e2)
shows P (c::’a::fs) exp
apply (rule exp-heap-strong-induct(1)[of P X ¢T. (Va € domAT. P ¢ (the (map-of T x)))])
apply (metis assms(1))
apply (metis assms(2))
apply (metis assms(3))
apply (metis assms(4))
apply (metis assms(5))
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apply (metis assms(6))
apply auto
done

17.4 Testing alpha equivalence

lemma alpha-test:
shows Lam [z]. (Var x) = Lam [y]. (Var y)
by (simp add: Absi-eq-iff fresh-at-base pure-fresh)

lemma alpha-test2:
shows let z be (Var z) in (Var ) = let y be (Var y) in (Var y)
by (simp add: fresh-Cons fresh-Nil Abs1-eq-iff fresh-Pair add: fresh-at-base pure-fresh)

lemma alpha-test3:
shows
Let [(z, Vary), (y, Var z)] (Var z)

Let [(y, Var z), (x, Var y)] (Var y) (is Let ?la ?lb = -)
by (simp add: bn-heapToAssn Abs1-eq-iff fresh-Pair fresh-at-base
Abs-swap2lof atom z (2lb, [(z, Vary), (y, Var z)]) [atom x, atom y] atom y])

17.5 Free variables

¢

lemma fo-supp-exp: supp e = atom ‘ (fv (e:exp) :: var set) and fv-supp-as: supp as = atom
(fv (as::assn) :: var set)
by (induction e and as rule:exp-assn.inducts)
(auto simp add: fuv-def exp-assn.supp supp-at-base pure-supp)

lemma fv-supp-heap: supp (I'::heap) = atom ¢ (fv T :: var set)
by (metis fu-def fv-supp-as supp-heapToAssn)

lemma fv-Lam[simp]: fo (Lam [z]. €) = fv e — {z}

unfolding fv-def by (auto simp add: exp-assn.supp)
lemma fv-Var(simp): fv (Var z) = {z}

unfolding fv-def by (auto simp add: exp-assn.supp supp-at-base pure-supp)
lemma fu-App[simp]: fu (App e x) = insert z (fv e)

unfolding fv-def by (auto simp add: exp-assn.supp supp-at-base)
lemma fv-Let[simp]: fo (Let T e) = (fo T U foe) — domA T

unfolding fv-def by (auto simp add: Let-supp exp-assn.supp supp-at-base set-bn-to-atom-domA)
lemma fv-Bool[simp]: fv (Bool b) = {}

unfolding fv-def by (auto simp add: exp-assn.supp pure-supp)
lemma fu-IfThenElse[simp]: fo (scrut ? el : e2) = fv scrut U fuo el U fu e2
unfolding fv-def by (auto simp add: exp-assn.supp)

lemma fv-delete-heap:

assumes map-of I' z = Some e

shows fv (delete x T, ¢) U {z} C (fv (T, Var z) :: var set)
proof—
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have fv (delete © T') C fv T by (metis fo-delete-subset)
moreover
have (z,e) € set T by (metis assms map-of-SomeD)
hence fv e C fu T' by (metis assms domA-from-set map-of-fv-subset option.sel)
moreover
have z € fv (Var z) by simp
ultimately show ?thesis by auto
qed

17.6 Lemmas helping with nominal definitions

lemma equt-lam-case:
assumes Lam [z]. e = Lam [z]. e’
assumes A\ 7 . supp (—7) #* (fo (Lam
supp m #x (Lam [z]. ) =
F (w-e)(r-x) (Lam [z]. ) = F ex (Lam [z]. €)
shows F e x (Lam [z]. ¢) = F e’ 2’ (Lam [z]. e’)
proof—

[z]. €) :: var set) =

].
]

from assms(1)
have [[atom z]]ist. (e, x) = [[atom x']]lst. (e, z') by auto
then obtain p

where (supp (e, z) — {atom z}) #x p

and [simp]: p -z =z’

and [simp]: p - e = ¢’

unfolding Abs-eq-iff (3) alpha-lst.simps by auto

from - #x p)
have x: supp (—p) tx (fo (Lam [z]. €) :: var set)
by (auto simp add: fresh-star-def fresh-def supp-finite-set-at-base supp-Pair fuv-supp-exp
fu-supp-heap supp-minus-perm,)

from - #x p
have xx: supp p fx Lam [z]. e
by (auto simp add: fresh-star-def fresh-def supp-Pair fo-supp-exp)

have F]()ﬁ z (Lam [z]. ¢) = F (p - e) (p - z) (Lam [z]. e) by (rule assms(2)[OF * xx,
symmetric

also have ... = F e’ 2z’ (Lam [z]. ¢') by (simp add: assms(1))
finally show ?thesis.
qed

lemma equt-let-case:
assumes Let as body = Let as’ body’
assumes A 7 .
supp (—m) t* (fv (Let as body) :: var set) =
supp 7 f* Let as body —>
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F (7 - as) (7 - body) (Let as body) = F as body (Let as body)
shows F as body (Let as body) = F as’ body’ (Let as’ body”)
proof—
from assms(1)
have [map (X p. atom (fst p)) as]ist. (body, as) = [map (A p. atom (fst p)) as’|list. (body’,
as’) by auto
then obtain p
where (supp (body, as) — atom ‘ domA as) t* p
and [simp]: p - body = body’
and [simp]: p - as = as’
unfolding Abs-eg-iff (3) alpha-lst.simps by (auto simp add: domA-def image-image)

from - #x p
have *: supp (—p) #x (fo (Terms.Let as body) :: var set)
by (auto simp add: fresh-star-def fresh-def supp-finite-set-at-base supp-Pair fuv-supp-exp
fu-supp-heap supp-minus-perm)

from - #x p
have xx: supp p #x Terms.Let as body
by (auto simp add: fresh-star-def fresh-def supp-Pair fu-supp-exp fu-supp-heap )

have F' as body (Let as body) = F (p - as) (p - body) (Let as body) by (rule assms(2)[OF
sk, symmetric))

also have ... = F as’ body’ (Let as’ body’) by (simp add: assms(1))
finally show ?thesis.
qed

17.7 A smart constructor for lets

Certian program transformations might change the bound variables, possibly making it
an empty list. This smart constructor avoids the empty let in the resulting expression.
Semantically, it should not make a difference.

definition SmartLet :: heap => exp => exp
where SmartLet T' e = (if T' =[] then e else Let T' €)

lemma SmartLet-equt[equt]: m - (SmartLet T' e) = SmartLet (7 - T) (7 - e)
unfolding SmartLet-def by perm-simp rule

lemma SmartLet-supp:
supp (SmartLet T' €) = (supp e U supp I') — atom ¢ (domA T)
unfolding SmartLet-def using Let-supp by (auto simp add: supp-Nil)

lemma fv-SmartLet[simp]: fo (SmartLet T ¢) = (fu T U fv e) — domA T
unfolding SmartLet-def by auto

17.8 A predicate for value expressions

nominal-function isLam :: exp = bool where
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isLam (Var z) = False |

isLam (Lam [z]. €) = True |

isLam (App e z) = False |

isLam (Let as e) = False |

isLam (Bool b) = False |
isLam (scrut ? el : e2) = False
unfolding isLam-graph-auz-def equt-def
apply simp
apply simp
apply (metis exp-strong-ezhaust)
apply auto
done

nominal-termination (equt) by lexicographic-order

lemma isLam-Lam: isLam (Lam [z]. e) by simp

lemma isLam-obtain-fresh:
assumes isLam z
obtains y e’
where z = (Lam [y]. ¢’) and atom y § (c::'a::fs)
using assms by (nominal-induct z avoiding: c¢ rule:exp-strong-induct) auto

nominal-function isVal :: exp = bool where
isVal (Var x) = False |
isVal (Lam [z]. €) = True |
isVal (App e x) = False |
isVal (Let as e) = False |
isVal (Bool b) = True |
isVal (scrut ? el : e2) = False
unfolding isVal-graph-auz-def equt-def
apply simp
apply simp
apply (metis exp-strong-ezhaust)
apply auto
done
nominal-termination (equt) by lexicographic-order

lemma isVal-Lam: isVal (Lam [z]. €) by simp
lemma isVal-Bool: isVal (Bool b) by simp

17.9 The notion of thunks

definition thunks :: heap = var set where
thunks T' = {z . case map-of T z of Some e = = isVal e | None = Fualse}

lemma thunks-Nil[simp]: thunks [| = {} by (auto simp add: thunks-def)

lemma thunks-domA: thunks I' C domA T’
by (induction T' ) (auto simp add: thunks-def)
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lemma thunks-Cons: thunks ((z,e)#TI') = (if isVal e then thunks T' — {z} else insert x (thunks
)

by (auto simp add: thunks-def )

lemma thunks-append|[simp): thunks (AQT) = thunks A U (thunks T' — domA A)
by (induction A) (auto simp add: thunks-def )

lemma thunks-delete[simp]: thunks (delete z T') = thunks T' — {z}
by (induction T") (auto simp add: thunks-def )

lemma thunksI[intro]: map-of T x = Some e = = isVal e = z € thunks T
by (induction T') (auto simp add: thunks-def )

lemma thunksE[intro]: © € thunks I' = map-of T' © = Some e = — isVal e
by (induction T") (auto simp add: thunks-def )

lemma thunks-cong: map-of I' = map-of A = thunks I' = thunks A
by (simp add: thunks-def)

lemma thunks-equt|equt]:
7« thunks I' = thunks (m - ')
unfolding thunks-def
by perm-simp rule

17.10 Non-recursive Let bindings

definition nonrec :: heap = bool where
nonrec I' = (3 ze. T = [(z,e)] ANz & fve)

lemma nonreck:
assumes nonrec I'
obtains z ¢ where I' = [(z,e)] and z ¢ fv e
using assms
unfolding nonrec-def
by blast

lemma nonrec-equt|equt]:
nonrec I' = nonrec (7 + I)
apply (erule nonrecE)
apply (auto simp add: nonrec-def fu-def fresh-def )
apply (metis fresh-at-base-permute-iff fresh-def)
done

lemma exp-induct-rec[case-names Var App Let Let-nonrec Lam Bool IfThenElse]:
assumes Avar. P (Var var)
assumes Aezxp var. P exp = P (App exp var)
assumes AT ezp. = nonrec ' = (A z. ¢ € domA T = P (the (map-of T z))) = P exp

83



= P (Let T exp)
assumes Az eexp. z ¢ foe = Pe = P exp = P (let = be e in exp)
assumes Avar exp. P exp = P (Lam [var]. exp)
assumes Ab. P (Bool b)
assumes /\ scrut el e2. P scrut = P el = P e2 = P (scrut ? el : e2)
shows P exp
apply (rule exp-induct|of P])
apply (metis assms(1))
apply (metis assms(2))
apply (case-tac nonrec T')
apply (erule nonrecE)
apply simp
apply (metis assms(4))
apply (metis assms(3))
apply (metis assms(5))
apply (metis assms(6))
apply (metis assms(7))
done

Py

lemma exp-strong-induct-rec[case-names Var App Let Let-nonrec Lam Bool IfThenElse]:

assumes Avar c¢. P ¢ (Var var)

assumes Aezp var c¢. (Ae. P ¢ exp) = P ¢ (App exp var)

assumes AT exp c.

atom ‘ domA T #x ¢ = = nonrec ' = (Ac z. ¢ € domAT = P ¢ (the (map-of T x)))

= (Ac. P cexp) = P c (Let T exp)

assumes Az e ezp c. {atomz} tx c =z ¢ fve = (AN c. Pce) = (A ¢. P c exp) =
P c (let x be e in exp)

assumes Avar exp c. {atom var} $x ¢ = (Ac. P ¢ exp) = P ¢ (Lam [var]. exp)

assumes Ab c. P ¢ (Bool b)

assumes A scrut el e2 c. (A ¢. P ¢ scrut) = (\ ¢. Pcel) = (AN c. Pce2) = Pc
(scrut ? el : e2)

shows P (c::’a:fs) exp

apply (rule exp-strong-induct|of P))

apply (metis assms(1))

apply (metis assms(2))

apply (case-tac nonrec T')

apply (erule nonrecE)

apply simp

apply (metis assms(4))

apply (metis assms(3))

apply (metis assms(5))

apply (metis assms(6))

apply (metis assms(7))

done

P

lemma exp-strong-induct-rec-set[case-names Var App Let Let-nonrec Lam Bool IfThenFElse]:
assumes Avar c¢. P ¢ (Var var)
assumes Aexp var c. (\c. P ¢ exp) => P ¢ (App exp var)
assumes AT ezxp c.
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atom ‘ domA T tx ¢ = = nonrec I' = (Acze. (z,e) € set ' = Pce) = (Ac. Pc

exp) = P ¢ (Let T exp)

assumes Az e exp ¢. {atomz} x c =z ¢ fve = (N c. Pce) = (A ¢. P c exp) =
P c (let x be e in exp)

assumes Avar exp c. {atom var} §x ¢ = (Ac. P ¢ exp) = P ¢ (Lam [var]. exp)

assumes Ab c. P ¢ (Bool b)

assumes A scrut el e2 c. (A ¢. P ¢ scrut) = (\ ¢. Pcel) = (AN c. Pce2) = Pec
(scrut 2 el : e2)

shows P (c::'a:fs) exp

apply (rule exp-strong-induct-set(1)[of P])

apply (metis assms(1))

apply (metis assms(2))

apply (case-tac nonrec T')

apply (erule nonrecE)

apply simp

apply (metis assms(4))

apply (metis assms(3))

apply (metis assms(5))

apply (metis assms(6))

apply (metis assms(7))

done

PRy

17.11 Renaming a lambda-bound variable

lemma change-Lam-Variable:
assumes y' # y = atom y' t (e, y)
shows Lam [y]. e = Lam [y]. ((y < y') - e)
proof(cases y' = y)
case True thus ?thesis by simp
next
case Fulse
from assms|OF this]
have (y < y’) - (Lam [y]. €) = Lam [y]. e
by —(rule flip-fresh-fresh, (simp add: fresh-Pair)+)
moreover
have (y < y') - (Lam [y]. €) = Lam [y]. ((y <> y') - €)
by simp
ultimately
show Lam [y]. e = Lam [y']. ((y < y’) - e) by (simp add: fresh-Pair)
qed

end

18 AbstractDenotational.tex

theory AbstractDenotational
imports HeapSemantics Terms
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begin
18.1 The denotational semantics for expressions

Because we need to define two semantics later on, we are abstract in the actual domain.

locale semantic-domain =
fixes Fn :: ('Value — "Value) — ('Value::{pcpo-pt,pure})
fixes Fn-project :: 'Value — ('Value — 'Value)
fixes B :: bool discr — 'Value
fixes B-project :: 'Value — 'Value — 'Value — 'Value
fixes tick :: 'Value — "Value

begin

nominal-function
ESem :: exp = (var = 'Value) — "Value
where
ESem (Lam [z]. €) = (A . tick-(Fn-(A v. ESem e-((o f| fv (Lam [z]. e))(z := v)))))
| ESem (App e z) = (A o. tick-(Fn-project-(ESem e-0)-(0 x)))
| ESem (Var z) = (A o. tick-(o z))
| ESem (Let as body) = (A o. tick-(ESem body-(has-ESem.HSem ESem as-(o f|* fv (Let as
body)))))
| ESem (Bool b) = (A . tick-(B-(Discr b)))
| ESem (scrut ? el : e2) = (A . tick-((B-project-(ESem scrut-p))-(ESem el-p)-(ESem e2-9)))
proof goal-cases

The following proofs discharge technical obligations generated by the Nominal package.

case 1 thus ?case
unfolding equt-def ESem-graph-auz-def
apply rule
apply (perm-simp)
apply (simp add: Abs-cfun-equt)
apply (simp add: unpermute-def permute-pure)
done
next
case (3 P z)
thus ?case by (metis (poly-guards-query) exp-strong-ezhaust)
next

case prems: (4 z ez’ e’
from prems(5)
show Zcase
proof (rule equt-lam-case)
fix 7w :: perm
assume x: supp (—7) tx (fo (Lam [z]. €) :: var set)
{ fix o v
have ESem-sumC (7 - e)-((¢ f|* fv (Lam [z]. e))((7 - z) :== v)) = — 7 - ESem-sumC (7
- e)-((e fI fo (Lam [z]. e))((7 - ) := v))
by (simp add: permute-pure)
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also have ... = ESem-sumC e-((— w - (o f|* fv (Lam [z]. €)))(z := v)) by (simp add:
pemute-minus-self equt-at-apply| OF prems(1)])
also have — 7 - (o f|‘ fv (Lam [z]. €)) = (o f|‘ fv (Lam [z]. e)) by (rule env-restr-perm'[OF
*]) auto
finally have ESem-sumC (7 - e)-((¢ f|* fo (Lam [z]. €))((7 -+ z) := v)) = ESem-sumC
(e 14 (s ) = )

thus (A o. tick-(Fn-(A v. ESem-sumC (7 - e)-((o f|¢ fo (Lam [z]. €))(7 - x := v))))) = (A
0. ti(c:lk~(Fn~(A v. ESem-sumC e-((o f|* fv (Lam [z]. €))(z := v))))) by simp
qe
next

case prems: (19 as body as’ body”)
from prems(9)
show ?Zcase
proof (rule equt-let-case)
fix 7 :: perm
assume *: supp (—7) i (fo (Terms.Let as body) :: var set)

{fix o
have ESem-sumC (7 « body)-(has-ESem.HSem ESem-sumC (m - as)-(o f|* fv (Terms.Let
as body)))
= —x - ESem-sumC (m - body)-(has-ESem.HSem ESem-sumC (7 - as)-(o f|* fv (Terms.Let
as body)))
by (rule permute-pure[symmetric])
also have ... = (— 7 -+ ESem-sumC) body-(has-ESem.HSem (— m « ESem-sumC) as-(—
w0 f|* fo (Terms.Let as body)))
by (simp add: pemute-minus-self)
also have (— 7 - ESem-sumC') body = ESem-sumC body
by (rule equt-at-apply[OF <equt-at ESem-sumC body)])
also have has-ESem.HSem (— w + ESem-sumC') as = has-ESem.HSem ESem-sumC' as
by (rule HSem-cong|OF equt-at-apply| OF prems(2)] refl])
also have — 7 - ¢ f|‘ fu (Let as body) = o f|* fv (Let as body)
by (rule env-restr-perm/[OF ], simp)
finally have ESem-sumC (w - body)-(has-ESem.HSem ESem-sumC (7 - as)-(o f|* fv (Let
as body))) = ESem-sumC body-(has-ESem.HSem ESem-sumC as-(o f|* fv (Let as body))).

thus (A o. tick-(ESem-sumC (7 - body)-(has-ESem.HSem ESem-sumC (m - as)-(o f|* fo (Let

as body))))) =
(A o. tick-(ESem-sumC body-(has-ESem.HSem ESem-sumC as-(o f|‘ fv (Let as body)))))

by (simp only:)
qed
qed auto
nominal-termination (in semantic-domain) (no-equt) by lexicographic-order

sublocale has-ESem ESem.

abbreviation ESem-syn’ ([-]- [60,60] 60) where [e], = ESem e - o
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abbreviation EvalHeapSem-syn’ ([ -]- [0,0] 110) where [I'], = evalHeap T’ (X e. [e],)
abbreviation AHSem-syn ({-}}- [60,60] 60) where {T'}}o = HSem T - p
abbreviation AHSem-bot ({-} [60] 60) where {I'} = {T'}L

end
end

19 Substitution.tex

theory Substitution
imports Terms
begin

Defining a substitution function on terms turned out to be slightly tricky.

fun
subst-var :: var = var = var = var (-[-:v=-] [1000,100,100] 1000)
where z[y ::v= z] = (if £ = y then z else )

nominal-function (default case-sum (Az. Inl undefined) (Az. Inr undefined),
invariant X ar . (VY T'y 2z . ((a = Inr (T, y, 2) A atom ‘ domA T tx (y, z)) —
map (Az . atom (fst x)) (Sum-Type.projr r) = map (Azx . atom (fst x)) I")))
subst i exp = var = var = exp (-[-:=-] [1000,100,100] 1000)
and
subst-heap :: heap = var = var = heap (-[-:h=-] [1000,100,100] 1000)
where
(Var z)[y == 2] = Var (z[y =v= z])
| (App e v)[y == 2] = App (ely == z]) (v]y v= 2])
| atom ¢ domA T tx (y,2) =
(Let T body)[y ::= z] = Let (
| atom z § (y,2) = (Lam [z].e)[y = z] = Lam [z].(e[y:=2])
| (Bool b)[y ::= z] = Bool b
| (scrut ? el : e2)|y == z] = (scrutly == z| ? elly == z] : e2[y == 2])
|
|

-
<
<
Il
R,
=
—
f=al
S
IS
<
<
Il
R,

(ly :h= 2] =[]
((v,e)# D)y =h= 2] = (v, ely == 2])# (Tly ::h= z])

proof goal-cases

have equt-at-subst: \ e y z . equt-at subst-subst-heap-sumC' (Inl (e, y, z)) = equt-at (A(a, b,
c). subst a b c) (e, y, z)

apply (simp add: equt-at-def subst-def)

apply (rule)

apply (subst Projl-permute)

apply (thin-tac -)+

apply (simp add: subst-subst-heap-sumC-def)

apply (simp add: THE-default-def)

apply (case-tac Exl (subst-subst-heap-graph (Inl (e, y, 2))))

apply (simp)

apply (auto)[1]
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apply (erule-tac z=x in allE)
apply simp
apply(cases rule: subst-subst-heap-graph.cases)
apply (assumption)
apply (rule-tac x=Sum-Type.projl z in exl)
apply (clarify)
apply (rule thel-equality)
apply blast
apply(simp (no-asm) only: sum.sel)
apply (rule-tac x=Sum-Type.projl z in exl)
apply (clarify)
apply (rule thel-equality)
apply blast
apply(simp (no-asm) only: sum.sel)
apply (rule-tac x=Sum-Type.projl z in exl)
apply (clarify)
apply (rule thel-equality)
apply blast
apply(simp (no-asm) only: sum.sel)
apply (rule-tac x=Sum-Type.projl z in exl)
apply (clarify)
apply (rule thel-equality)
apply blast
apply(simp (no-asm) only: sum.sel)
apply (rule-tac x=Sum-Type.projl z in exl)
apply (clarify)
apply (rule thel-equality)
apply blast
apply (simp (no-asm) only: sum.sel)
apply (rule-tac x=Sum-Type.projl z in exl)
apply (clarify)
apply (rule thel-equality)
apply blast
apply (simp (no-asm) only: sum.sel)
apply (metis Inr-not-Inl)
apply (metis Inr-not-Inl)
apply (simp)
apply (perm-simp)
apply (simp)
done

— o~~~

have equt-at-subst-heap: \ T' y z . equt-at subst-subst-heap-sumC (Inr (I'; y, z)) = equt-at
(Ma, b, ¢). subst-heap a b c) (T, y, z)

apply (simp add: equt-at-def subst-heap-def)

apply (rule)

apply (subst Projr-permute)

apply (thin-tac -)+

apply (simp add: subst-subst-heap-sumC-def)

apply (simp add: THE-default-def)
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apply (case-tac Exl (subst-subst-heap-graph (Inr (T, y, 2))))
apply (simp)

apply (auto)[1]

apply (erule-tac z=x in allE)

apply simp

apply(cases rule: subst-subst-heap-graph.cases)
apply (assumption)

apply (metis (mono-tags) Inr-not-Inl)+
apply (rule-tac x=Sum-Type.projr z in exl)
apply (clarify)

apply (rule thel-equality)

apply auto[1]

apply (simp (no-asm) only: sum.sel)

apply (rule-tac x=Sum-Type.projr z in exl)
apply (clarify)

apply (rule thel-equality)

apply auto[1]

apply(simp (no-asm) only: sum.sel)

apply (simp)

apply (perm-simp)

apply (simp)
done

{

case 1 thus Zcase
unfolding equt-def subst-subst-heap-graph-auz-def
by simp

next case 2 thus ?case
by (induct rule: subst-subst-heap-graph.induct)(auto simp add: exp-assn.bn-defs fresh-star-insert)

next case prems: (3 P x) show ?case
proof(cases x)
case (Inl a) thus P
proof(cases a)
case (fields al a2 a3)
thus P using Inl prems
apply (rule-tac y =al and ¢ =(a2, a8) in exp-strong-exhaust)
apply (auto simp add: fresh-star-def)
done
qed
next
case (Inr a) thus P
proof (cases a)
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case (fields al a2 a8)
thus P using Inr prems
by (metis heapToAssn.cases)
qed
qed

next case (19 e y2 22 T e2 y z as2) thus ?case
apply —
apply (drule equt-at-subst)+
apply (drule equt-at-subst-heap)+
apply (simp only: meta-eq-to-obj-eq[ OF subst-def , symmetric, unfolded fun-eq-iff)
meta-eq-to-obj-eq[ OF subst-heap-def, symmetric, unfolded fun-eq-iff])

apply (auto simp add: Abs-fresh-iff)
apply (drule-tac

¢ = (y, z) and

as = (map (Az. atom (fst z)) e) and

bs = (map (Az. atom (fst x)) e2) and

f=Xabec.a]llst. (subst (fst b) y z, subst-heap (snd b) y z ) in Abs-Ist-fcb2)
apply (simp add: perm-supp-eq fresh-Pair fresh-star-def Abs-fresh-iff )
apply (metis domA-def image-image image-set)
apply (metis domA-def image-image image-set)
apply (simp add: equt-at-def, simp add: fresh-star-Pair perm-supp-eq)
apply (simp add: equt-at-def, simp add: fresh-star-Pair perm-supp-eq)
apply (simp add: equt-at-def)
done

next case (25 22 y2 22 e2 x y z e) thus ?case
apply —
apply (drule equt-at-subst)+
apply (simp only: Abs-fresh-iff meta-eq-to-obj-eq| OF subst-def , symmetric, unfolded fun-eq-iff])

apply (simp add: equt-at-def)

apply rule

apply (erule-tac x = (22 < ¢) in allE)
apply (erule-tac x = (z + ¢) in allE)
apply auto

done

}

qged(auto)
nominal-termination (equt) by lexicographic-order
lemma shows
True and bn-subst[simp]: domA (subst-heap T' y 2) = domA T

by (induct rule:subst-subst-heap.induct)
(auto simp add: exp-assn.bn-defs fresh-star-insert)
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lemma subst-noop[simp]:

shows e[y == y] = e and I'[y:h=y|=T

by(induct e y y and T y y rule:subst-subst-heap.induct)
(auto simp add:fresh-star-Pair exp-assn.bn-defs)

lemma subst-is-fresh[simp]:
assumes atom y f§ z
shows
atom y t ely == 2]
and
atom ‘ domA T #x y = atom y § T|y::h=2]
using assms
by (induct e y z and T y z rule:subst-subst-heap.induct)
(auto simp add:fresh-at-base fresh-star-Pair fresh-star-insert fresh-Nil fresh-Cons pure-fresh)

lemma

subst-pres-fresh: atom ¢ e V © = y = atom x § 2 = atom z § e[y == 2]
and

atomz T Ve=y= atomz t 2z =z ¢ domAT = atom z § (T'ly :h= z])
by (induct e y z and T y z rule:subst-subst-heap.induct)

(auto simp add:fresh-star-Pair exp-assn.bn-defs fresh-Cons fresh-Nil pure-fresh)

lemma subst-fresh-noop: atom z § e = e[z n=y] = e
and subst-heap-fresh-noop: atom ¢ § ' = Tz =h=y] =T
by (nominal-induct e and T' avoiding: x y rule:exp-heap-strong-induct)
(auto simp add: fresh-star-def fresh-Pair fresh-at-base fresh-Cons simp del: exp-assn.eq-iff)

lemma supp-subst-eq: supp (e[y::=z]) = (supp e — {atom y}) U (if atom y € supp e then {atom
z} else {})

and atom ‘ domA T #x y = supp (Tly::h=z]) = (supp T' — {atom y}) U (if atom y € supp
T then {atom z} else {})
by (nominal-induct e and I' avoiding: x y rule:exp-heap-strong-induct)

(auto simp add: fresh-star-def fresh-Pair supp-Nil supp-Cons supp-Pair fresh-Cons exp-assn.supp
Let-supp supp-at-base pure-supp simp del: exp-assn.eq-iff)

lemma supp-subst: supp (e[y:=z]) C (supp e — {atom y}) U {atom z}
using supp-subst-eq by auto

lemma fv-subst-eq: fo (e[y:=z]) = (fve — {y}) U (if y € fv e then {z} else {})
and atom ‘ domA T #x y = fo (T[y:h=z]) = (fo T — {y}) U (if y € fo T then {x} else
{H

by (nominal-induct e and I' avoiding: x y rule:exp-heap-strong-induct)
(auto simp add: fresh-star-def fresh-Pair supp-Nil supp-Cons supp-Pair fresh-Cons exp-assn.supp
Let-supp supp-at-base simp del: exp-assn.eq-iff)

lemma fv-subst-subset: fu (e[y ::= z]) C (fve — {y}) U {z}
using fv-subst-eq by auto

lemma fv-subst-int: x ¢ S =y ¢ S = fo(ely=z])NS=fvens
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by (auto simp add: fv-subst-eq)

lemma fo-subst-int2: ¢ ¢ S =y ¢ S = SNfo(ely==z])=5SNfoe
by (auto simp add: fv-subst-eq)

lemma subst-swap-same: atom x § e = (z < y) - e = e[y :=x]

and atom z § ' = atom ‘domAT #x y = (z < y) - T =Ty ::h= z]
by (nominal-induct e and T' avoiding: x y rule:exp-heap-strong-induct)

(auto simp add: fresh-star-Pair fresh-star-at-base fresh-Cons pure-fresh permute-pure simp del:
exp-assn.eq-iff)

lemma subst-subst-back: atom © § e = ely:=z][z:=y] = e

and atom z § I' = atom ‘domA T #x y = T[y:h=z][z:h=y] =T
by (nominal-induct e and T’ avoiding: z y rule:exp-heap-strong-induct)

(auto simp add: fresh-star-Pair fresh-star-at-base fresh-star-Cons fresh-Cons exp-assn.bn-defs
simp del: exp-assn.eq-iff)

lemma subst-heap-delete[simp]: (delete z T)[y ::h= z] = delete x (T'[y =h= z])
by (induction T') auto

lemma subst-nil-iff [simp]: Tz =:h= 2] =[] +— T =]
by (cases T') auto

lemma subst-SmartLet[simp]:
atom ‘ domA T #x (y,z) = (SmartLet T body)[y ::= z] = SmartLet (T'ly ::h= z]) (bodyly ::=

z])

unfolding SmartLet-def by auto

lemma subst-let-be[simp]:
atomz’ §y = atomz’'t z = (let ' be e in exp )[y::=z] = (let &’ be e[y::=x] in exp[y::=1x])
by (simp add: fresh-star-def fresh-Pair)

lemma isLam-subst|[simp|: isLam e[z::=y| = isLam e
by (nominal-induct e avoiding: z y rule: exp-strong-induct)
(auto simp add: fresh-star-Pair)

lemma isVal-subst[simp]: isVal e[z::=y] = isVal e
by (nominal-induct e avoiding: z y rule: exp-strong-induct)
(auto simp add: fresh-star-Pair)

lemma thunks-subst[simp]:

thunks T'[y::h=x] = thunks T

by (induction I') (auto simp add: thunks-Cons)
lemma map-of-subst:

map-of (Clz:h=y]) k = map-option (X e . e[z::=y]) (map-of T k)
by (induction T' ) auto

lemma mapCollect-subst|simp]:
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{e kv | k—vemap-of T[x:h=y]} = {e k v[z:=y] | k—vEmap-of T}
by (auto simp add: map-of-subst)

lemma subst-eq-Cons:
Dlz::h=y] = (', e)#A +— (3 ' T.T = (z',e)#T' A e'lzu=y] = e A T[zuh=y] = A)
by (cases T') auto

lemma nonrec-subst:
atom ‘ domA T #x x = atom ‘ domA T #x y = nonrec T'[z::h=y] +— nonrec T
by (auto simp add: nonrec-def fresh-star-def subst-eq-Cons fu-subst-eq)

end

20 Abstract-Denotational-Props.tex

theory Abstract— Denotational— Props
imports AbstractDenotational Substitution
begin

context semantic-domain
begin
20.1 The semantics ignores fresh variables

lemma ESem-considers-fo’: [ e Jo =1 e ]]Qfl‘ (o €)
proof (induct e arbitrary: o rule:exp-induct)

case Var
show ?case by simp
next
have [simp]: A S z. S Ninsert S = S by auto
case App

show ?case
by (simp, subst (1 2) App, simp)
next
case (Lam z e)
show ?case by simp
next
case (IfThenFElse scrut ey e3)
have [simp]: (fv scrut N (fo serut U fu e; U fu es)) = fu scrut by auto
have [simp]: (fv e1 N (fv scrut U fo eq U fu es)) = fo ey by auto
have [simp]: (fv ea N (fv scrut U fv e; U fu e3)) = fu es by auto
show Zcase
apply simp
apply (subst (1 2) IfThenFElse(1))
apply (subst (1 2) IfThenFElse(2))
apply (subst (1 2) IfThenElse(3))
apply (simp)
done
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next
case (Let as e)

have [elgaspo = lel(fasho) £1* (fo as U fu o)
apply (subst (1 2) Let(2))
apply simp
apply (metis inf-sup-absorb sup-commaute)
done

also

have fv as C fv as U fv e by (rule inf-sup-ord(3))

hence ({asho) /1 (fo as U fo ¢) = {ash(o f|* (o as U fo c))
by (rule HSem-ignores-fresh-restr'|OF - Let(1)])

also

have {as}(o f|¢ (fv as U fve)) = {asfo f|* (fv as U fv e — domA as)
by (rule HSem-restr-cong) (auto simp add: lookup-env-restr-eq)

finally

show ?case by simp

qed auto

sublocale has-ignore-fresh-ESem ESem
by standard (rule fuv-supp-exp, rule ESem-considers-fv’)

20.2 Nicer equations for ESem, without freshness requirements

lemma ESem-Lam[simp]: [ Lam [z]. e Jo = tick - (Fn - (Av. [ e ]]Q(SU — v)))
proof—

have «: A\ v. (¢ f|* (fv e = {2}))(z = v)) fl* fo e = (e(z :=v)) f|]" foe

by (rule ext) (auto simp add: lookup-env-restr-eq)

have [ Lam [z]. e ] = [ Lam [z]. € [epo-delete = 0
by (rule ESem-fresh-cong) simp

also have . = tick’ . (FTL . (A V. [[ e ]](Q fl‘ (fv e — {x}))(z = U)))
by simp

also have ... = tick - (Fn - (A wv. [ e ]]((g FIY (foe — {a})(z == v)) f|* fo )
by (subst ESem-considers-fv, rule)

also have ... = tick - (Fn - (A wv. [ e ]]g(x = ) f|* fo )

unfolding x..
also have ... = tick - (Fn - (A wv. [ e ]]g(a: — v)))
unfolding ESem-considers-fv][symmetric]..
finally show ?thesis.
qed
declare ESem.simps(1)[simp del]

lemma ESem-Let[simp]: [Let as body], = tick - ([[body]]{]as[}g)
proof—

have [ Let as body ], = tick - (ﬂbody]]ﬂas[}(g I fo (Let as body)))
by simp
also have {as}(o f|* fo(Let as body)) = {as}(o f|* (fv as U fv body))
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by (rule HSem-restr-cong) (auto simp add: lookup-env-restr-eq)
also have ... = ({as}o) f|* (fv as U fv body)

by (rule HSem-ignores-fresh-restr’'[symmetric, OF - ESem-considers-fv]) simp
also have [body]... = [[bOdy]]{]as]}Q

by (rule ESem-fresh-cong) (auto simp add: lookup-env-restr-eq)
finally show ?thesis.
qed
declare ESem.simps(4)[simp del]

20.3 Denotation of Substitution

lemma ESem-subst-same: o v = oy = [e]p =[e[zz=y] ]p
and
ox=0y = ([as]o) = [ as[z:h=y] Jo
proof (nominal-induct e and as avoiding: © y arbitrary: o and g rule:exp-heap-strong-induct)
case Var thus ?case by auto
next
case App
from App(1)[OF App(2)] App(2)
show ?case by auto
next
case (Let as exp z y o)
from catom ‘ domA as f§* x> <atom ‘ domA as fx
have z ¢ domA as y ¢ domA as
by (metis fresh-star-at-base imagel )+
hence [simp]:domA (as[z::h=y]) = domA as
by (metis bn-subst)

from oz =0y
have ({asto) = = ({asho) ¥
using @ ¢ domA as) «y ¢ domA as
by (simp add: lookup-HSem-other)
hence [[e:vp]]{]asl}g = [[exp[x:::y]]]ﬂasl}g
by (rule Let)
moreover
from oz =0
have {as}o = {as[z::h=y|}o and ({as}o) = = ({as[z::h=y]}o) v
apply (induction rule: parallel-HSem-ind)
apply (intro adm-lemmas cont2cont cont2cont-fun)
apply simp
apply simp
apply simp
apply (erule arg-cong[OF Let(3)])
using ¢ ¢ domA as) «y ¢ domA as)
apply simp
done
ultimately
show ?Zcase using Let(1,2,3) by (simp add: fresh-star-Pair)
next
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case (Lam var exp x y o)
from oz =9y
have Av. (o(var := v)) z = (o(var := v)) y
using Lam(1,2) by (simp add: fresh-at-base)
hence A v. [[ewp]]g(wr — ) = [[e:cp[z:::y]]]g(mr = v)
by (rule Lam)
thus ?case using Lam(1,2) by simp
next
case I[fThenElse
from IfThenElse(1)[OF IfThenElse(4)] IfThenElse(2)[OF IfThenElse(4)] IfThenElse(3)[OF
IfThenElse(4)]
show ?Zcase
by simp
next
case Nil thus ?case by auto
next
case Cons
from Cons(1,2)[OF Cons(3)] Cons(3)
show ?case by auto
qed auto

lemma ESem-subst:

shows [ ¢ Ha(x =0 y) = [ elz::=vy] o
proof (cases © = y)

case Fulse

hence [simp]: x ¢ fv e[z::=y] by (auto simp add: fu-def supp-subst supp-at-base dest: set-mp[OF
supp-subst])

have [ e }]U(27 —oy) = [ e[z:= y] ﬂa(z =0 y)
by (rule ESem-subst-same) simp
also have ... = [ e[z:= 9] Jo
by (rule ESem-fresh-cong) simp
finally
show ?thesis.
next
case True
thus “thesis by simp
qed

end

end

21 Value.tex

theory Value
imports ~~/src/HOL/HOLCF /|HOLCF
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begin

21.1 The semantic domain for values and environments

domain Value = Fn (lazy Value — Value) | B (lazy bool discr)

fixrec Fn-project :: Value — Value — Value
where Fn-project-(Fn-f) = f

abbreviation Fn-project-abbr (infix [ Fn 55)
where f |Fn v = Fn-project-f-v

lemma [simp]:
1L {Fnz =1
(Bb) IFnz =1
by (fixrec-simp)+

fixrec B-project :: Value — Value — Value — Value where
B-project-(B-db)-vi-va = (if undiscr db then vy else va)

lemma [simp]:
B-project-(B-(Discr b))-v1-ve = (if b then vy else vg)
B-project- 1 -vi-vg = L
B-project-(Fn-f)-vi-ve = L

by fixrec-simp+

A chain in the domain Value is either always bottom, or eventually Fn of another chain

lemma Value-chainE[consumes 1, case-names bot B Fn|:
assumes chain Y
obtains Y = (A -. 1) |
n b where Y = (A m. (if m < n then L else B-b)) |
n Y’ where Y = (A m. (if m < n then L else Fn-(Y' (m—n)))) chain Y’
proof(cases Y = (A -. 1))
case True
thus ?thesis by (rule that(1))
next
case False
hence 3 i. Yi # 1 by auto
hence 3 n. Yn#1LANVm Ym#L— m>n)
by (rule exzE)(rule ex-has-least-nat)
then obtain n where Yn # 1L and Vm. m < n — Y m = L by fastforce
hence (3 f. Yn = Fnf) vV (3 b. Y n = B-b) by (metis Value.exhaust)
thus ?thesis
proof
assume (3 f. Y n = Fn-f)
then obtain f where Y n = Fn - f by blast
{
fix ¢
from (chain V) have Y n C Y (i+n) by (metis chain-mono le-add2)
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with (Y n = -
have 3 g¢. (Y (i+n) = Fn - g)
by (metis Value.dist-les(1) Value.exhaust below-bottom-iff)

}
then obtain Y’/ where Y A\ i. Y (i + n) = Fn - (Y’ i) by metis

have Y = (Am. if m < n then L else Fn-(Y' (m — n)))
using Vm. - Y' by (metis add-diff-inverse add.commute)
moreover
havechain Y’ using (chain Y
by (auto introl:chainl elim: chainE simp add: Value.inverts[symmetric] Y '[symmetric]
simp del: Value.inverts)
ultimately
show ?thesis by (rule that(3))
next
assume (3 b. Y n = B-b)
then obtain b where Y n = B-b by blast
{
fix ¢
from (chain V) have Y n C Y (i+n) by (metis chain-mono le-add2)
with (Y n = -
have Y (i+n) = B-b
by (metis Value.dist-les(2) Value.exhaust Value.inverts(2) below-bottom-iff discrete-cpo)

}

hence Y A i. Y (i + n) = B-b by metis

have Y = (Am. if m < n then L else B-b)
using Vm. - Y’ by (metis add-diff-inverse add.commute)
thus ?thesis by (rule that(2))
qed
qed

end

22 Value-Nominal.tex

theory Value—Nominal
imports Value Nominal— Utils Nominal— HOLCF
begin

Values are pure, i.e. contain no variables.

instantiation Value :: pure
begin

definition p - (v::Value) = v
instance

apply standard
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apply (auto simp add: permute-Value-def)
done
end

instance Value :: pcpo-pt
by standard (simp add: pure-permute-id)

end

23 Denotational.tex

theory Denotational
imports Abstract— Denotational— Props Value— Nominal
begin

This is the actual denotational semantics as found in [Lau93|.
interpretation semantic-domain Fn Fn-project B B-project (A z. x).
abbreviation

ESem-syn” :: exp = (var => Value) = Value ([ -]- [60,60] 60)
where [ e [, = ESem e - o

abbreviation EvalHeapSem-syn” ([ -]- [0,0] 110) where [I'], = evalHeap T' (X e. [e],)
abbreviation HSem-syn’ ({-}- [60,60] 60) where {I'}p = HSem I - p
abbreviation HSem-bot ({-} [60] 60) where {I'} = {T'}L

lemma ESem-simps-as-defined:
[ Lam [a]. e o = Fn-tA v [e g g1 (o (Lam [z].e)))(@ = )

[Appex]o = [elodFnox

[ Var z ], = o x

[ Boolb], = B-(Discrb)

[ (scrut 2 ey : ea) |o = B-project-([ scrut Jo)-([ e1 Jo)-([ e2 1o)
[ Let T body Lo = Lbodylyry o f|* o (Let T body))

by (simp-all del: ESem-Lam ESem-Let add: ESem.simps(1,4) )

lemma ESem-simps:
[ Lam [z]. e J[p = Fn-(Awv.[e ]]g(m — v))

[Appex]o = [elodfnox
[ Varz ], = o x
[ Bool b ]]Q = B-(Discr b)
[ (scrut ? ey : ea) Jo = B-project-([ scrut [o)-([ e1 Jo)-([ e2 1o)
[ Let T body ] = [[bOdy]]{[FI}g
by simp-all
end
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24 Launchbury.tex

theory Launchbury
imports Terms Substitution
begin

24.1 The natural semantics

This is the semantics as in [Lau93|, with two differences:

e Explicit freshness requirements for bound variables in the application and the Let
rule.

e An additional parameter that stores variables that have to be avoided, but do not
occur in the judgement otherwise, follwing [Ses97].

inductive
reds :: heap = exp = wvar list = heap = exp = bool
(-:-4--:-150,50,50,50] 50)

where
Lambda:

I': (Lam [z]. €) ;T : (Lam [z]. €)
| Application: |
atom y § (T,e,x,L,A,0,z) ;
IF:elp A:(Lam [y]. e);
A:ellys=z]{;0:2
] =
I':Appexzly ©:2z
| Variable: |
map-of T' x = Some e; delete z T : e ‘U:E#L Az
| =
ID:Varzlp (z,2) # A:z
| Let: |
atom ‘ domA A g (T, L);
AQT :body |7, O : 2
| =
I': Let A body |, © : 2
| Bool:
I': Bool b {;, T : Bool b
| IfThenElse: [
I : scrut 5 A : (Bool b);
Az (if b then eq else e2) I O : 2z
] =
I':(scrut 2e;:e2) I ©: 2

equivariance reds
nominal-inductive reds

avoids Application: y
by (auto simp add: fresh-star-def fresh-Pair)
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24.2 Example evaluations

lemma eval-test:
[ : (Let [(z, Lam [y]. Var y)] (Var z)) UH [(z, Lam [y]. Var y)] : (Lam [y]. Vary)
apply (auto introl: Lambda Application Variable Let
simp add: fresh-Pair fresh-Cons fresh-Nil fresh-star-def)
done

lemma eval-test2:

y#rx = n#y= n#z=: (Let [(z, Lam [y]. Vary)] (App (Var z) z)) i [(z, Lam
[y]. Var y)] : (Lam [y]. Vary)

by (auto intro!: Lambda Application Variable Let simp add: fresh-Pair fresh-at-base fresh-Cons
fresh-Nil fresh-star-def pure-fresh)

24.3 Better introduction rules

This variant do not require freshness.

lemma reds-Applicationl:
assumes I' : e | A : Lam [y]. e
assumes A : e[yn=z] | © : 2z
shows I' : Appezx |7 ©:z
proof—
obtain y’ :: var where atom y' # (T, e, z, L, A, O, z, e’) by (rule obtain-fresh)

!’

!/

have a: Lam [y']. (y' < y) - ¢/) = Lam [y]. e
using (atom y’ f -
by (auto simp add: Abs1-eq-iff fresh-Pair fresh-at-base)

have b: ((y' < y) - e[y’ ==z] = e'[y::=x]
proof(cases x = y)

case True

have atom y’ f e’ using (atom y’ f - by simp

thus ?thesis

by (simp add: True subst-swap-same subst-subst-back)

next

case Fulse

hence atom y = by simp

have [simp]: (y' < y) - © = z using <atom y § - <atom y' § -
by (simp add: flip-fresh-fresh fresh-Pair fresh-at-base)
/

have ((y' < y) - e)[y"==2] = (y' < y) - (e'ly::=x]) by simp

also have ... = e[y:=1]
using <atom y f§ - <atom y'§ -
by (simp add: flip-fresh-fresh fresh-Pair fresh-at-base subst-pres-fresh)
finally
show ?thesis.
qged

have atom y' t (T, e, z, L, A, O, 2) using <(atom y't -» by (simp add: fresh-Pair)
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from this assms[folded a b]
show ?thesis ..
qed

lemma reds-SmartLet: |
atom ‘ domA A tx (T, L);
AQT :body Iy, © : 2
| =
I': SmartLet A body |7, © : z
unfolding SmartLet-def
by (auto intro: reds.Let)

A single rule for values

lemma reds-isVall:
isVal z =T : 2§y I': 2
by (cases z rule:isVal.cases) (auto intro: reds.intros)

24.4 Properties of the semantics

Heap entries are never removed.

lemma reds-doesnt-forget:
el A:z= domAT C domA A
by (induct rule: reds.induct) auto

Live variables are not added to the heap.

lemma reds-avoids-live’:
assumes ' : e | A: 2
shows (domA A — domA T) N set L = {}
using assms
by (induct rule:reds.induct)
(auto dest: map-of-domAD fresh-distinct-list simp add: fresh-star-Pair)

lemma reds-avoids-live:
[T:elp A:z
x € set L
z ¢ domAT
] = 2 ¢ domA A
using reds-avoids-live’ by blast

Fresh variables either stay fresh or are added to the heap.

lemma reds-fresh: [T : e A : z;
atom (z:war) § (T, €)
| = atom z ¢ (A, 2) V z € (domA A — set L)
proof (induct rule: reds.induct)
case (Lambda T z e) thus ?case by auto
next
case (Application y T ez’ L A © z¢)
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hence atom z § (A, Lam [y]. ) V & € domA A — set (¢’ # L) by (auto simp add:
fresh-Pair)

thus ?case

proof
assume atom z £ (A, Lam [y]. €)
hence atom z § e'ly 1= x|

using Application.prems
by (auto intro: subst-pres-fresh simp add: fresh-Pair)
thus ?thesis using Application.hyps(5) <atom z § (A, Lam [y]. €’)) by auto
next
assume = € domA A — set (z' # L)
thus ?thesis using reds-doesnt-forget|OF Application.hyps(4)] by auto
qed
next

case( Variable T v e L A z)

have atom z § T’ and atom z § v using Variable.prems(1) by (auto simp add: fresh-Pair)

from fresh-delete| OF this(1)]

have atom z f delete v T.

moreover

have v € domA T' using Variable.hyps(1) by (metis domA-from-set map-of-SomeD)

from fresh-map-of [OF this (atom z § I)]

have atom z § the (map-of T v).

hence atom z § e using (map-of I' v = Some e) by simp

ultimately

have atom z § (A, z) V ¢ € domA A — set (v # L) using Variable.hyps(3) by (auto simp
add: fresh-Pair)

thus ?case using <atom z § v» by (auto simp add: fresh-Pair fresh-Cons fresh-at-base)
next

case (Bool T" b L)
thus ?case by auto
next

case (IfThenElse T scrut L A b ey ex © 2)
from catom z § (T, scrut ? ey : ea)
have atom z § (I', scrut) and atom = 4 (e1, e2) by (auto simp add: fresh-Pair)
from IfThenElse.hyps(2)[OF this(1)]
show ?case
proof
assume atom z § (A, Bool b) with (atom z £ (e, ea)
have atom z § (A, if b then ey else e3) by auto
from IfThenElse.hyps(4)[OF this]
show “thesis.
next
assume z € domA A — set L
with reds-doesnt-forget|OF <A : (if b then ey else e2) | O : 2]
show ?thesis by auto
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qed
next

case (Let AT L body © z)
show ?Zcase
proof (cases ¢ € domA A)
case Fulse
hence atom z § A using Let.prems by(auto simp add: fresh-Pair)
show ?thesis
apply(rule Let.hyps(3))
using Let.prems (atom = # ) False
by (auto simp add: fresh-Pair fresh-append)
next
case True
hence z ¢ set L
using Let(1)
by (metis fresh-PairD(2) fresh-star-def image-eql set-not-fresh)
with True
show ?thesis
using reds-doesnt-forget| OF Let.hyps(2)] by auto
qed
qed

lemma reds-fresh-fo: [T : e} A : z;
z € fo(A, z)A(x ¢ domAAV z € set L)
|==zefu(T,e)

using reds-fresh

unfolding fv-def fresh-def

by blast

lemma new-free-vars-on-heap:
assumes ' : e | A: 2
shows fv (A, z) — domA A C fu (T, e) — domA T
using reds-fresh-fu[OF assms(1)] reds-doesnt-forget|OF assms(1)] by auto

lemma reds-pres-closed:
assumes ' : e | A: 2
and fu (T, e) C set LU domAT
shows fv (A, z) C set L U domA A
using new-free-vars-on-heap[OF assms(1)] assms(2) by auto

Reducing the set of variables to avoid is always possible.

lemma reds-smaller-L: [T : e 7 A : z;
set L' C set L
[=T:el A:z
proof (nominal-induct avoiding : L' rule: reds.strong-induct)
case (Lambda T z e L L)
show ?Zcase
by (rule reds.Lambda)
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next
case (Application y T e xza L A © ze' L)
from Application.hyps(10)[OF Application.prems] Application.hyps(12)[OF Application.prems]
show ?Zcase
by (rule reds-Applicationl)
next
case (Variable T za e L A z L)
have set (za # L) C set (za # L)
using Variable.prems by auto
thus ?case
by (rule reds. Variable[OF Variable(1) Variable.hyps(3)])
next
case (Bool b)
show ?case..
next
case (IfThenElse T scrut L A b ey ea © z L)
thus ?case by (metis reds.IfThenElse)
next
case (Let AT L body © z L)
have atom ‘ domA A #x (T, L")
using Let(1—3) Let.prems
by (auto simp add: fresh-star-Pair fresh-star-set-subset)
thus ?case
by (rule reds.Let[OF - Let.hyps(4)[OF Let.prems]])
qed

Things are evaluated to a lambda expression, and the variable can be freely chose.

lemma result-evaluated:
F:iel;, A:z= isVal 2
by (induct T e L A z rule:reds.induct) (auto dest: reds-doesnt-forget)

lemma result-evaluated-fresh:
assumes I': e |, A : 2
obtains y e’
where z = (Lam [y]. €’) and atom y £ (c::'a::fs) | b where z = Bool b
proof—
from assms
have isVal z by (rule result-evaluated)
hence (3 ye’. 2 = Lam [y]. e/ A atom y £ ¢) V (T b. z = Bool b)
by (nominal-induct z avoiding: ¢ rule:exp-strong-induct) auto
thus thesis using that by blast
qed

end
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25 CorrectnessOriginal.tex

theory CorrectnessOriginal
imports Denotational Launchbury
begin

This is the main correctness theorem, Theorem 2 from [Lau93|.

theorem correctness:
assumes ' : e ;7 A : v
and fo (T, e) C set LU domAT
shows [[e]]{]FﬂQ = [[”]]{]A]}g
and  ({T}e) f|* domA T = ({A}o) f|* domA T
using assms
proof (nominal-induct arbitrary: o rule:reds.strong-induct)
case Lambda
case I show ?case..
case 2 show ?case..
next
case (Application yT' e x L A © v e’)
have Gamma-subset: domA T' C domA A
by (rule reds-doesnt-forget| OF Application.hyps(8)])

case 1
hence prem1: fu (T, e) C set L U domA T and z € set L U domA T" by auto
moreover
note reds-pres-closed[OF Application.hyps(8) prem1]
moreover
note reds-doesnt-forget|OF Application.hyps(8)]
moreover
have fv (e/[y::=z]) C fv (Lam [y]. ¢') U {z}
by (auto simp add: fu-subst-eq)
ultimately
have prem2: fu (A, e'[y::=z]) C set L U domA A by auto

have x: ({T'}o) z = ({Afo) =
proof(cases x € domAT)
case True
from Application.hyps(10)[OF preml!, where o = g
have (({T}o) f|¢ domAT) z = (({A}o) f|* domA T) z by simp
with True show ?thesis by simp
next
case False
from False @ € set L U domA I reds-avoids-live[ OF Application.hyps(8)]
show ?thesis by (auto simp add: lookup-HSem-other)
qed have [ App ez [yry, = ([ ¢ Iqrp,) +Fn ({Tle) =
by simp
also have ... = ([ Lam [y]. e’ ]]{IAI}Q) JFn ({T}o) z
using Application.hyps(9)[OF preml1] by simp
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also have ... = ([ Lam [y]. e’ ]]{IAI}Q) LEn ({A}o) z
unfolding x..

also have ... = (Fn-(A z. [ €’ ]]({]A]}g)(y — z))) LEn ({Al}o) «
by simp
also have ... = [ e"Iygapo)(y == (fae) o)
by simp
also have ... = [ e'ly 1= z] ]]{]AI}Q
unfolding ESem-subst..
also have ... = v ]]ﬂ@l}g
by (rule Application.hyps(12)[OF prem2))
finally

show [ App e ]]{]F]}Q =[w ﬂﬂ@ﬂQ' show ({T'}o) f|* domA T = ({Of}p) f|* domA T
using Application.hyps(10)[OF prem1]
env-restr-eq-subset| OF Gamma-subset Application.hyps(13)[OF prem2])
by (rule trans)
next
case (Variable T' z e L A v)
hence [simpl:x € domA T by (metis domA-from-set map-of-SomeD)

let ?T' = delete z T

case 2
have z ¢ domA A
by (rule reds-avoids-live]OF Variable.hyps(2)], simp-all)

have subset: domA ?T' C domA A
by (rule reds-doesnt-forget| OF Variable.hyps(2)])

let ?new = domA A — domA T
have fv (?T, e) U {2} C fv (T, Var z)
by (rule fu-delete-heap|OF <map-of T' z = Some e)])
hence prem: fv (?T, e) C set (z # L) U domA ¢T using 2 by auto
hence fv-subset: fu (T, e) — domA ?T C — %new
using reds-avoids-live’|OF Variable.hyps(2)] by auto

have domA T' C (—?%new) by auto

have {T'}o = {(z,e) # ?T|o
by (rule HSem-reorder|OF map-of-delete-insert[symmetric, OF Variable(1)]])

also have ... = (u 0" (o ++(domA 2T) TNz =Te ]]Q/))
by (rule iterative-HSem, simp)
also have ... = (u 0" (0 T+ (doma #T) QTN z = e ]]ﬂ?lﬂ[}g/))
by (rule iterative-HSem', simp)
finally
have ({T}o)f|* (— new) = (...) f|* (= ?new) by simp
also have ... = (1 0" (¢ ++doma & (18}e)) (= = [ v [japy)) £1° (= #new)

proof (induction rule: parallel-fiz-ind[where P =X z y. z f|* (= %new) = y f|* (— ?new)])
case 1 show ?case by simp
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next
case 2 show Zcase ..
next
case (3 o o)
hence [ e ]]{[?Fl}o. =[e ]]{]?F[}a’
and ({?T}o) f|* domA ?T = ({?T}o’) f|* domA ?T
using fu-subset by (auto intro: ESem-fresh-cong HSem-fresh-cong env-restr-eq-subset| OF
- 3))
from trans[OF this(1) Variable(3)[OF prem]] trans|OF this(2) Variable(4)[OF prem])
have [[ € ]]{]?FH’U = [[ v ]]{]A]}O”
and ({?T}o) f|‘ domA ?T = ({A}o’) f|¢ domA ?T.
thus ?case
using subset
by (fastforce simp add: lookup-override-on-eq lookup-env-restr-eq dest: env-restr-eqD )
qed

also have ... = (1 0" (0 ++goma A {Ae))(z =] v ]]Q/)) f1° (—%new)
by (rule arg-cong|OF iterative-HSem'[symmetric], OF «x ¢ domA N)])
also have ... = ({(z,v) # A}o) f|* (—?new)

by (rule arg-cong[OF iterative-HSem[symmetric], OF « ¢ domA A)))
finally
show le: ?case by (rule env-restr-eq-subset|OF «domA T C (—?new)])

have [[ Var ]]{IF]}Q = [[ Var z ]]{](:E, U) # AI}Q
using env-restr-eqD[OF le, where z = z]
by simp
also have ... = v ]]{](x, v) # Ao
by (auto simp add: lookup-HSem-heap)
finally
show [ Var z ]]ﬂF]}Q =[v ]]{](z, v) # Apor
next
case (Bool b)
case 1
show ?case by simp
case 2
show ?case by simp
next
case (IfThenElse T scrut L A b ey ez © v)
have Gamma-subset: domA T C domA A
by (rule reds-doesnt-forget| OF IfThenElse.hyps(1)])

let ?e = if b then ey else e

case 1
thm new-free-vars-on-heap[OF IfThenElse.hyps(1)]

hence prem1: fv (T, scrut) C set L U domA T

and prem2: fu (A, %e) C set L U domA A
and fv 7e C domA T" U set L
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using new-free-vars-on-heap|OF IfThenFElse.hyps(1)] Gamma-subset by auto

have [ (scrut ? ey : e2) ]]{]Fl}g = B-project-([ scrut ]ﬂpl}g)-([[ e1 }]{]m}g)-([[ es ]]ﬂl“l}g) by simp

also have ... = B-project-([ Bool b ]]{]A[}g)([[ e1 ]]{]F[}g)([[ €2 H{]F[}g)
unfolding IfThenElse.hyps(2)[OF prem1]..
also have ... = [ % ]]{[FI}Q by simp
also have ... = [ %e ]]{IAI}Q
proof(rule ESem-fresh-cong-subset[OF <fv ?e C domA T' U set L env-restr-eql])
fix x

assume z € domA ' U set L
thus ({T}o) = = ({A}o) o
proof(cases © € domA T)
assume z € domA I’
from IfThenElse.hyps(3)[OF prem1]
have ({T}o) f|* domAT) z = ({A}o) f|* domAT) = by simp
with ¢ € domA I') show ?thesis by simp
next
assume z ¢ domA T
from this <z € domA T U set L) reds-avoids-live]OF IfThenElse.hyps(1)]
show ?thesis
by (simp add: lookup-HSem-other)

qed
qed
also have ... = v ]]{JGI}Q
unfolding IfThenFElse.hyps(5)[OF prem2]..
finally

show Zcase.
thm env-restr-eq-subset
show ({T'}o) f|‘ domA T = ({©}0) f|* domA T
using IfThenElse.hyps(3)[OF prem1]
env-restr-eq-subset| OF Gamma-subset IfThenElse.hyps(6)[OF prem2])
by (rule trans)
next
case (Let as T' L body A v)
case I
{ fix a
assume a: a € domA as
have atom a § T
by (rule Let(1)[unfolded fresh-star-def, rule-format, OF imagel|OF a]])
hence a ¢ domA T
by (metis domA-not-fresh)

note x = this

have fv (as @Q T, body) — domA (as @ T') C fv (T, Let as body) — domA T
by auto
with 1 have prem: fv (as Q T, body) C set L U domA (as QT') by auto
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have f1: atom ‘ domA as f§x T’
using Let(1) by (simp add: set-bn-to-atom-domA)

have [ Let as body ]]ﬂfl}g = [ body H{]asl}{]FI}Q

by (simp)
also have ... = [ body ]]{]as @ I'jo

by (rule arg-cong[OF HSem-merge|OF f1]])
also have ... = v ]]ﬂAﬂ’Q

by (rule Let.hyps(4)[OF prem))
finally

show “case.

have ({T'}o) f|* (domA T) = ({as}({T'}o)) f| (domA T)
apply (rule ext)
apply (case-tac x € domA as)
apply (auto simp add: lookup-HSem-other lookup-env-restr-eq *)

done
also have ... = ({as Q@ T'}o) f|* (domAT)
by (rule arg-cong|OF HSem-merge|OF f1]])
also have ... = ({A}o) f|¢ (domAT)
by (rule env-restr-eg-subset|OF - Let.hyps(5)[OF prem]]) simp
finally
show ({T'}}o) f|‘ domA T = ({A}o) f|¢ domA T.
qed
end

26 Mono-Nat-Fun.tex

theory Mono—Nat—Fun
imports ~~/src/ HOL/ Library/ Infinite-Set
begin

The following lemma proves that a monotonous function from and to the natural numbers
is either eventually constant or unbounded.

lemma nat-mono-characterization:

fixes f :: nat = nat

assumes mono f

obtains n where Am . n<m = fn=fm|Am.In.m<fn
proof (cases finite (range f))

case True

from Maz-in[OF True]

obtain n where Maz: f n = Maz (range f) by auto

show thesis

proof(rule that(1))

fix m
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assume n < m
hence fn < fm using (mono f» by (metis monoD)
also
have f m < fn unfolding Maz by (rule Max-ge|OF True rangel)
finally
show fn = fm.
qged
next
case Fulse
thus thesis by (fastforce intro: that(2) simp add: infinite-nat-iff-unbounded-le)
qed

end

27 C.tex

theory C
imports ~~/src/HOL/HOLCF /HOLCF Mono—Nat—Fun
begin

default-sort cpo

The initial solution to the domain equation C' = C, i.e. the completion of the natural
numbers.

domain C = C (lazy C)

lemma below-C: z T C-x
by (induct z) auto

definition Cinf (C*°) where C* = fiz-C
lemma C-Cinf[simp]: C-C> = C* unfolding Cinf-def by (rule fiz-eq[symmetric])
abbreviation Cpow (C~) where C" = iterate n-C-L

lemma C-below-C|[simp): (C* C CJ) +— i < j
apply (induction i arbitrary: j)
apply simp
apply (case-tac j, auto)
done

lemma below-Cinf[simp]: r T C
apply (induct )
apply simp-all[2]
apply (metis (full-types) C-Cinf monofun-cfun-arg)
done
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lemma C-eq-Cinf[simp]: Ct # C>
by (metis C-below-C Suc-n-not-le-n below-Cinf)

lemma Cinf-eq-Clsimp]: C* = C - r +— C® =r
by (metis C.injects C-Cinf)

lemma C-eq-C|simp]: (C' = V) «+— i = j
by (metis C-below-C' le-antisym le-refl)

lemma case-of-C-below: (case r of C-y = z) C z
by (cases 1) auto

lemma C-case-below: C-case - f C f
by (metis cfun-belowl C.case-rews(2) below-C monofun-cfun-arg)

lemma C-case-bot[simp]: C-case - L = L
apply (subst eq-bottom-iff)
apply (rule C-case-below)
done

lemma C-case-cong:
assumes \ r’.r = Cr' = fr' = gr’
shows C-case-f-r = C-case-g-r

using assms by (cases r) auto

lemma C-cases:
obtains n where r = C" | r = C*®
proof—
{ fix m
have 3 n. C-take m - r = C"
proof (rule C.finite-induct)
have 1 = ¢0 by simp
thus In. L = C".
next
fix r
show dn. r = C" = 3In. C.r = C"
by (auto simp del: iterate-Suc simp add: iterate-Suc[symmetric])
qed
}
then obtain f where take: \ m. C-take m - r = cf ™ by metis
have chain (A m. cf ™) using ch2ch-Rep-cfunL|OF C.chain-take, where z=r, unfolded
take].
hence mono f by (auto simp add: mono-iff-le-Suc chain-def elim!:chainE)
have r: r = (| ] m. c/ ™) by (metis (lifting) take C.reach lub-eq)
from (mono f)
show thesis
proof(rule nat-mono-characterization)
fix n
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assume n: \ m.n < m==>fn=/fm
have maz-in-chain n (A m. o/ my
apply (rule maz-in-chainl)
apply simp
apply (erule n)
done
hence (|| m. ¢/ ™) = ¢/ " unfolding mazinch-is-thelub[OF «chain, -).
thus ?thesis using that unfolding r by blast
next
assume Am. 3In. m < fn
hence A\ n. C™ C r unfolding r by (fastforce intro: below-lub[OF <(chain -])
hence (| | n. C") C r
by (rule lub-below[OF chain-iterate])
hence C*° C r unfolding Cinf-def fix-def2.
hence C* = r using below-Cinf by (metis below-antisym)
thus thesis using that by blast
qged
qed

lemma C-case-Cinf[simp]: C-case - f - C®° = f - C®
unfolding Cinf-def
by (subst fiz-eq) simp

end

28 CValue.tex

theory CValue
imports C
begin

domain CValue
= CFn (lazy (C — CValue) — (C — CValue))
| CB (lazy bool discr)

fixrec CFn-project :: CValue — (C — CValue) — (C — CValue)
where CFn-project-(CFn-f)v =f - v

abbreviation CFn-project-abbr (infix | CFn 55)
where f |CFn v = CFn-project-f-v

lemma CFn-project-strict[simp]:
1 JCFnv=_1
CB-b [CFnv =1
by (fizrec-simp)+

lemma CB-below|[simp]: CB-b C v «— v = CB-b
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by (cases v) auto

fixrec CB-project :: CValue — CValue — CValue — CValue where
CB-project-(CB-db)-v1-ve = (if undiscr db then vy else v3)

lemma [simp]:
CB-project-(CB-(Discr b))-v1-vy = (if b then vy else vs)
CB-project-L-vy-v9 = L
CB-project-(CFn-f)-vy-vg = L

by fixzrec-simp+

lemma CB-project-not-bot:
CB-project-scrut-vi-va # L <— (3 b. scrut = CB-(Discr b) A (if b then vy else va) # L)
apply (cases scrut)
apply simp
apply simp
by (metis (poly-guards-query) CB-project.simps C'Value.injects(2) discr.exhaust undiscr-Discr)

HOLCF provides us CValue-take::nat = CValue — CValue; we want a similar function
for C — CValue.

abbreviation C-to-CValue-take :: nat = (C — CValue) — (C — CValue)
where C-to-CValue-take n = cfun-map-ID-(CValue-take n)

lemma C-to-CValue-chain-take: chain C-to-CValue-take
by (auto intro: chainl cfun-belowl chainE[OF CValue.chain-take] monofun-cfun-fun)

lemma C-to-CValue-reach: (|| n. C-to-CValue-take n-x) = x
by (auto intro: cfun-eql simp add: contlub-cfun-fun|OF ch2ch-Rep-cfunL[OF C-to-CValue-chain-take]]
CValue.reach)

end

29 CValue-Nominal.tex

theory CValue—Nominal
imports CValue Nominal— Utils Nominal—HOLCF
begin

instantiation C :: pure
begin
definition p - (¢:C) = ¢
instance by standard (auto simp add: permute-C-def)
end
instance C :: pcpo-pt
by standard (simp add: pure-permute-id)
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instantiation CValue :: pure
begin
definition p - (v::CValue) = v
instance
apply standard
apply (auto simp add: permute-CValue-def)
done
end

instance CValue :: pcpo-pt
by standard (simp add: pure-permute-id)

end

30 HOLCF-Meet.tex

theory HOLCF —Meet
imports ~~/src/HOL/HOLCF /|HOLCF
begin

This theory defines the M operator on HOLCF domains, and introduces a type class for
domains where all finite meets exist.

30.1 Towards meets: Lower bounds

context po

begin

definition is-1b :: 'a set = 'a = bool (infix >| 55) where
S >z +— (VyeS. z C y)

lemma is-IbI: (lz. 2 € S ==> 1 Cz) ==> § >| |
by (simp add: is-lb-def )

lemma is-1bD: [|S >| ; z € S]] ==>1C =z
by (simp add: is-lb-def)

lemma is-lb-empty [simp]: {} >| |
unfolding is-lb-def by fast

lemma is-lb-insert [simp]: (insert z A) > y=(y Sz A A >| y)
unfolding is-lb-def by fast

lemma is-lb-downward: [|S >| ; y Tl ==> S >| y
unfolding is-lb-def by (fast intro: below-trans)
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30.2 Greatest lower bounds
definition is-glb :: 'a set = 'a = bool (infix >>| 55) where
S>>lz— 5>z AN Mu S > u——>ul 1)

definition glb :: 'a set = 'a ([]- [60]60) where
glb S = (THE z. S >>| 1)

Access to the definition as inference rule

lemma is-glbD1: § >>| v ==> S >| x
unfolding is-glb-def by fast

lemma is-glbD2: [|S >>| z; S >| u|]] ==>u C z
unfolding is-glb-def by fast

lemma (in po) is-gibI: [|S >| z; NMu. S >| u==>u C z|]] ==> S >>| =
unfolding is-glb-def by fast

lemma is-glb-above-iff: S >>| z ==>uC z +— S >| u
unfolding is-glb-def is-lb-def by (metis below-trans)

glbs are unique

lemma is-glb-unique: [|S >>| z; S >>| y|] ==>z =y
unfolding is-glb-def is-lb-def by (blast intro: below-antisym)

technical lemmas about glb and op >>|

lemma is-glb-glb: M >>| 2 ==> M >>| glb M
unfolding glb-def by (rule thel [OF - is-glb-unique])

lemma glb-eql: M >>| 1 ==> glb M =1
by (rule is-glb-unique [OF is-glb-glb])

lemma is-glb-singleton: {x} >>| z
by (simp add: is-glb-def)

lemma glb-singleton [simp]: glb {2} = x
by (rule is-glb-singleton [THEN glb-eqI])

lemma is-glb-bin: ¢ C y ==> {z, y} >>| =
by (simp add: is-glb-def)

lemma glb-bin: 2 C y ==> glb {z, y} =z
by (rule is-glb-bin [THEN glb-eqI])

lemma is-glb-mazimal: [|S >| z; z € S]] ==> 8§ >>| ¢
by (erule is-glbl, erule (1) is-1bD)

lemma glb-mazimal: [|S >| z; 2 € S|] ==> glb S ==z
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by (rule is-glb-mazimal [THEN glb-eql))

lemma glb-above: S >>| z = 2z C glb S «— S >| z
by (metis glb-eql is-glb-above-iff)
end

lemma (in cpo) Meet-insert: S >>| | = {z, I} >>| 12 = insert x S >>| 12
apply (rule is-glbI)
apply (metis is-glb-above-iff is-glb-def is-lb-insert)
by (metis is-glb-above-iff is-glb-def is-glb-singleton is-lb-insert)

Binary, hence finite meets.

class Finite-Meet-cpo = cpo +
assumes binary-meet-ezists: 3 L. ICa ANICyA (VW z. 202 — 20y — 2z C 1)
begin

lemma binary-meet-exists”: 31. {z, y} >>| 1
using binary-meet-exists[of  y]
unfolding is-glb-def is-lb-def
by auto

lemma finite-meet-exists:
assumes S # {}
and finite S
shows Jz. § >>| z
using S # {b
apply (induct rule: finite-induct[OF «finite S)])
apply (erule notE, rule refl)[1]
apply (case-tac F' = {})
apply (metis is-glb-singleton)
apply (metis Meet-insert binary-meet-exists’)
done
end

definition meet :: ‘ai:cpo = ‘a = ‘o (infix N 80) where
z Ny =(f 3z {z, y} >>| z then glb {z, y} else )

lemma meet-def": (x::'a:: Finite-Meet-cpo) M y = glb {z, y}
unfolding meet-def by (metis binary-meet-exists’)

lemma meet-comm: (z::'a::Finite-Meet-cpo) M y = y M z unfolding meet-def ' by (metis
insert-commute)

lemma meet-bot! [simp]:

fixes y :: 'a :: {Finite-Meet-cpo,pcpo}

shows (L M y) = L unfolding meet-def ' by (metis minimal po-class.qglb-bin)
lemma meet-bot2[simp]:

fixes z :: 'a :: { Finite-Meet-cpo,pcpo}

shows (z M L) = L by (metis meet-botl meet-comm)
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lemma meet-below! [intro]:

fixes z y :: 'a :: Finite-Meet-cpo

assumes r C z

shows (z M y) C z unfolding meet-def’ by (metis assms binary-meet-exists’ below-trans
glb-eql is-glbD1 is-lb-insert)
lemma meet-below2[introl:

fixes z y :: 'a :: Finite-Meet-cpo

assumes y C 2

shows (z M y) C z unfolding meet-def’ by (metis assms binary-meet-exists’ below-trans
glb-eql is-glbD1 is-lb-insert)

lemma meet-above-iff:
fixes x y z :: 'a :: Finite-Meet-cpo
shows 2 CzMy<+—2CzxAzCy
proof—
obtain g where {z,y} >>| g by (metis binary-meet-exists’)
thus ?thesis
unfolding meet-def ' by (simp add: glb-above)
qed

lemma below-meet|[simp):
fixes z y :: 'a :: Finite-Meet-cpo
assumes z L 2
shows (z M 2) = x by (metis assms glb-bin meet-def’)

lemma below-meet2[simp]:
fixes z y :: 'a :: Finite-Meet-cpo
assumes 2z C x
shows (z M z) = z by (metis assms below-meet meet-comm)

lemma meet-abovel:
fixes z y 2z :: ‘a :: Finite-Meet-cpo
shows z C 2 = 2z C y = 2z C 2 M y by (simp add: meet-above-iff)

lemma is-meetl:
fixes z y z :: 'a :: Finite-Meet-cpo
assumes 2z C x
assumes 2z L y
assumes A a. [aCz;aCy]=al 2z
shows z My = 2
by (metis assms below-antisym meet-above-iff below-refl)

lemma meet-assoc[simp): ((x::'a::Finite-Meet-cpo) My) Mz =2 N (y M z)
apply (rule is-meetl)
apply (metis below-refl meet-above-iff )
apply (metis below-refl meet-below?2)
apply (metis meet-above-iff )
done
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lemma meet-self [simp]: v T r = (r:'a:Finite-Meet-cpo)
by (metis below-refl is-meetl)

lemma [simp]: (r::'a::Finite-Meet-cpo) M (r Mz) =r Mz
by (metis below-refl is-meetl meet-below?)

lemma meet-monofunt:
fixes y :: 'a :: Finite-Meet-cpo
shows monofun (\z. (z M y))
by (rule monofunl)(auto simp add: meet-above-iff )

lemma chain-meet1:
fixes y :: 'a :: Finite-Meet-cpo
assumes chain Y
shows chain (A i. YiMy)
by (rule chainl) (auto simp add: meet-above-iff intro: chainl chainE[OF assms])

class cont-binary-meet = Finite-Meet-cpo +
assumes meet-cont” chain Y = (|| ¢. Yi)Ny= (] i Yiny)

lemma meet-conti:
fixes y :: 'a :: cont-binary-meet
shows cont (\z. (z M y))
by (rule contI2[OF meet-monofunl]) (simp add: meet-cont’)

lemma meet-cont2:
fixes z :: 'a :: cont-binary-meet

shows cont (Ay. (z M y)) by (subst meet-comm, rule meet-cont!)

lemma meet-cont[cont2cont,simp]:cont f = cont g = cont (Az. (fz M (g z::"a::cont-binary-meet)))
apply (rule cont2cont-case-prod[where ¢ = X z. (fz, gz)and f =X pzy .z My,
simplified))
apply (rule meet-cont1)
apply (rule meet-cont2)
apply (metis cont2cont-Pair)
done

end

31 C-Meet.tex
theory C'—Meet

imports C HOLCF— Meet
begin

instantiation C :: Finite-Meet-cpo begin
fixrec C-meet :: C — C — C
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where C-meet-(C-a)-(C-b) = C-(C-meet-a-b)
lemmalsimp]: C-meet-L-y = L C-meet-xz-L = L by (fizrec-simp, cases x, fixrec-simp+)

instance
apply standard
proof (intro exI congl strip)
fix z y
{
fix t
have (t C C-meet-z-y) = (t Tz At Cy)
proof (induct t rule:C.take-induct)
fix n
show (C-take n-t C C-meet-z-y) = (C-take n-t C z A C-take n-t C y)
proof (induct n arbitrary: t z y rule:nat-induct)
case 0 thus ?case by auto
next
case (Sucntxy)
with C.nchotomy[of t] C.nchotomy[of x| C.nchotomylof y]
show ?case by fastforce
qed
qed auto
} note x = this
show C-meet-z-y C x using * by auto
show C-meet-z-y C y using * by auto
fix z
assume z C z and z C y
thus z C C-meet-z-y using * by auto
qed
end

lemma C-meet-is-meet: (z T C-meet-z-y) = (2 C z A 2z C y)
proof (induct z rule:C.take-induct)
fix n
show (C-take n-z T C-meet-z-y) = (C-take n-z C z A C-take n-z C y)
proof (induct n arbitrary: z x y rule:nat-induct)
case 0 thus ?case by auto
next
case (Suc n z z y) thus ?case
apply —
apply (cases z, simp)
apply (cases x, simp)
apply (cases y, simp)
apply (fastforce simp add: cfun-below-iff)
done
qged
qed auto

instance C : cont-binary-meet
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proof (standard, goal-cases)
have [simp]:\ zy. ¢ My = C-meet-x-y
using C-meet-is-meet
by (blast intro: is-meetl)
case I thus ?case
by (simp add: ch2ch-Rep-cfunR contlub-cfun-arg contlub-cfun-fun)
qed

lemma [simp]: Cor N r =r
by (auto intro: is-meetl simp add: below-C')

lemma [simp]: r 1 C-r = r
by (auto intro: is-meetl simp add: below-C')

lemma [simp]: C-r 1 C-r' = C-(r M 17)
apply (rule is-meetl)
apply (metis below-refl meet-belowl monofun-cfun-arg)
apply (metis below-refl meet-below2 monofun-cfun-arg)
apply (case-tac a)
apply auto
by (metis meet-above-iff )

end

32 C-restr.tex

theory C—restr
imports C C—Meet HOLCF — Utils
begin

32.1 The demand of a C-function

The demand is the least amount of resources required to produce a non-bottom element,
if at all.

definition demand :: (C — 'a::pcpo) = C where
demand f = (if f-C*>° # L then C(LEAST n. f-C™ # 1) gge C)

Because of continuity, a non-bottom value can always be obtained with finite resources.

lemma finite-resources-suffice:
assumes f-C>® #£ |
obtains n where f-C" #£ |
proof—
{
assume Vn. f-(C") = L
hence f-C>* C |
by (auto intro: lub-below[OF ch2ch-Rep-cfunR|[OF chain-iterate]
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simp add: Cinf-def fiz-def2 contlub-cfun-arg[OF chain-iterate))
with assms have False by simp
}
thus ?thesis using that by blast
qed

Because of monotonicity, a non-bottom value can always be obtained with more re-
sources.

lemma more-resources-suffice:
assumes f-r # L and r C 1’
shows f-r' #£ L
using assms(1) monofun-cfun-arg[OF assms(2), where [ = f]
by auto

lemma infinite-resources-suffice:
shows f-r # L = f.C>* # L
by (erule more-resources-suffice[OF - below-Cinf])

lemma demand-suffices:
assumes f-C* # |
shows f-(demand f) # L
apply (simp add: assms demand-def)
apply (rule finite-resources-suffice[OF assms))
apply (rule Leastl)
apply assumption
done

lemma not-bot-demand:
fir# L +— demand f # C° A demand f C r
proof (intro iffI)
assume f-r # |
thus demand f # C*° A demand f C r
apply (cases r rule: C-cases)
apply (auto intro: Least-le simp add: demand-def dest: infinite-resources-suffice)
done
next
assume x: demand f # C* A demand f C r
then have f-C* # L by (auto intro: Least-le simp add: demand-def dest: infinite-resources-suffice)
hence f-(demand f) # L by (rule demand-suffices)
moreover from x have demand f C r..
ultimately
show f-r #£ | by (rule more-resources-suffice)
qed

lemma infinity-bot-demand:
fC>® =1 +— demand f = C
by (metis below-Cinf not-bot-demand)

lemma demand-suffices’”:
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assumes demand f = C™
shows f-(demand f) # L
by (metis C-eq-Cinf assms demand-suffices infinity-bot-demand)

lemma demand-Suc-Least:
assumes [simp]: f-1L = L
assumes demand [ # C™
shows demand [ = c(Suc (LEAST n. froSuen 2 1))

proof—
from assms
have demand f = C(LEAST n. fC"# L) by (auto simp add: demand-def)
also
then obtain n where f-C™ # | by (metis demand-suffices’)
hence (LEAST n. f-C™ # 1) = Suc (LEAST n. f-CSuc™ £ 1)
apply (rule Least-Suc) by simp
finally show ?Zthesis.
qed

lemma demand-C-case[simp]: demand (C-case-f) = C - (demand f)
proof(cases demand (C-case-f) = C)
case True
then have C-case-f-C® = L
by (metis infinity-bot-demand)
with True
show ?thesis apply auto by (metis infinity-bot-demand)
next
case Fulse
hence demand (C-case-f) = CSuc (LEAST n. (C-case-f)-C5U¢ ™ £ 1)
by (rule demand-Suc-Least[OF C.case-rews(1)])
also have ... = C.CLPAST n. f-C™ # 1
also have ... = C-(demand f)
using Fulse unfolding demand-def by auto
finally show ?thesis.
qed

by simp

lemma demand-contravariant:
assumes f C g
shows demand g T demand f
proof(cases demand f rule: C-cases)
fix n
assume demand f = C"
hence f-(demand f) # L by (metis demand-suffices’)
also note monofun-cfun-fun|OF assms]
finally have g-(demand f) # L by this (intro cont2cont)
thus demand g C demand f unfolding not-bot-demand by auto
qed auto
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32.2 Restricting functions with domain C

fixrec C-restr :: C — (C — ’a::pcpo) — (C — 'a)
where C-restr-r-f-r’' = (f-(r 1 r’))

abbreviation C-restr-syn :: (C — 'a:pepo) = C = (C — ‘a) ( -|- [111,110] 110)
where f|r = C-restr-r-f

lemma [simp]: L|r = L by fizrec-simp
lemma [simp]: f-L = 1L = f|| = L by fizrec-simp

lemma C-restr-C-restr[simp]: (v|,./)|r = U‘(Tl M)
by (rule cfun-eql) simp

lemma C-restr-eqD:
assumes f|r = g|r
assumes r' C r
shows fr' = g-r’
by (metis C-restr.simps assms below-refl is-meetl)

lemma C-restr-eq-lower:
assumes f|r = g|r
assumes r' C r
shows f|,./ = gl ./
by (metis C-restr-C-restr assms below-refl is-meetl)

lemma C-restr-below[intro, simp):
zlr C
apply (rule cfun-belowl)
apply simp
by (metis below-refl meet-below2 monofun-cfun-arg)

lemma C-restr-below-cong:
ANr'.r"Er=f-r"Cg-r)= flrCglr
apply (rule cfun-belowl)
apply simp
by (metis below-refl meet-below?)

lemma C-restr-cong:
ANr'.r'Er=f-r'=g-r)= flr=glr
apply (intro below-antisym C-restr-below-cong )
by (metis below-refl)+

lemma C-restr-C-cong:
ANr.r"Cr=f-(Cr)=g-(Cr)) = fl=gLl= flo,=9glcr
apply (rule C-restr-cong)
by (case-tac r', auto)
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lemma C-restr-C-case[simp):
(C-case-f)| ¢.r = C-case-(f|r)
apply (rule cfun-eql)
apply simp
apply (case-tac )
apply simp
apply simp
done

lemma C-restr-bot-demand:
assumes C-r C demand f

shows f|, = L
proof (rule cfun-eql)
fix r’

have f-(rNr’) =1
proof(rule classical)
have r C C - r by (rule below-C)
also
note assms
also
assume *: f-(r M r’) # L
hence demand f T (r M r’) unfolding not-bot-demand by auto
hence demand f T r by (metis below-refl meet-belowl below-trans)
finally (below-antisym) have r = demand f by this (intro cont2cont)
with assms
have demand f = C™ by (cases demand f rule: C-cases) (auto simp add: iterate-Suc[symmetric]
simp del: iterate-Suc)
thus f-(r M r’) = L by (metis not-bot-demand)
ged
thus (f|r)-r' = L-r’ by simp
qed

32.3 Restricting maps of C-ranged functions

definition env-C-restr :: C — (‘var:type = (C' — 'aupepo)) — (‘var = (C — 'a)) where
env-C-restr = (A r f. cfun-comp-(C-restr-r)-f)

abbreviation env-C-restr-syn :: (‘var:type = (C = 'a:pepo)) = C = (‘var = (C — 'a)) (

e [111,110] 110)
where f|°, = env-C-restr-r-f

lemma env-C-restr-upd[simp]: (o(z := v))|°r = (0|°r)(z := v|y)
unfolding env-C-restr-def by simp

lemma env-C-restr-lookup[simp): (0|°r) v = 0 v|r
unfolding env-C-restr-def by simp

lemma env-C-restr-bot[simp]: L|° = L
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unfolding env-C-restr-def by auto

lemma env-C-restr-restr-below[intro]: 9|y C o
by (auto intro: fun-belowl)

lemma env-C-restr-env-C-restr[simp]: (v]°,./)[°r = ’U|O(TI A7)
unfolding env-C-restr-def by auto

lemma env-C-restr-cong:
ANzr'.r'Er=fa-r'=ga-r)=f|°r=g[°r
unfolding env-C-restr-def
by (rule ext) (auto intro: C-restr-cong)

end

33 ResourcedDenotational.tex

theory ResourcedDenotational
imports Abstract— Denotational— Props CValue— Nominal C—restr
begin

type-synonym CEnv = var = (C — CValue)

interpretation semantic-domain
Af.Ar. CFn-(Av. (f-(v)|r)
Azy. (Ar. (z:r LCFn y|r)r)
Abr. CBb
A serut v v2 r. CB-project-(scrut-r)-(vl-r)-(v2-r)
C-case.

abbreviation ESem-syn' (N - ]. [60,60] 60) where N e ], = ESem e - ¢
abbreviation EvalHeapSem-syn” (N -]- [0,0] 110) where N'[I'], = evalHeap T' (X e

Nlelo)
abbreviation HSem-syn’ (N{-}- [60,60] 60) where N{T'}o = HSem T - o
abbreviation HSem-bot (N{-} [60] 60) where N{I'} = N{T'}L

Here we re-state the simplification rules, cleaned up by beta-reducing the locale param-
eters.

lemma CESem-simps:

NT Lam [z]. e Jp = (A (Cor). CFn-(A v, (N[ e [ (5 .= ))Ir))
Nl Appex], = (A(Cr). ((N[[GJ])T¢CF7LQ«T|7~)'T)
N[ Varz ], = (A (Cr). (Q T) - T)

N Bool b ], (A (C-r). CB-(Discr b))

]] ;\/[[))(scrut ? ey :;2) lo = (A (C-r). CB-project-(N] scrut Jp)-r)-(N] e1 Jo)-r)-((NV] e2
QN[[ Let as body Jo = (A (C - r). (N[[body]]j\/-{]asﬂg) -r)
by (auto simp add: eta-cfun)
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lemma CESem-bot[simp]:(N] e Jo)-L = L
by (nominal-induct e arbitrary: o rule: exp-strong-induct) auto

lemma CHSem-bot[simp]:(N{ T |}) z)-L = L
by (cases x € domA T') (auto simp add: lookup-HSem-heap lookup-HSem-other)

Sometimes we do not care much about the resource usage and just want a simpler for-
mula.

lemma CESem-simps-no-tick:
(N Lam [z]. € |p)-r © CFn-(A v. (N] e ]]Q(z — v))|7")
N[ App ez Jp)r T ((N[elo)r LCFn o x|r)-r
N[ Varz ], Cox
(N (scrut 2 eq = ea) Jp)-r E CB-project-(N scrut Jo)-r)-(N e1 [o)-7)-(N] e2 ]o)-T)
NT Let as body [ © Nbody]zrqaspo
apply —
apply (rule below-trans|OF monofun-cfun-arg[OF below-C]|, simp)
apply (rule below-trans|OF monofun-cfun-arg[OF below-C]|, simp)
apply (rule cfun-belowl, rule below-trans|OF monofun-cfun-arg[OF below-C]|, simp)
apply (rule below-trans[OF monofun-cfun-arg|OF below-C]|, simp)
apply (rule cfun-belowl, rule below-trans|OF monofun-cfun-arg[OF below-C]|, simp)
done

lemma CELam-no-restr: (N[ Lam [z]. e [o)-r T CFn-(A v. (N e ]]g(x — v)))
proof—
have (N Lam [z]. e [o)-r T CFn-(Av. (N e ]]g(x — v))|7") by (rule CESem-simps-no-tick)
also have ... C CFn-(A v. N e ]]g(:v — v)))
by (intro cont2cont monofun-LAM below-trans| OF C-restr-below] monofun-cfun-arg below-refl
fun-upd-mono)
finally show ?thesis by this (intro cont2cont)
qed

lemma CEApp-no-restr: (N[ App ez Jo)-r E (N[ e ]o)r LCFn o z)-r

proof—
have (N[ App e z ]o)-r T (N[ € ]o)-m LCFn o z|y)-r by (rule CESem-simps-no-tick)
also have g z|r C p z by (rule C-restr-below)
finally show %thesis by this (intro cont2cont)

qed

end

34 CorrectnessResourced.tex
theory CorrectnessResourced

imports ResourcedDenotational Launchbury
begin
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theorem correctness:
assumes I': e || A : 2
and fo (', e) C set LU domA T
shf)ws NHG]]N{]F]}Q C N[[Z]]N{]Aﬂrg and (M{T'}o) f|* domA T C (N{A}o) f|* domA T
using assms
proof (nominal-induct arbitrary: o rule:reds.strong-induct)
case Lambda
case I show ?case..
case 2 show ?case..
next
case (Application yT' ex L A © z ¢’)
have Gamma-subset: domA T' C domA A
by (rule reds-doesnt-forget| OF Application.hyps(8)])

case I
hence prem1: fu (I, e) C set LU domA T and z € set L U domA I" by auto
moreover
note reds-pres-closed[OF Application.hyps(8) prem1]
moreover
note reds-doesnt-forget| OF Application.hyps(8)]
moreover
have fv (e/[y::=z]) C fu (Lam [y]. ¢') U {z}
by (auto simp add: fu-subst-eq)
ultimately
have prem2: fu (A, e'[y::=z]) C set L U domA A by auto

have *: (NM{T'}o) z C (N{A}o) z
proof(cases © € domAT")
case True
thus ?thesis
using fun-belowD[OF Application.hyps(10)[OF prem1], where o1 = p and z = z|
by simp
next
case Fulse
from Fulse @ € set L U domA I reds-avoids-live[ OF Application.hyps(8)]
show ?thesis by (auto simp add: lookup-HSem-other)
qed

{

fix r
have (N[ App e z Jargrpo)r E (VI e Inqrpo)r $CFn (N{T}o) z)-r
by (rule CEApp-no-restr)
also have (N e ]]N{[FI}'Q)) C (N[ Lam [y]. e’ ]]/\/'{]AI}Q))
using Application.hyps(9)[OF prem1].
also note (NM{T'}o) z) T (N{A}o) =
also have (N Lam [y]. e/]]N{IAI}Q)'T C (CFn-(A v. (V] EIH(N{]A[}Q)(y — v))))
by (rule CELam-no-restr)
also have CFn-(A v. (N] e/]](N{[A]}g)(y — v))) LCFn (N{A}o) z) = (N] e/]](N{]A[}g)(y = (V{A}o) m))
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by simp
also have ... = (V] e'ly ::= 1] lviapo)
unfolding ESem-subst..
also have ... £ N z [yqop,
using Application.hyps(12)[OF prem2].
finally
have (N[ App e z HN{IFI}Q)'T C (N = ]]Nﬂ@l}g)W by this (intro cont2cont)+
}

thus ?case by (rule cfun-belowl)

show (N{T'}o) f|* (domA T) C (N{O}o) f|* (domAT)
using Application.hyps(10)[OF prem1]
env-restr-below-subset| OF Gamma-subset Application.hyps(13)[OF prem2]]
by (rule below-trans)
next
case (Variable 'z e L A 2)
hence [simp]:z € domA T
by (metis domA-from-set map-of-SomeD)

case 2

have z ¢ domA A
by (rule reds-avoids-live]OF Variable.hyps(2)], simp-all)

have subset: domA (delete z T') C domA A
by (rule reds-doesnt-forget|OF Variable.hyps(2)])

let “new = domA A — domA T
have fv (delete ¢ T, e) U {z} C fv (T, Var x)
by (rule fu-delete-heap|OF <map-of T' z = Some e)])
hence prem: fv (delete x T, e) C set (x # L) U domA (delete x T') using 2 by auto
hence fv-subset: fv (delete x T, ) — domA (delete  T') C — Znew
using reds-avoids-live’|OF Variable.hyps(2)] by auto

have domA T' C (—?%new) by auto

have N{I'}o = N{(z,e) # delete z T'}o
by (rule HSem-reorder[OF map-of-delete-insert[symmetric, OF Variable(1)]])

also have ... = (1 o’ (0 ++ (domA (delete @ T)) (N{delete z To"))(z =N e 1,1)
by (rule iterative-HSem, simp)

also have ... = (u o’ (o ++ (domA (delete  T)) (M{delete z T}o"))(z =N e HN{]delete x F[}g’))
by (rule iterative-HSem', simp)

finally

have (M{T'}o)f|¢ (— %new) C (...) f|* (= ?new) by (rule ssubst) (rule below-refl)
also have ... = (4 " (¢ ++goma & WIAR)( 7 = NT 2 Iyrgapy) F1° (= fnew)
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proof (induction rule: parallel-fiz-ind[where P =X z y. z f|* (— ?new) C y f|* (— ?new)])
case 1 show ?Zcase by simp
next
case 2 show Zcase ..
next
case (8 o o)
hence N ¢ ]]N{]delete zTho & Nle ]]./\/'{]delete z Tho’
and (N {delete z T}o) f|* domA (delete z T') T (N{delete x T}a’) f|* domA (delete z T')
using fu-subset by (auto intro: ESem-fresh-cong-below HSem-fresh-cong-below env-restr-below-subset]| OF
- 3])
from below-trans[OF this(1) Variable(3)[OF prem]] below-trans|OF this(2) Variable(4 ) OF
prem]]
have N e ]]N{]delete zTho & N[ = ]]N{[A|}U'
and (N{delete z T'}o) f|* domA (delete x T) C (N{A}c’) f|* domA (delete xz T').
thus ?case
using subset
by (auto intro!: fun-belowl simp add: lookup-override-on-eq lookup-env-restr-eq elim:
env-restr-belowD)

qed

also have ... = (u 0" (¢ ++doma A W{AL)) (= := N 2 ],1)) fI* (—#new)
by (rule arg-cong|OF iterative-HSem'[symmetric], OF «x ¢ domA N)])

also have ... = (N{(z,2) # A}o) f|* (—?new)
by (rule arg-cong[OF iterative-HSem[symmetric], OF « ¢ domA A)))

finally

show le: Zcase by (rule env-restr-below-subset| OF (domA T C (—?new))]) (intro cont2cont)+

have N[ Var z ]]N{IFI}Q C (NM{T}o) = by (rule CESem-simps-no-tick)
also have ... T (NM{(z, z) # Alo) =
using fun-belowD[OF le, where z = z| by simp

also have ... = N[ 2 ]]N{I(lli, 2) # Abo
by (simp add: lookup-HSem-heap)
finally
show N Var z ]]N{IFI}Q C Nz HN{](L 2) # Apo DY this (intro cont2cont)+
next
case (Bool b)
case I
show ?case by simp
case 2
show ?Zcase by simp
next

case (IfThenElse T scrut L A b ey ex © 2)
have Gamma-subset: domA T C domA A
by (rule reds-doesnt-forget|OF IfThenElse.hyps(1)])

let e = if b then ey else e

case I
thm new-free-vars-on-heap|OF IfThenElse.hyps(1)]
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hence prem?: fv (T, scrut) C set L U domA T
and prem?2: fu (A, %e) C set L U domA A
and fv e C domA T' U set L
using new-free-vars-on-heap| OF IfThenElse.hyps(1)] Gamma-subset by auto

{

fix r
have (V] (scrut ? ey : e2) ]]N{]FI}Q).T C CB-project-(N] scrut ]]N{IFI}Q)T)((N[[ e1 ﬂNﬂrﬂg)r)((Nﬂ
2 Inqrpo) )
by (rule CESem-simps-no-tick)
also have ... C CB-project-((N] Bool b ]]N{]Al}g)r)((j\/[[ el ]]N{]FI}Q)T)((N[[ e ]]N{]FI}Q)'r)
by (intro monofun-cfun-fun monofun-cfun-arg IfThenFElse.hyps(2)[OF prem1])
also have ... = (V] %e Iarqrpo)-m by (cases r) simp-all
also have ... & (N %e Jargapo) T
proof (rule monofun-cfun-fun|OF ESem-fresh-cong-below-subset|OF «fv ?e C domA T U set
Ly Env.env-restr-belowl]])
fix z
assume z € domA ' U set L
thus (W{T'}o) 2 C (N{A}o) =
proof (cases © € domA T
assume z € domA T
from IfThenElse.hyps(3)[OF prem1]
have (N{T'}o) f|* domAT) z T (N{A}o) f|* domA T') z by (rule fun-belowD)
with (z € domA I") show ?thesis by simp
next
assume z ¢ domA T
from this «<x € domA T U set L) reds-avoids-live]OF IfThenElse.hyps(1)]
show ?thesis
by (simp add: lookup-HSem-other)
qed
qged
also have ... & (N z Jargopo) "
by (intro monofun-cfun-fun monofun-cfun-arg IfThenElse.hyps(5)[OF prem?2])
finally
have (N (scrut ? ey : e2) ]]N{]F|}g)'r C (N[ = ]]N{]@[}Q)-r by this (intro cont2cont)+

thus ?case by (rule cfun-belowl)

show (V{T'}o) f|° (domA T) C (N'{Oe) f|* (domd T)
using IfThenElse.hyps(3)[OF prem1]
env-restr-below-subset| OF Gamma-subset IfThenFElse.hyps(6)[OF prem2]]
by (rule below-trans)
next
case (Let as T' L body A z)
case I
have x: domA as N domA T = {} by (metis Let.hyps(1) fresh-distinct)
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have fv (as Q T, body) — domA (as QT) C fv (T, Let as body) — domA T’
by auto
with 7 have prem: fv (as @Q T, body) C set LU domA (as QT) by auto

have f1: atom ‘ domA as fx I’
using Let(1) by (simp add: set-bn-to-atom-domA)

have N Let as body ]]Nﬂrﬂg C NT body ]]N{Iasﬂ»/\/{]l“]}g
by (rule CESem-simps-no-tick)

also have ... = N body ]]N{]as @ Ijo
by (rule arg-cong[OF HSem-merge[OF f1]])

also have ... C Nz Invgapo
by (rule Let.hyps(4)[OF prem])

finally

show ?Zcase by this (intro cont2cont)+

have (M{T}o) f|° (domA T) = (W{ashN{T}o)) fI° (domA T)
unfolding env-restr-HSem[OF x|..

also have N{as}}(N{T'}}o) = (NM{as @ I'}o)
by (rule HSem-merge|OF f1])

also have ... f|*domA T C (N{A}o) f| domA T
by (rule env-restr-below-subset[OF - Let.hyps(5)[OF prem]]) simp

finally

show (M{T}o) f|* domA T C (N{A}o) f|* domAT.

qed

corollary correctness-empty-env:
assumes ' : e |7 A: 2
and fo (I', e) C set L
shows N[[e]]J\/’{]FI} cC N[[z]]N{IAI} and NV{T'} C N{A}
proof—
from assms(2) have fv (', ¢) C set LU domA T by auto
note corr = correctness|OF assms(1) this, where p = 1]

show N e Iaqrp E NT = [Arga) using corr(1).
have N{I'} = (W{T}) f|* domA T

using env-restr-useless|OF HSem-edom-subset, where o1 = 1] by simp
also have ... C (M{A}) f|* domA T using corr(2).
also have ... C N{A} by (rule env-restr-below-itself)
finally show N{I'} C N{A} by this (intro cont2cont)-+
qed

end
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35 ResourcedAdequacy.tex

theory ResourcedAdequacy
imports ResourcedDenotational Launchbury AList— Utils CorrectnessResourced
begin

lemma demand-not-0: demand (N[e]p) # L
proof
assume demand (Ne]p) = L
with demand-suffices'[where n = 0, simplified, OF this|
have (Ne],)-L # L by simp
thus False by simp
qed

The semantics of an expression, given only r resources, will only use values from the
environment with less resources.

lemma restr-can-restrict-env: (N e Jo)lc.r, = N e ]].Q\Or”C-T
proof (induction e arbitrary: o r rule: exp-induct)
case (Var z)
show ?case
proof (rule C-restr-C-cong)
fix r’
assume r' C r
have (N Var z ],)-(C-r’) = 0 z-r’ by simp
((o z)|y)-r’ using «r' C r by simp

also have ... =
also have ... = (N] Varz ]]Q‘or)~(0~r’) by simp
finally show (N[ Var z Jo)-(C-r') = (NT Var z ] go,)-(C-1).
qged simp
next

case (Lam z e)
show ?Zcase
proof(rule C-restr-C-cong)
fix r’
assume r' C r
hence r' C C-r by (metis below-C below-trans)
{
fix v
have o(z := v)|°r = (0|°r)(z := v)|°F
by simp
hence (N[[ € ]]Q(:E = U))|7“, = (N[[ € ]](Q|O’I“)(z = U))|7“,
by (subst (1 2) C-restr-eq-lower|OF Lam «r' T C-r) ]) simp

}
thus (N[ Lam [z]. e Jp)-(C-r") = (N Lam [z]. e ]]Q|or)-(0-r’)
by simp
qed simp
next
case (App e x)
show ?case
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proof (rule C-restr-C-cong)
fix r’
assume r' C r
hence r' C C-r by (metis below-C below-trans)
hence (N[ ¢ [p)1" = (N ¢ 1o, )"
by (rule C-restr-e¢qD[OF App])
thus (N[ App e z ]o)-(C-r') = (N[ App e ]]g‘or)(C"r')
using (v’ C m by simp
qged simp
next
case (Bool b)
show ?case by simp
next
case (IfThenFElse scrut ey e3)
show Zcase
proof (rule C-restr-C-cong)
fix r’
assume r' C r
hence r' C C-r by (metis below-C below-trans)

have (N[ scrut ]o)-r' = (N scrut ]]g|or)'7'/
using «r’' C C-r by (rule C-restr-eqD[OF IfThenElse(1)])
moreover
have (N[ e1 Jo)-r" = (N[ ex o ,.)-r'
using <+’ C C-r by (rule C-restr-eqD[OF IfThenElse(2)])
moreover
have (N ez Jo)-r" = (N[ e2 Jypo,.) 7"
using <+’ C C-r by (rule C-restr-eqD[OF IfThenElse(3)])
ultimately
show (N (scrut 7 ey : ea) [o)-(C-r') = (N (scrut 2 e : e2) ]]Q|or)~(C’~r’)
using (r' C m by simp
qged simp
next
case (Let T e)

The lemma, lifted to heaps

have restr-can-restrict-env-heap : \ r. (N{T}o)|°r = (N{T}ol+)|°r
proof (rule has-ESem.parallel-HSem-ind)

fix 07 0o :: CEnv and r :: C

assume 01[°7 = 02[°r

show (0 ++doma T NI T lo)I°r = (0°r ++dgoma T NI T loo)l°r
proof(rule env-C-restr-cong)

fix z and r’

assume 7' C 7

hence r' C C-r by (metis below-C below-trans)

show (¢ ++gomA T N[[ r ]]Ql) z-r' = (0°r ++domA T N[[ r ]192) z-r'

135



proof(cases © € domAT)
case True
have (N the (map-of T z) Jp,)-r" = (N the (map-of T x) ]]m\or)'r/
by (rule C-restr-eqD|[OF Let(1)[OF True] v’ C C-m))

also have ... = (NT the (map-of T' z) [,,0,)r’
unfolding «01]°y = 02|°p..
also have ... = (N[ the (map-of T z) Jp,)-1’
by (rule C-restr-eqD[OF Let(1)[OF True] «r' T C-r, symmetric])
finally
show ?thesis using True by (simp add: lookupEvalHeap)
next
case Fulse
with «#'C n
show ?thesis by simp
qed
qed

qed simp-all

show ?case
proof (rule C-restr-C-cong)
fix r’
assume r' C r
hence r' C C-r by (metis below-C below-trans)

have (N{T'}o)|°r = (N{T}(e|°r))[°r
by (rule restr-can-restrict-env-heap)
hence (N e ﬂNﬂFﬂg)'r/ =N e H/\/’{]F[}Q\Or)'r/
by (subst (1 2) C-restr-eqD[OF Let(2) «r' C C-m]) simp

thus (N Let T' e ]p)-(C-r") = (N Let T e }]Q|or)~(C~r/)
using ' C m by simp
qed simp
qed

lemma can-restrict-env:
Nelo)-(C-r) = NT e Type,)-(Cor)
by (rule C-restr-eqgD|[OF restr-can-restrict-env below-refl])

When an expression e terminates, then we can remove such an expression from the heap
and it still terminates. This is the crucial trick to handle black-holing in the resourced
semantics.

lemma add-BH:
assumes map-of I' © = Some e
assumes (N[[e]]N{]FI})'rI £ L
shows (N[[e]]./\/'{]delete . FI})~7” #+ 1
proof—
obtain r where r: C-r = demand (N[[e]]N{]F]})
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using demand-not-0 by (cases demand (N e ]]N{]F[})) auto

from assms(2)
have C-r C r’ unfolding r not-bot-demand by simp

from assms(1)
have [simp]: the (map-of T z) = e by (metis option.sel)

from assms(1)
have [simp]: z € domA T by (metis domlIff dom-map-of-conv-domA not-Some-eq)

def ub = N{T'} — An upper bound for the induction

have heaps: (N{T})|°r T N{delete z T'} and N{I'} C ub
proof (induction rule: HSem-bot-ind)

fix o

assume g|°r C N{delete z T}

assume o C ub

show (N T ],)|°r C N{delete z T'}
proof (rule fun-belowl)
fix y
show (M T Jp)°r) y T (N{delete z T'}) y
proof (cases y = )
case True
have (N T Jo)I°r) z = (N e Jo)lr
by (simp add: lookupEvalHeap)
also have ... T (N e Jp)|r
using o C ub» by (intro monofun-cfun-arg)

also have ... = (M e ]]/\fﬂl“l}»”?”
unfolding ub-def..
also have ... = L
using r by (rule C-restr-bot-demand|OF eq-imp-below))
also have ... = (M{delete z T}) =
by (simp add: lookup-HSem-other)
finally
show ?thesis unfolding True.
next
case Fulse

show ?thesis
proof (cases y € domAT)
case True
have (NT the (map-of T' y) [o)lr = (NT the (map-of T' y) [,o,)Ir
by (rule C-restr-eq-lower|[OF restr-can-restrict-env below-C|)
also have ... C N[ the (map-of T y) ]
by (rule C-restr-below)
also note «|°y C N{delete z T'[p
finally
show ?thesis

Q|Or
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using <y € domA ) «y # o
by (simp add: lookupEvalHeap lookup-HSem-heap)
next
case Fulse
thus ?thesis by simp
qed
qed
qed

from (o C ub)
have (W[ T Jp) E (WTT Jyp)
by (rule cont2monofunE[rotated]) simp

also have ... = ub
unfolding ub-def HSem-bot-eq[symmetric]..
finally

show (N[ T ],) C ub.
qed simp-all

from assms(2)
have (N[[e]]N{IF[})'(C'T) # 1
unfolding r
by (rule demand-suffices| OF infinite-resources-suffice])
also
have (Nelprqrp)-(C-r) = NIel arqrp)pe,)-(C-r)
by (rule can-restrict-env)
also
have ... C (N[[e]]./\/{]delete - FH)-(C’#’)
by (intro monofun-cfun-arg monofun-cfun-fun heaps )
also
have ... C (N[[e]]./\/{]delete " Fﬂ,)-r’
using «C-r C 7% by (rule monofun-cfun-arg)
finally
show ?thesis by this (intro cont2cont)+
qed

The semantics is continuous, so we can apply induction here:

lemma resourced-adequacy:
assumes (N[e]ygrp)-r # L
shows3 Av.T:elgA:v
using assms
proof (induction r arbitrary: T' e S rule: C.induct[case-names adm bot step))
case adm show ?case by simp
next
case bot
hence Fulse by auto
thus ?case..
next
case (step 1)
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show ?case
proof(cases e rule:exp-strong-exhaust(1)[where ¢ = (T',S), case-names Var App Let Lam Bool
IfThenElse])
case (Var z)
let ?e = the (map-of T x)
from step.prems|unfolded Var]
have 2 € domA T
by (auto intro: ccontr simp add: lookup-HSem-other)
hence map-of T' x = Some ?e by (rule domA-map-of-Some-the)
moreover
from step.prems[unfolded Var] (map-of T' x = Some ?e) «x € domA I
have (N[[?e]]N{IFI})-r # 1 by (auto simp add: lookup-HSem-heap simp del: app-strict)
hence (N[[?eﬂj\/{]delete - I‘]})‘T # 1 by (rule add-BH[OF (map-of T' x = Some ?e)])
from step.IH[OF this]
obtain A v where delete z I' : e ||, 4 S A : v by blast
ultimately
have I' : (Var z) {g (z,v) # A : v by (rule Variable)
thus ?thesis using Var by auto
next
case (App e’ x)
have finite (set S U fv (T, e’)) by simp
from finite-list|OF this]
obtain S’ where S set S’ = set S U fv (T, €’)..

from step.prems|unfolded App)

have prem: (N[ e’ H/\/’{]F[})'T LCFn (NAT}) z|r)-r # L by (auto simp del: app-strict)
hence (N[[e’]]NﬂFI})-r # | by auto

from step.IH|[OF this]

obtain A v where lhs" T : e’ | g+ A : v by blast

have fv (T, e¢) C set S’ using S’ by auto
from correctness-empty-env[OF lhs' this]

have correct!: Nﬂe/}]j\/{]rﬂ C N[[”]]/\/'{[Al} and V{I'} C N{A} by auto

from prem
have (N[ v ]]N{[Al})'r LCFEn (NAT}) z|p)r # L
by (rule not-bot-below-trans)(intro correct! monofun-cfun-fun monofun-cfun-arg)
with result-evaluated|OF lhs’]
have isLam v by (cases r, auto, cases v rule: isVal.cases, auto)
then obtain y e’ where n”: v = (Lam [y]. e¢') by (rule isLam-obtain-fresh)
with [hs’
have lhs: ' : ¢/ lgs A = Lam [y]. e"' by simp

have (N[ v ]]N{[AI})'T LCFn (N{T}) z|r)-r # L by fact

also have (W{T'}) z|» T (NM{T'}) = by (rule C-restr-below)

also note (v = -

also note (N{I'}) T (N{A})

also have (N Lam [y]. e” ]]N{]Al})"l" C CFPn-(A v. N[[e”]](./\/'{]AI})(y — v))
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by (rule CELam-no-restr)
also have ( o J,CFTL (N{]A[}) .73)~7’ = (N[[e”]](./\/{]A]})(y = ((N{IAI}) :C)))T by stmp

also have ... = (N[[e"[y:::x]]]N{lAl})-r
unfolding ESem-subst..

finally

have ... # | by this (intro cont2cont cont-fun)+

then

obtain © v’ where rhs: A : e"[y:=z] | g/ © : v' using step.IH by blast

have I' : App e’z |4/ © : v’
by (rule reds-ApplicationI[OF lhs rhs))
henceI' : App e’z 5O : v’
apply (rule reds-smaller-L) using S’ by auto
thus ?thesis using App by auto
next
case (Lam v e)
have I" : Lam [v]. e’ Jg T : Lam [v]. e’ ..
thus ?thesis using Lam by blast
next
case (Bool b)
have I' : Bool b {lg I' : Bool b by rule
thus ?thesis using Bool by blast
next
case (IfThenFElse scrut eq eg)

from step.prems|unfolded IfThenFElse]
have prem: CB-project-((N] scrut ]]N{IFI})-T)~((N[[ e1 ]]N{[FI})'T)'((N[[ es ]]N{]Fﬂ)'r) £ 1
by (auto simp del: app-strict)
then obtain b where
is-CB: (N scrut ]]N{]F]})'r = CB-(Discr b)
and not-bot2: (N (if b then ey else es) HN{]F[})'T) £ L
unfolding CB-project-not-bot by (auto split: if-splits)

have finite (set S U fv (T, scrut)) by simp
from finite-list[OF this]
obtain S’ where S’: set S’ = set S U fv (T, scrut)..

from is-CB have (N scrut ]]N{]Fl})-’f # 1 by simp
from step.IH[OF this]

obtain A v where lhs”: T' : scrut Jgr A v by blast
then have isVal v by (rule result-evaluated)

have fv (T, scrut) C set S’ using S’ by simp
from correctness-empty-env[OF lhs' this]

have correct!: N[scrut]]j\/-{lpl} C N[[”]]N{]A]} and correct2: N{U'} T N{A} by auto

from correct!
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have (N scrut ]]N{IFI})-T C (N[w ]]N{IAI})-r by (rule monofun-cfun-fun)
with is-CB

have (N[ v Jarqap):r = CB-(Discr b) by simp

with dsVal v)

have v = Bool b by (cases v rule: isVal.cases) (case-tac r, auto)+

from not-bot2 N{T'} C N{AD
have (N (if b then ey else es) ]]N{]Aﬂ)'r £ 1
by (rule not-bot-below-trans|OF - monofun-cfun-fun| OF monofun-cfun-arg]])
from step.IH|OF this|
obtain © v’ where rhs: A : (if b then ey else e2) lg©: v’ by blast

from [(hs’[unfolded «v = -] rhs
have I' : (scrut ? ey : e3) |lg/ © : v’ by rule
hence I : (scrut 7 e; : e2) g © : v’
apply (rule reds-smaller-L) using S’ by auto
thus ?thesis unfolding IfThenFElse by blast
next
case (Let A ¢)
from step.prems|[unfolded Let(2)]
have prem: <N[[e/]]N{]A[}N{]FI})'T #+ 1
by (simp del: app-strict)
also
have atom ‘ domA A fx T using Let(1) by (simp add: fresh-star-Pair)
hence N{AN{I'} = N{A @ I'} by (rule HSem-merge)
finally
have (N[e’}]N{]A @ F]})’r # L.
then
obtain © v where A QT': e’ |lg © : v using step.JH by blast
hence I' : Let A e’ g O : v
by (rule reds.Let|OF Let(1)])
thus ?thesis using Let by auto
qed
qed

end

36 ValueSimilarity.tex

theory ValueSimilarity
imports Value CValue Pointwise
begin

This theory formalizes Section 3 of [SGHHOM11]. Their domain D is our type Value,
their domain F is our type C'Value and A corresponds to C — CValue.

In our case, the construction of the domains was taken care of by the HOLCF package
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(|[Huf12]), so where [SGHHOM11| refers to elements of the domain approximations D,
resp. E,, these are just elements of Value resp. C'Value here. Therefore the n-injection
#F: E, — E is the identity here.

The projections correspond to the take-functions generated by the HOLCF package:

vE. E — E, corresponds to CValue-take::nat = CValue — CValue

n

Y A— A, corresponds to  C-to-CValue-take:nat = (C — CValue) — C — CValue

n

vP. D — D, corresponds to Value-take::nat = Value — Value.

n

The syntactic overloading of e(a)(c) to mean either Apﬁn or AP turns into our non-
overloaded - | CFn -::CValue = (C — CValue) = C — CValue.

To have our presentation closer to [SGHHOM11], we introduce some notation:

notation Value-take (¢P.)
notation C-to-CValue-take (¢Y4.)
notation CValue-take (¢YF.)

36.1 A note about section 2.3

Section 2.3 of [SGHHOM11] contains equations (2) and (3) which do not hold in gen-
eral. We demonstrate that fact here using our corresponding definition, but the counter-
example carries over to the original formulation. Lemma (2) is a generalisation of (3) to
the resourced semantics, so the counter-example for (3) is the simpler and more educat-
ing:

lemma counter-example:
assumes Equation (3): A nd d'. P p-(d LFn d’) = P g0 nd 1FPn Py d’
shows Fulse
proof—
def n == 1:nat
def d == Fn-(A e. (e [Fn 1))
def d' == Fn-(A -. Fn-(A -. 1))
have Fn-(A -. L) = ¢Pp-(d | Fn d’)
by (simp add: d-def d'-def n-def cfun-map-def)
also
have ... = ¢ g, pd LFn P p-d’
using Fquation (3).
also have ... = |
by (simp add: d-def d’-def n-def)
finally show Fualse by simp
qed

For completeness, and to avoid making false assertions, the counter-example to equation
(2):

lemma counter-example2:
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assumes Equation (2): A n e ac. vFp-((e LCFn a)-c) = (VF g0 e $CFn pA5-a)-c
shows False
proof—
def n == I:nat
def e == CFn-(A er. (e-r JCFn 1)-r)
def a == A -. CFn-(A - -. CFn-(A --. 1)) : C — CValue
fix c C
have CFn-(A - -. 1) = ¢Fp-((e LCFn a)-c)
by (simp add: e-def a-def n-def cfun-map-def)

also

have ... = (VF g, p-e LCFn ¢pAp-a)-c
using Fquation (2).

also have ... = L

by (simp add: e-def a-def n-def)
finally show Fualse by simp
qed

A suitable substitute for the lemma can be found in 4.3.5 (1) in [AO93|, which in our
setting becomes the following (note the extra invocation of 1, on the left hand side):

lemma Abramsky 4,3,5 (1):
¢Dn(d \LF’I’L wD’ﬂ'dl) = qZ)DSuc nd \I/Fn ¢Dn'd/
by (cases d) (auto simp add: Value.take-take)

The problematic equations are used in the proof of the only-if direction of proposition 9
in [SGHHOM11]. It can be fixed by applying take-induction, which inserts the extra call
to ¥, in the right spot.

36.2 Working with Value and CValue

Combined case distinguishing and induction rules.

lemma value-CValue-cases:
obtains
z=Lly=1|
f where z = Fn-fy = 1 |
g where z = L y = CFn-g |
fg where z = Fn-fy = CFn - g |
b1 where x = B-(Discr b)) y = L |
b1 g where z = B-(Discr b1) y = CFn-g |
b1 by where © = B-(Discr by) y = CB-(Discr by) |
f bs where z = Fn-f y = CB-(Discr bs) |
bs where x = 1 y = CB-(Discr bs)
by (metis CValue.exhaust Discr-undiscr Value.exhaust)

lemma Value-CValue-take-induct:
assumes adm (case-prod P)

assumes A\ n. P (YPp-2) (¥4 p-y)
shows Pz y
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proof—
have case-prod P (| |n. (YL p-z, v 5-y))
by (rule admD[OF (adm (case-prod P)» ch2ch-Pair[OF ch2ch-Rep-cfunL|OF Value.chain-take]
ch2ch-Rep-cfunL[OF C-to-CValue-chain-take]]])
(simp add: assms(2))
hence case-prod P (z,y)
by (simp add: lub-Pair[OF ch2ch-Rep-cfunL]|OF Value.chain-take] ch2ch-Rep-cfunL]OF
C-to-CValue-chain-take)
Value.reach C-to-CValue-reach)
thus ?thesis by simp
qed

36.3 Restricted similarity is defined recursively

The base case

inductive similar’-base :: Value = CValue = bool where
bot-similar’-base[simp,introl: similar’-base 1 L

inductive-cases [elim!]:
similar’-base z y

The inductive case

inductive similar’-step :: (Value = CValue = bool) = Value = CValue = bool for s where
bot-similar’-step[introl]: similar’-step s L L |
bool-similar’-steplintro]: similar’-step s (B-b) (CB-b) |
Fun-similar'-step[intro]: (N zy . sz (y-C®) = s (f-x) (g-y-C®)) = similar’-step s (Fn-f)
(CFn-g)

inductive-cases [elim!]:
similar’-step s x L
similar’-step s L y
similar'-step s (B-f) (CB-g)
similar'-step s (Fn-f) (CFn-g)

We now create the restricted similarity relation, by primitive recursion over n.

This cannot be done using an inductive definition, as it would not be monotone.

fun similar’ where

similar’ 0 = similar’-base |

similar’ (Suc n) = similar’-step (similar’ n)
declare similar’.simps[simp del]

abbreviation similar’-syn (- <>- - [50,50,50] 50)
where similar’-syn z n y = similar’ n z y

lemma similar’-botl[introl,simp]: L <>y L
by (cases n) (auto simp add: similar’.simps)
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lemma similar’-Fnl[intro]:
assumes Az y. z <>p y-C° = fo wp gy-C®
shows Fn-f <>g,. , CFn-g

using assms by (auto simp add: similar’.simps)

lemma similar’-FnE[elim!]:
assumes Fn-f <g,., CFn-g
assumes (Azy. z <®p y-C®° = f-z >y gy-C°) = P
shows P

using assms by (auto simp add: similar’.simps)

lemma bot-or-not-bot":
zPpy=(z=L<+—y=1)
by (cases n) (auto simp add: similar’.simps elim: similar’-base.cases similar’-step.cases)

lemma similar’-bot[elim-format, elim!]:
l<wpr=—=—z=1
yop l=9y=.1

by (metis bot-or-not-bot’)+

lemma similar’-typed|[simp):
- B-b <>y CEneg
- Fn-f <>p, CB-b

by (cases n, auto simp add: similar’.simps elim: similar’-base.cases similar’-step.cases)+

lemma similar’-bool[simp]:
B-by P> Suc n CBbQ < b1 = bs
by (auto simp add: similar’.simps elim: similar’-base.cases similar’-step.cases)

36.4 Moving up and down the similarity relations

These correspond to Lemma 7 in [SGHHOM11].

lemma similar’-down: d <>g,. , € = VP pd <>p YE e
and similar’-up: d <> e => P pd © gy, Ve
proof (induction n arbitrary: d e)
case (Suc n) case 1 with Suc
show ?case
by (cases d e rule:value-CValue-cases) auto
next
case (Suc n) case 2 with Suc
show Zcase
by (cases d e rule:value-CValue-cases) auto
qed auto

A generalisation of the above, doing multiple steps at once.

lemma similar’-up-le: n < m = YPp-d >p VPpe = YPp-d >m P p-e
by (induction rule: dec-induct )
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(auto dest: similar’-up simp add: Value.take-take CValue.take-take min-absorb2)

lemma similar’-down-le: n < m = P p-d < VFme = YPp-d on PP e
by (induction rule: inc-induct )
(auto dest: similar’-down simp add: Value.take-take CValue.take-take min-absorbl)

lemma similar’-take: d <op e = P p-d <op Py e
apply (drule similar’-up)
apply (drule similar’-down)
apply (simp add: Value.take-take CValue.take-take)
done

36.5 Admissibility

A technical prerequisite for induction is admissibility of the predicate, i.e. that the pred-
icate holds for the limit of a chain, given that it holds for all elements.

lemma similar’-base-adm: adm (X z. similar’-base (fst z) (snd x))
proof (rule adml, goal-cases)

case (1Y)

then have Y = (\ - . 1) by (metis prod.ezhaust fst-eqD inst-prod-pcpo similar’-base.simps
snd-eqD)

thus ?case by auto
qed

lemma similar’-step-adm:
assumes adm (A z. s (fst ) (snd z))
shows adm (\ z. similar’-step s (fst z) (snd z))
proof (rule adml, goal-cases)
case prems: (1Y)
from (chain Y»
have chain (X i. fst (Y i)) by (rule ch2ch-fst)
thus “case
proof(cases rule: Value-chainE)
case bot
hence x: A i. fst (Y i) = L by metis
with prems(2)[unfolded split-beta)
have Ai. snd (Y i) = L by auto
hence Y = (X i. (L, 1)) using * by (metis surjective-pairing)
thus ?thesis by auto
next
case (B n b)
hence Vi. fst (Y (i + n)) = B-b by (metis add.commute not-add-less1)
with prems(2)
have Vi. Y (i + n) = (B-b, CB-b)
apply auto
apply (erule-tac x = i + n in allE)
apply (erule-tac x = i in allE)
apply (erule similar’-step.cases)
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apply auto
by (metis fst-conv old.prod.exhaust snd-conv)
hence similar’-step s (fst (|| i- Y (i + n))) (snd (|| 7. Y (i + n))) by auto
thus ?thesis
by (simp add: lub-range-shift[OF (chain Y)])
next
fix n
fix Y’
assume chain Y/ and (Xi. fst (Y i)) = (A m. (if m < n then L else Fn-(Y' (m—n))))
hence Y A i. fst (Y (i+n)) = Fn-(Y' 1) by (metis add-diff-cancel-right’ not-add-less2)
with prems(2)[unfolded split-beta)
have Ai. 3 g’ snd (Y (i4+n)) = CFn-g’
by —(erule-tac * = i + n in allE, auto elim!: similar’-step.cases)
then obtain Y’ where Y': A i. snd (Y (i+n)) = CFn-(Y' i) by metis
from prems(1) have Ai. Yi T Y (Suc i)
by (simp add: po-class.chain-def)
then have «: Ai. Y (i + n) C Y (Suc i + n)
by simp
have chain V"'
apply (rule chainl)
apply (rule iff DI1[OF CValue.inverts(1)])
apply (subst (1 2) Y'[symmetric])
apply (rule snd-monofun)
apply (rule *)
done

Py

have similar’-step s (Fn-(] . (Y’ 1)) (CFn - (I 7. Y 4))
proof (rule Fun-similar’-step)
fixzy
from prems(2) Y'Y
have Ai. similar’-step s (Fn-(Y' 1)) (CFn-(Y' i)) by metis
moreover
assume s z (y-C>)
ultimately
have Ai. s (Y i-z) (Y i-y-C*) by auto
hence case-prod s (|| i. (Y i)z, (Y i)-y-C™))
apply —
apply (rule admD|[OF adm-case-prod[where P = \- . s, OF assms]])
apply (simp add: (chain Y (chain Y'")
apply simp
done
thus s (L] . Y'4)-z) (1] i Y i)y-C*)
by (simp add: lub-Pair ch2ch-Rep-cfunL contlub-cfun-fun (chain Y (chain Y')
qed
hence similar’-step s (fst (|| i. Y (i+n))) (snd (] 7. Y (i+n)))
by (simp add: Y'Y
cont2contlubE[OF cont-fst chain-shift[OF prems(1)]] cont2contlubE[OF cont-snd
chain-shift|OF prems(1)]]
contlub-cfun-arg[OF (chain Y'Y contlub-cfun-arg|OF <chain Y "))
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thus similar’-step s (fst (|| ¢. Y i)) (snd (] i. Y 1))
by (simp add: lub-range-shift[OF (chain Y)])
qged
qed

lemma similar’-adm: adm (Ax. fst x <>p snd x)
by (induct n) (auto simp add: similar’.simps intro: similar’-base-adm similar’-step-adm)

lemma similar’-adml: cont f = cont ¢ = adm (A\z. fz <y, g T)
by (rule adm-subst|OF - similar’-adm, where t = \z. (f z, g z), simplified]) auto

36.6 The real similarity relation

This is the goal of the theory: A relation between Value and CValue.

definition similar :: Value = CValue = bool (infix <> 50) where
T <>y (Vo vPpa wop pPhy)

lemma similarl:
(A n. Pz <p wEny) — TPy
unfolding similar-def by blast

lemma similarF:
Ty = YPpz o, Py
unfolding similar-def by blast

lemma similar-bot[simp]: L <> L by (auto intro: similarl)

lemma similar-bool[simp]: B-b <> CB-b
by (rule similarl, case-tac n, auto)

lemma [elim-format, elim!]: v <> L = 2 = L
unfolding similar-def
apply (cases x)
apply auto
apply (erule-tac x = Suc 0 in allE, auto)+
done

lemma [elim-format, elim!]: z <> CB-b = = = B-b
unfolding similar-def
apply (cases z)
apply auto
apply (erule-tac x = Suc 0 in allE, auto)+
done

lemma [elim-format, elim!]: L <>y =y =1

unfolding similar-def
apply (cases y)
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apply auto
apply (erule-tac = Suc 0 in allE, auto)+
done

lemma [elim-format, elim!]: B-b <>y = y = CB-b
unfolding similar-def
apply (cases y)
apply auto
apply (erule-tac x = Suc 0 in allE, auto)+
done

lemma take-similar’-similar:

assumes z <>p ¥y

shows ¢P ..z < P,y
proof (rule similarl)

fix m

from assms

have ” -z <>p YF -y by (rule similar'-take)

moreover

have n < m V m < n by auto

ultimately

show P (VP n-x) ©m P m-(PF n-y)

by (auto elim: similar’-up-le similar’-down-le dest: similar’-take
simp add: min-absorb2 min-absorbl Value.take-take CValue.take-take)

qed

lemma bot-or-not-bot:
rey= (r=Ll+—y=1)
by (cases z y rule:value-CValue-cases) auto

lemma bool-or-not-bool:
z <>y = (z=Bb) +— (y=CBb)
by (cases z y rule:value-CValue-cases) auto

lemma slimilar-bot-cases[consumes 1, case-names bot bool Fn]:
assumes z <> Y
obtains z = L y = 1|
b where z = B-(Discr b) y = CB-(Discr b) |
fg where x = Fn-fy = CFn - g
using assms
by (metis CValue.exhaust Value.exhaust bool-or-not-bool bot-or-not-bot discr.exhaust)

lemma similar-adm: adm (Az. fst z <> snd z)
unfolding similar-def

by (intro adm-lemmas similar’-admlI cont2cont)

lemma similar-admlI: cont f = cont g = adm (Az. fz <> g )
by (rule adm-subst|OF - similar-adm, where t = Az. (f z, g x), simplified]) auto
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Having constructed the relation we can how show that it indeed is the desired relation,
relating | with 1 and functions with functions, if they take related arguments to related
values. This corresponds to Proposition 9 in [SGHHOM11].

lemma similar-nice-def: v <>y «— (=L Ay =1LV (3 b. x = B-(Discr b) A y = CB-(Discr
b)YVv@@ fgaz=FnfAy=CFrgAMN ab. awbC®— fawgbC®)
(is 7L +— ?R)
proof
assume ?L
thus 7R
proof (cases x y rule:slimilar-bot-cases)
case bot thus ?thesis by simp
next
case bool thus ?thesis by simp
next
case (Fn f g)
note «?L)[unfolded Fn]
haveVa b. a < b-C®° — f-a <> g-b-C™
proof (intro impl alll)
fix a b
assume a <> b-C'*

show f-a <> ¢-b-C*
proof (rule similarl)
fix n
have adm (A(b, a). PP p-(f-b) <>n vFp-(g-a-C>))
by (intro adm-case-prod similar’-adml cont2cont)
thus ¢ p-(f-a) < PP n-(g:0-C)
proof (induct a b rule: Value-CValue-take-induct[consumes 1])

This take induction is required to avoid the wrong equation shown above.

fix m

from (a <> b-C*)

have P ,-a <>y YE 1 (b-C™) by (rule similarE)

hence ¥ -a <©maz m n Y m (b-C®) by (rule similar’-up-le[rotated]) auto

moreover

from Fn-f <> CFn-¢

have wDSuc (mazx m n)(an) P Suc (maz m n) 77[}ESuc (maz m n)-(CFn-g) by (rule

similarE)

ultimately

have ¢Dmaa: m n'(f'(lDDmax m n'(d’Dm'a))) Pmaz m n wEmaaz m n‘(g'(d)Aman m n'(7/1Am'b))'Ooo)

by auto
hence QZ}Dmax m n'(f'(¢Dm'a)) Pmax m n l/JEmaw m n-(g-(wAm-b)-C‘”)
by (simp add: Value.take-take cfun-map-map CValue.take-take ID-def eta-cfun
min-absorb2 min-absorbl)
thus ¢ (f-(¢P m-a)) ©n Fn-(g-(*m-b)-C>)
by (rule similar’-down-le[rotated]) auto
qed
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qed
qed
thus ?thesis unfolding Fn by simp
qed
next
assume ?R
thus ?L
proof(elim conjE disjE exE ssubst)
show | <> 1 by simp
next
fix b
show B-(Discr b) <> CB-(Discr b) by simp
next
fix fg
assume imp: Va b. a <> b-C®° — f-a <> g:-b-C™®
show Fn-f <> CFn-g
proof (rule similarl)
fix n
show 9 p-(Fn-f) wpn ¥ n-(CFn-g)
proof (cases n)
case 0 thus ?thesis by simp
next
case (Suc n)
{fixzy
assume x <>y y-C™®
hence ¥ -z <> ¥y (y-C>) by (rule take-similar’-similar)
hence f-(Pp-x) <> g-(Ap-y)-C>® using imp by auto
hence 7 (f-(¥"n-2)) ©n 7 p-(g: (¥ ny)-C)
by (rule similarE)
}

with Suc
show ?thesis by auto
qed
qed
qged
qed

lemma similar-Fnl[intro):
assumes Az y. z <> y-C®° = fo < gy-C®
shows Fn-f <> CFn-g

by (metis assms similar-nice-def)

lemma similar-FnD[elim!]:
assumes Fn-f <> CFn-g
assumes z <> y-C>®
shows f-z <> g-y-C™
using assms
by (subst (asm) similar-nice-def) auto
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lemma similar-FnE[elim!]:
assumes Fn-f <> CFn-g
assumes (Azy. z < y-C®° = fox <> gy C®) = P
shows P

by (metis assms similar-FnD)

36.7 The similarity relation lifted pointwise to functions.

abbreviation fun-similar :: (‘a:type = Value) = ('a = (C — CValue)) = bool (infix <>*
50) where
fun-similar = pointwise (Az y. © <> y-C)

lemma fun-similar-fmap-bottom[simp]: L <>* L
by auto

lemma fun-similarE|elim]:
assumes m <* m’
assumes (Az. (m z) < (m'z)-C®) = @
shows @
using assms unfolding pointwise-def by blast

end

37 Denotational-Related.tex

theory Denotational— Related
imports Denotational ResourcedDenotational ValueSimilarity
begin

Given the similarity relation it is straight-forward to prove that the standard and the re-
sourced denotational semantics produce similar results. (Theorem 10 in [SGHHOM11]).

theorem denotational-semantics-similar:
assumes g <* o
shows [e], <> (N[e]s)-C>
using assms
proof (induct e arbitrary: o o rule:exp-induct)
case (Var v)
from Var have o v <> (0 v)-C* by cases auto
thus “case by simp
next
case (Lam v e)
{fixzy
assume z < y-C>®
with (o <* o
have o(v := z) ®* (v = y)
by (auto 1 4)
hence [[eﬂg( RS (N[[e]]a(v — y))-C’OO

vi= )
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by (rule Lam.hyps)

thus ?case by auto
next
case (App ev p o)
hence App”: [e], <> (Ne]s)-C> by auto
thus ?case
proof (cases rule: slimilar-bot-cases)
case (Fn f g)
from (o <>* o
have g9 v <> (0 v)-C™ by auto
thus ?thesis using Fn App’ by auto
qed auto
next
case (Bool b)
thus [Bool b], <> (N[Bool b]s)-C> by auto
next
case (IfThenElse scrut ey e2)
hence IfThenElse":
[ scrut Jo <> (N scrut ])-C™
[e1]o<> N e ]o)C™
[e2]o < (N e2 Jo)-C> by auto
from IfThenElse’'(1)
show ?Zcase
proof (cases rule: slimilar-bot-cases)
case (bool b)
thus ?thesis using IfThenElse’ by auto
ged auto
next
case (Let as e g o)
have {as}o <* N{as}o
proof (rule parallel-HSem-ind-different- ESem|OF pointwise-adm|OF similar-adml| fun-similar-fmap-bottom))
fix o' :: var = Value and o’ :: var = C — CValue
assume o’ <>* o’
show 0 ++joma as [ s ]]g’ D 0 4 gomA qs evalHeap as (Ae. N e ] 1)
proof (rule pointwisel , goal-cases)
case (1 z)
show ?case using (o <>* o)
by (auto simp add: lookup-override-on-eq lookupEvalHeap elim: Let(1)[OF - (o' ®* o’
)
qed
qed auto
hence [[e]]{]asl}g <> (N[[eﬂj\/'{]as]}a)'coo by (rule Let(2))
thus “case by simp
qed

corollary evalHeap-similar:

Nyz. yao*z= [T ]y* N[T],
by (rule pointwisel)
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(case-tac © € domA T, auto simp add: lookupEvalHeap denotational-semantics-similar)

theorem heaps-similar: {T'} <>* N{T'}
by (rule parallel-HSem-ind-different-ESem[OF pointwise-adm|[OF similar-admlI]])
(auto simp add: evalHeap-similar)

end

38 Adequacy.tex

theory Adequacy
imports ResourcedAdequacy Denotational— Related
begin

theorem adequacy:
assumes MHFI} £ 1
shows 3 Av.I':elgA:wv
proof—
have {TI'} <* N{T} by (rule heaps-similar)
hence [[e]]{]l“[} < (N[[e]]/\f{]l‘ﬂ»)'cm by (rule denotational-semantics-similar)
from bot-or-not-bot[OF this] assms
have (N[[e]]NﬂFI})-C"X’ # | by metis
thus ?thesis by (rule resourced-adequacy)
qed

end

39 BalancedTraces.tex

theory BalancedTraces

imports Main

begin

locale traces =
fixes step :: 'c => 'c => bool (infix = 50)

begin

abbreviation steps (infix =* 50) where steps = step**

inductive trace :: ‘¢ = ‘c list = ‘¢ = bool where
trace-nil[iff]: trace final [] final

| trace-conslintrol: trace conf’ T final = conf = conf’ = trace conf (conf'#T) final

inductive-cases trace-consE: trace conf (conf'#T) final

lemma trace-induct-final[consumes 1, case-names trace-nil trace-cons:

154



trace x1 22 final => P final [] final = (Nconf’ T conf. trace conf’ T final = P conf’ T
final = conf = conf’ = P conf (conf’ # T) final) = P z1 z2 final
by (induction rule:trace.induct) auto

lemma build-trace:
c=*c¢' = 3 T. trace c T ¢’
proof (induction rule: converse-rtranclp-induct)
have trace ¢’ [] ¢'..
thus 37T. trace ¢’ T c'..
next
fix y 2z
assume y = z
assume 3 T. trace z T c’
then obtain T where trace z T ¢'..
with (y = 2
have trace y (2#7T) ¢’ by auto
thus 3 T. trace y T ¢’ by blast
qed

lemma destruct-trace: trace ¢ T ¢/ = ¢ =* ¢’
by (induction rule:trace.induct) auto

lemma trace While:
assumes trace ¢1 T ¢4
assumes P c;
assumes — P ¢y
obtains T'1 ¢y ¢c3 To
where T = T @Q ¢35 # T5 and trace ¢c; T co and Vzeset T1. Pz and P ¢y and ¢y =
c3 and - P c3 and trace c3 To ¢4
proof—
from assms
have 3 Ty cocs To . (T =T1 Qg # Ty Atrace ¢ T1 ca A (Va€set Th. Px) A P ca A
ca = ¢c3 A = Pc3 A trace ¢z Ta cq)
proof (induction)
case trace-nil thus ?case by auto
next
case (trace-cons conf’ T end conf)
thus “case
proof (cases P conf’)
case True
from trace-cons. IH[OF True (= P end)]
obtain T c¢o ¢3 Ty where T = T Q c3 # T2 A trace conf’ Ty co A (Vz€set Tq. P z)
AN Pco N cog= c3 A= Pcsg A trace cg T end by auto
with True
have conf’# T = (conf’# T1) Q c3 # T2 A trace conf (conf’# T1) ca N (Vz€set (conf’
# T1). Px) ANPcaAcy= c3 N Pecsg Atrace c3 To end by (auto intro: trace-cons)
thus ?thesis by blast
next
case Fualse with trace-cons
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have conf’' # T =[] @ conf’ # T A (Vzeset [|. P x) A P conf A conf = conf’ A = P
conf’ A trace conf’ T end by auto
thus ?thesis by blast
qed
qed
thus ?thesis by (auto intro: that)
qed

lemma traces-list-all:
tracec T¢'= Pc¢' = (Ncc . c=>c¢' = Pc¢ = Pc¢) = (V z€set T.Pz) AN Pc
by (induction rule:trace.induct) auto

lemma trace-nil[simp): trace ¢ [| ¢/ +— ¢ = ¢’
by (metis list.distinct(1) trace.cases traces.trace-nil)

end

definition extends :: 'a list = 'a list = bool (infix < 50) where
S<S8'=38" 8 =8"a8)

lemma extends-refl[simp]: S < S unfolding extends-def by auto

lemma extends-cons[simp]: S < x # S unfolding extends-def by auto

lemma extends-append[simp]: S < L @Q S unfolding extends-def by auto

lemma extends-not-cons[simp]: = (z # S) < S unfolding extends-def by auto

lemma eztends-trans[trans]: S < §' = §' < §” = S < S” unfolding extends-def by
auto

S
S

locale balance-trace = traces +

fixes stack :: 'a = 's list

assumes one-step-only: ¢ = ¢’ = (stack ¢) = (stack ¢’) vV (3 z. stack ¢’ = x # stack ¢) V
(3 z. stack ¢ = x # stack ¢’)
begin

inductive bal :: ‘a = ’a list = 'a = bool where
ball [intro]: trace ¢ T ¢/ =V ¢'€ set T. stack ¢ S stack ¢’ = stack ¢’ = stack ¢ = bal ¢ T
!/

c

inductive-cases balE: bal ¢ T ¢’
lemma bal-nil[simp]: bal ¢ [ ¢/ +— ¢ = ¢’
by (auto elim: balE trace.cases)

lemma bal-stackD: bal ¢ T ¢/ = stack ¢’ = stack ¢ by (auto dest: balF)

lemma stack-passes-lower-bound:
assumes c3 = ¢4
assumes stack co < stack c3
assumes — stack co < stack ca

~
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shows stack c3 = stack co and stack ¢y = tl (stack cs)
proof—
from one-step-only[OF assms(1)]
have stack c3 = stack co A stack ¢y = tl (stack c3)
proof(elim disjE exE)
assume stack c3 = stack ¢y with assms(2,3)
have Fulse by auto
thus ?thesis..
next
fix z
note (stack co < stack c3)
also
assume stack cy = © # stack c3
hence stack c3 < stack cq by simp
finally
have stack co < stack cy.
with assms(3) show ?thesis..
next
fix x
assume c3: stack cs = x # stack cy
with assms(2)
obtain L where L: x # stack ¢4y = L Q stack co unfolding ezxtends-def by auto
show ?thesis
proof(cases L)
case Nil with c3 L have stack c3 = stack co by simp
moreover
from Nil c¢3 L have stack cq4 = tl (stack c3) by (cases stack ca) auto
ultimately
show ?thesis..
next
case (Cons y L)
with L have stack c4 = L' Q stack cy by simp
hence stack co < stack ¢4 by simp
with assms(3) show ?thesis..
qed
qed
thus stack c3 = stack co and stack ¢y = tl (stack ca) by auto
qed

lemma bal-consE:

assumes bal ¢1 (ca # T) c5

and co: stack co = s # stack ¢

obtains T'1 ¢c3 ¢4 T>

where T'= T, Q ¢4 # T5 and bal co T1 c3 and c3 = c4 bal ¢4 To c5
using assms(1)
proof (rule balE)

assume cs: stack cs = stack cq
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assume T:V ¢’ € set (ca # T). stack ¢1 < stack ¢’
assume trace ¢1 (co # T) cs
hence ¢; = ¢9 and trace ca T c¢5 by (auto elim: trace-consE)

note (trace co T c5)

moreover

have stack co < stack co by simp

moreover

have — (stack co < stack c5) unfolding cs5 co by simp

ultimately

obtain T1 C3 C4q TQ
where T = T1 @Q ¢4 # Ts and trace co T1 ¢z and V ¢’ € set Ty. stack co < stack ¢’
and stack co < stack c3 and c3 = c4 and — stack co < stack ¢y and trace ¢4 Ta cs

~ ~

by (rule trace While)

show ?thesis
proof (rule that)
show T = T, @Q ¢4 # T2 by fact
from (c3 = ¢y <stack co < stack cz) — stack co < stack cyp
have stack c3 = stack ¢y and c¢y”: stack ¢4 = tl (stack co) by (rule stack-passes-lower-bound)+

from <(trace co T1 c3) <V a € set Ty. stack co < stack a) this(1)
show bal C2 T1 C3ee

show c3 = ¢4 by fact
have cy: stack cy = stack ¢y using cy co’ by simp
note <trace c4 T cs)
moreover
have V a€set Ts. stack ¢y < stack a using cy T T = - by auto
moreover
have stack c5 = stack ¢4 unfolding c4 cs..
ultimately
show bal ¢4 Ts cs..
qed
qed

end

end

40 SestoftConf.tex

theory SestoftConf
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imports Terms Substitution
begin

datatype stack-elem = Alts exp exp | Arg var | Upd var | Dummy var

instantiation stack-elem :: pt
begin
definition 7 - z = (case x of (Alts el e2) = Alts (m - el) (w - e2) | (Arg v) = Arg (7 - v) |
(Upd v) = Upd (7 - v) | (Dummy v) = Dummy (7 - v))
instance
by standard (auto simp add: permute-stack-elem-def split:stack-elem.split)
end

lemma Alts-equt[equt]: © - (Alts el e2) = Alts (w - el) (7 - €2)
and Arg-equtequt]: m - (Arg v) = Arg (7 - v)
and Upd-equt[equt]: m + (Upd v) = Upd (7 + v)
and Dummy-equt[equt]: m - (Dummy v) = Dummy (7 - v)
by (auto simp add: permute-stack-elem-def split:stack-elem.split)

lemma supp-Alts[simp]: supp (Alts el e2) = supp el U supp e2 unfolding supp-def by (auto
stmp add: Collect-imp-eq Collect-neg-eq)

lemma supp-Arg[simp]: supp (Arg v) = supp v unfolding supp-def by auto

lemma supp-Upd[simp]: supp (Upd v) = supp v unfolding supp-def by auto

lemma supp-Dummy[simp]: supp (Dummy v) = supp v unfolding supp-def by auto

lemma fresh-Alts[simp]: a § Alts el e2 = (a § el A a £ e2) unfolding fresh-def by auto
lemma fresh-star-Alts[simp]: a #§x Alts el e2 = (a % el A a fx e2) unfolding fresh-star-def
by auto

lemma fresh-Arg[simp]: a § Arg v = a § v unfolding fresh-def by auto

lemma fresh-Upd[simp]: a § Upd v = a § v unfolding fresh-def by auto

lemma fresh-Dummy[simp]: a § Dummy v = a § v unfolding fresh-def by auto

lemma fo-Alts[simp]: fo (Alts el e2) = fv el U fv e2 unfolding fv-def by auto

lemma fv-Arg[simp]: fu (Arg v) = fv v unfolding fv-def by auto

lemma fu-Upd[simp]: fo (Upd v) = fv v unfolding fuv-def by auto

lemma fv-Dummy[simp]: fo (Dummy v) = fv v unfolding fv-def by auto

instance stack-elem :: fs
by standard (case-tac x, auto simp add: finite-supp)

type-synonym stack = stack-elem list

fun ap :: stack = var set where
w [ = {}

| ap (Alts el e2 # S) =ap S

| ap (Arg x # S) = insert x (ap S)

| ap (Upd x # S) =ap S

| ap (Dummy z # S) =ap S

fun wupds :: stack = var set where
upds [] = {}

| upds (Alts el e2 # S) = upds S
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| upds (Upd z # S) = insert x (upds S)

| upds (Arg x # S) = upds S

| upds (Dummy x # S) = upds S

fun dummies :: stack = var set where
dummies [| = {}

| dummies (Alts el e2 # S) = dummies S

| dummies (Upd x # S) = dummies S

| dummies (Arg x # S) = dummies S

| dummies (Dummy x # S) = insert x (dummies S)

fun flattn :: stack = wvar list where
flattn [} = ]

| flattn (Alts el e2 # S) = fu-list el Q fo-list e2 Q flattn S

| flattn (Upd x # S) = = # flattn S

| flattn (Arg x # S) = = # flattn S

| flattn (Dummy x # S) = z # flattn S

fun wupds-list :: stack = var list where
upds-list [| =[]

| upds-list (Alts el e2 # S) = upds-list S

| upds-list (Upd = # S) = x # upds-list S

| upds-list (Arg x # S) = upds-list S

| upds-list (Dummy x # S) = upds-list S

lemma set-upds-list[simp]:
set (upds-list S) = upds S
by (induction S rule: upds-list.induct) auto

lemma ups-fv-subset: upds S C fu S
by (induction S rule: upds.induct) auto
lemma fresh-distinct-ups: atom ‘ V §x S = V N upds S = {}
by (auto dest!: fresh-distinct-fv set-mp[OF ups-fv-subset])
lemma ap-fv-subset: ap S C fv S
by (induction S rule: upds.induct) auto
lemma dummies-fv-subset: dummies S C fvu S
by (induction S rule: dummies.induct) auto

lemma fresh-flattn[simp]: atom (a::var) § flattn S <— atom a § S

by (induction S rule:flattn.induct) (auto simp add: fresh-Nil fresh-Cons fresh-append fresh-fu[OF
finite-fv])
lemma fresh-star-flattn[simp]: atom ¢ (as:: var set) §* flattn S +— atom  as fx S

by (auto simp add: fresh-star-def)
lemma fresh-upds-list[simp]: atom a § S => atom (a::var) § upds-list S

by (induction S rule:upds-list.induct) (auto simp add: fresh-Nil fresh-Cons fresh-append fresh-fu| OF
finite-fv])
lemma fresh-star-upds-list[simp]: atom * (as:: var set) §x S => atom ¢ (as:: var set) #* upds-list
S

by (auto simp add: fresh-star-def)

lemma upds-append|[simp]: upds (SQS’) = upds S U upds S’
by (induction S rule: upds.induct) auto
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lemma upds-map-Dummy[simp]: upds (map Dummy 1) = {}
by (induction 1) auto

lemma upds-list-append[simp|: upds-list (SQS') = upds-list S Q upds-list S’
by (induction S rule: upds.induct) auto

lemma upds-list-map-Dummy|[simp|: upds-list (map Dummy 1) = []
by (induction 1) auto

lemma dummies-append[simp]: dummies (SQS’) = dummies S U dummies S’
by (induction S rule: dummies.induct) auto

lemma dummies-map-Dummy|simp|: dummies (map Dummy 1) = set
by (induction 1) auto

lemma map-Dummy-inj[simp]: map Dummy | = map Dummy I’ +— [ =1’
apply (induction | arbitrary: 1)
apply (case-tac [!] 1)
apply auto
done

type-synonym conf = (heap x exp X stack)

inductive boring-step where
isVal e = boring-step (T, e, Upd x # S)

fun restr-stack :: var set = stack = stack
where restr-stack V [| = ||
| restr-stack V (Alts el e2 # S) = Alts el e2 # restr-stack V' S
| restr-stack V (Arg x # S) = Arg x # restr-stack V' S
| restr-stack V (Upd x # S) = (if x € V then Upd x # restr-stack V' S else restr-stack 'V
S)
| restr-stack V. (Dummy x # S) = Dummy x # restr-stack V S

lemma restr-stack-cong:
(ANz.z €upds S =z € V +— z € V') = restr-stack V' S = restr-stack V' S
by (induction V S rule: restr-stack.induct) auto

lemma upds-restr-stack[simp|: upds (restr-stack V' S) = upds S NV
by (induction V S rule: restr-stack.induct) auto

lemma fresh-star-restict-stack[intro]:

a fix S = a f* restr-stack VS

by (induction V S rule: restr-stack.induct) (auto simp add: fresh-star-Cons)
lemma restr-stack-restr-stack|[simp):

restr-stack V (restr-stack V' S) = restr-stack (V. N V') S

by (induction V S rule: restr-stack.induct) auto

lemma Upd-eq-restr-stackD:
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assumes Upd x # S = restr-stack V' S’
shows z € V
using arg-cong[where f = upds, OF assms]
by auto

lemma Upd-eg-restr-stackD2:
assumes restr-stack VS’ = Upd x # S
shows z € V
using arg-cong[where f = upds, OF assms]
by auto

lemma restr-stack-noop|[simp):
restr-stack V.S = S +— upds S C V
by (induction V S rule: restr-stack.induct)
(auto dest: Upd-eg-restr-stackD2)

40.1 Invariants of the semantics

inductive invariant :: ('a = ’‘a = bool) = ('a = bool) = bool
where (A zy. relzy = Iz = I y) = invariant rel I

lemmas invariant.intros[case-names step]

lemma invariantE:
invariant rel | = rel x y = [ = I y by (auto elim: invariant.cases)

lemma invariant-starE:
rtranclp rel t y = tnvariant rel [ — Iz = 1y
by (induction rule: rtranclp.induct) (auto elim: invariantE)

lemma invariant-True:
invariant rel (A -. True)
by (auto intro: invariant.intros)

lemma invariant-cony:
invariant rel I1 = invariant rel I2 = invariant rel (A z. I1 ¢ N I2 x)
by (auto simp add: invariant.simps)

lemma rtranclp-invariant-induct|consumes 3, case-names base step|:
assumes r** a b
assumes invariant r 1
assumes [ a
assumes P a
assumes (Ayz. r** ay—=—=ryz—=—1Ily—=— 12— Py —=— P z)
shows P b
proof—
from assms(1,3)
have Pb and I}
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proof (induction)
case base
from (P a) show P a.
from I a) show I a.
next
case (step y 2)
with (I @» have P y and [ y by auto

from assms(2) «ry 2 <y
show I z by (rule invariantE)

from «r** ayp ry dy A2 Py
show P z by (rule assms(5))
qged
thus P b by—
qed

fun closed :: conf = bool
where closed (T, e, S) «— fv (T, e, S) C domA T U upds S

fun heap-upds-ok where heap-upds-ok (T',S) +— domA T N upds S = {} A distinct (upds-list
S)

abbreviation heap-upds-ok-conf :: conf = bool
where heap-upds-ok-conf ¢ = heap-upds-ok (fst ¢, snd (snd ¢))

lemma heap-upds-okE: heap-upds-ok (T, S) = z € domAT = z ¢ upds S
by auto

lemma heap-upds-ok-Nil[simp]: heap-upds-ok (T, []) by auto

lemma heap-upds-ok-appl: heap-upds-ok (I'; S) = heap-upds-ok (I',Arg x # S) by auto
lemma heap-upds-ok-app2: heap-upds-ok (T, Arg x # S) = heap-upds-ok (', S) by auto
lemma heap-upds-ok-alts1: heap-upds-ok (T, S) = heap-upds-ok (T',Alts el e2 # S) by auto
lemma heap-upds-ok-alts2: heap-upds-ok (T, Alts el e2 # S) = heap-upds-ok (I', S) by auto

lemma heap-upds-ok-append:
assumes domA A N upds S = {}
assumes heap-upds-ok (T',S)
shows heap-upds-ok (AQT, S)
using assms
unfolding heap-upds-ok.simps
by auto

lemma heap-upds-ok-let:
assumes atom ‘ domA A #x S
assumes heap-upds-ok (T, S)
shows heap-upds-ok (A Q@ T, S)
using assms(2) fresh-distinct-fo| OF assms(1)]
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by (auto intro: heap-upds-ok-append dest: set-mp|OF ups-fo-subset))

lemma heap-upds-ok-to-stack:
z € domA T = heap-upds-ok (T, S) = heap-upds-ok (delete x T, Upd z #5S)
by (auto)

lemma heap-upds-ok-to-stack’:
map-of T' x = Some e => heap-upds-ok (T, S) => heap-upds-ok (delete x T, Upd z #S)
by (metis Domain.Domainl domA-def fst-eq-Domain heap-upds-ok-to-stack map-of-SomeD)

lemma heap-upds-ok-delete:
heap-upds-ok (T', S) = heap-upds-ok (delete z T, S)
by auto

lemma heap-upds-ok-restrictA:
heap-upds-ok (I, S) = heap-upds-ok (restrictA V T, S)
by auto

lemma heap-upds-ok-restr-stack:
heap-upds-ok (I, S) = heap-upds-ok (T, restr-stack V' S)
apply auto
by (induction V' S rule: restr-stack.induct) auto

lemma heap-upds-ok-to-heap:
heap-upds-ok (T, Upd = # S) = heap-upds-ok ((z,e) # T, S)
by auto

lemma heap-upds-ok-reorder:
z € domA T = heap-upds-ok (I, S) = heap-upds-ok ((x,e) # delete  T', S)
by (intro heap-upds-ok-to-heap heap-upds-ok-to-stack)

lemma heap-upds-ok-upd:
heap-upds-ok (T, Upd z # S) = = ¢ domA T Az ¢ upds S
by auto

lemmas heap-upds-ok-intros[intro] =
heap-upds-ok-to-heap heap-upds-ok-to-stack heap-upds-ok-to-stack’ heap-upds-ok-reorder
heap-upds-ok-appl heap-upds-ok-app2 heap-upds-ok-alts1 heap-upds-ok-alts2 heap-upds-ok-delete
heap-upds-ok-restrictA heap-upds-ok-restr-stack
heap-upds-ok-let

lemmas heap-upds-ok.simps|[simp del]

end
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4] Sestoft.tex

theory Sestoft
imports SestoftConf
begin

inductive step :: conf = conf = bool (infix = 50) where
appr: (T, App ez, S) = (T, e, Argz # 5)
| appa: (T, Lam [y]. e, Argz # S) = (T, ely == xz], 5)
| vary: map-of T' x = Some e = (', Var z, S) = (delete x T, e , Upd x # S)
| vare: © ¢ domAT = isVale = (I', e, Upd x # S) = ((z,e)# T, e, S)
| let1: atom ¢ domA A % I' = atom ¢ domA A tx S
= (T, Let A e, S) = (AQI', e, 5)
| if1: (T, scrut 2 el : e2, S) = (T, scrut, Alts el e2 # 5)
| if2: (T, Bool b, Alts el e2 # S) = (T, if b then el else e2, S)

abbreviation steps (infix =* 50) where steps = step™*

lemma SmartLet-stepl:

atom ¢ domA A #x T' = atom ‘ domA A #x S = (I', SmartLet A e, S) =* (AQT, e,
S)
unfolding SmartLet-def by (auto intro: lety)

lemma lambda-var: map-of T x = Some e = isVal e = (T, Var z, S) =* ((z,e) # delete
zT, e, 9)
by (rule rtranclp-trans|OF r-into-rtranclp r-into-rtranclp])
(auto intro: vary vars)

lemma letq-closed:

assumes closed (', Let A e, S)

assumes domA A N domA T = {}

assumes domA A N upds S = {}

shows (T', Let A e, §) = (AQT', e, S)
proof

from domA A N domAT = {}> and <domA A N upds S = {h

have domA A N (domA T U upds S) = {} by auto

with <closed -

have domA A N fo (T, §) = {} by auto

hence atom ‘ domA A §x (T, S)

by (auto simp add: fresh-star-def fu-def fresh-def)

thus atom* domA A t+ T' and atom ‘ domA A #x S by (auto simp add: fresh-star-Pair)

qed

An induction rule that skips the annoying case of a lambda taken off the heap

lemma step-invariant-induction[consumes 4, case-names appy apps thunk lamvar vars lety if,
if 2 refl trans]:

assumes ¢ =* ¢’

assumes — boring-step c’

assumes invariant op = 1
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assumes [ ¢
assumes app;: AT exS.I (T, Appex, S)=— P (T, Appex, S) (T, e, Argz # 5)
assumes appa: AT yexS.I (T, Lam [y]. e, Argx # S) = P (I, Lam [y]. e, Arg z #
S) (Fv e[y v= I} ) S)
assumes thunk: AT ze S . map-of I' £ = Some e = —isVal e = I ([, Var z, §) =
P (T, Var x, S) (delete z T, e , Upd © # S)
assumes lamvar: AT ze S . map-of T' x = Some e = isVale = I (T, Varz, S) = P
(T, Var z, S) ((x,e) # delete x T, e , S)
assumes vary: AT zeS .2 ¢ domAT = isVale = I (T, e, Updz # S) = P (T, e,
Updz # 8) (z.e)# T, ¢, 5)
assumes let;: A\ AT e S . atom ‘ domA A §x T’ = atom ‘ domA A §x S = I (T, Let A
e, ) = P (T, Let A e, S) (AQT, e, S)
assumes if1: AT scrut el e2 S. I (T, scrut ? el : e2, S) = P (T, scrut ? el : e2, S) (T,
scrut, Alts el e2 # S)
assumes ify: AI'bel e2S. 1 (I', Bool b, Alts el e2 # S) = P (I', Bool b, Alts el e2 #
S) (T, if b then el else e2, S)
assumes refl: \ ¢. Pcc
assumes trans[trans]: N cc' ¢’ . c=* ¢’ = ¢'=*¢" = Pcc¢'= Pc¢' ¢ = Pcc”
shows P ¢ ¢’
proof—
from assms(1,3,4)
have P ¢ ¢’V (boring-step ¢/ A (¥ ¢". ¢/’ = ¢ — P c c”))
proof (induction rule: rtranclp-invariant-induct)
case base
have P ¢ ¢ by (rule refl)
thus ?case..
next
case (step y 2)
from step(5)
show ?Zcase
proof
assume P c y

note ¢t = trans[OF ¢ =* y) r-into-rtranclp[where r = step, OF y = 2)]]

from (y = 2
show ?thesis
proof (cases)
case app; hence P y z using assms(5) (I y)» by metis
with (P ¢ y) show %thesis by (metis t)
next
case apps hence P y z using assms(6) I y> by metis
with (P ¢ y show %thesis by (metis t)
next
case (var; D'z e S)
show ?thesis
proof (cases isVal e)
case Fulse with var; have P y z using assms(7) ( y» by metis
with (P ¢ y) show ?thesis by (metis t)
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next
case True
have *: y =* ((z,e) # delete x T', e , S) using vary True lambda-var by metis

have boring-step (delete x T', e, Upd  # S) using True ..
moreover
have P y ((z,e) # delete x T, e , S) using vary True assms(8) I y by metis
with (P ¢ y» have P ¢ ((z,e) # delete x T, e , S) by (rule trans[OF ¢ =* y) %)
ultimately
show ?thesis using vari(2,3) True by (auto elim!: step.cases)
qed
next
case vary hence P y z using assms(9) (I y)» by metis
with (P ¢ y) show %thesis by (metis t)
next
case let; hence P y z using assms(10) I y» by metis
with (P ¢ y show %thesis by (metis t)
next
case if; hence P y z using assms(11) d y by metis
with (P ¢ y) show %thesis by (metis t)
next
case ify hence P y z using assms(12) ( y» by metis
with (P ¢ y show %thesis by (metis t)
qed
next
assume boring-step y A (Vc¢''. y = ¢ — Pc )
with (y = 2
have P ¢ z by blast
thus ?thesis..
qed
qed
with assms(2)
show ?thesis by auto
qed

lemma step-induction|consumes 2, case-names app1 apps thunk lamvar vars lety if 1 if2 refl
trans|:

assumes ¢ =* ¢’

assumes — boring-step ¢’

assumes app1: AT exS.P (T, Appex, S) (D, e, Argx # S)

assumes appa: AT yexS. P (T, Lam [y]. e, Argz # S) (T, e[y == z] , 5)

assumes thunk: AT zeS . map-of I' z = Some e = = isVal e = P (T, Var z, S) (delete
zT, e, Updzxz #95)

assumes lamvar: AT ze S . map-of T x = Some e = isVal e = P (T, Var z, S) ((x,e)
# delete x T, e , S)

assumes vary: AT zeS .z ¢ domAT = isVale = P (I', e, Updz # S) ((z,e)# T, e
) S)

assumes let1: A\ AT ¢S . atom ‘ domA A #§x T = atom ‘ domA A #x S = P (T, Let A
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e, §) (AQL, e, S)
assumes if1: AL scrut el e2 S. P (T, scrut 7 el : €2, S) (T, scrut, Alts el e2 # S)
assumes ify: AL bel e2S. P (T, Bool b, Alts el e2 # S) (T, if b then el else e2, S)
assumes refl: \ ¢. Pcc
assumes trans[trans]: N cc' ¢’ . ¢ =* /= ¢'=*¢" = Pcc'= Pc'¢"= Pcc”
shows P ¢ ¢’

by (rule step-invariant-induction[OF - - invariant-True, simplified, OF assms])

41.1 Equivariance

lemma step-equt[equt]: step ©y = step (7w - x) (7 - y)

apply (induction rule: step.induct)

apply (perm-simp, rule step.intros)

apply (perm-simp, rule step.intros)

apply (perm-simp, rule step.intros)

apply (rule permute-boolE[where p = —m], simp add: pemute-minus-self)
apply (perm-simp, rule step.intros)

apply (rule permute-boolE|where p = —m], simp add: pemute-minus-self)
apply (rule permute-boolE[where p = —m], simp add: pemute-minus-self)
apply (perm-simp, rule step.intros)

apply (rule permute-boolE[where p = —m], simp add: pemute-minus-self)
apply (rule permute-boolE[where p = —m], simp add: pemute-minus-self)
apply (perm-simp, rule step.intros)

apply (perm-simp, rule step.intros)

done

41.2 Invariants

lemma closed-invariant:
invariant step closed
proof
fix c ¢’
assume ¢ = ¢’ and closed c
thus closed ¢’
by (induction rule: step.induct) (auto simp add: fv-subst-eq dest!: set-mp[OF fv-delete-subset]
dest: set-mp[OF map-of-Some-fu-subset])
qed

lemma heap-upds-ok-invariant:
invariant step heap-upds-ok-conf
proof
fix ¢ ¢’
assume ¢ = ¢’ and heap-upds-ok-conf ¢
thus heap-upds-ok-conf ¢’
by (induction rule: step.induct) auto
qed

end
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42 SestoftCorrect.tex

theory SestoftCorrect
imports BalancedTraces Launchbury Sestoft
begin

lemma lemma-2:
assumes I': e |, A : 2
and fu (', e, §) C set LU domAT
shows (T, e, S) =* (A, z, )

using assms

proof (induction arbitrary: S rule:reds.induct)
case (Lambda T z e L)
show ?case..

next
case (Application y T ex L A © ze)
from <fv (T, App e x, S) C set LU domA IT)
have prem1: fo (I', e, Argxz # S) C set L U domA T by simp

from prem1 reds-pres-closed|OF I : e {7 A : Lam [y]. e)] reds-doesnt-forget|OF I : e |,
A : Lam [y]. )]
have prem2: fu (A, e'ly:=z], S) C set L U domA A by (auto simp add: fu-subst-eq)

have (T, App ez, S) = (T, e, Arg x # S)..
also have ... =* (A, Lam [y]. ¢/, Arg z# S) by (rule Application.IH(1)[OF prem1])
also have ... = (A, e'ly == z], 5)..
also have ... =* (0, z, §) by (rule Application.IH(2)[OF prem?2])
finally show ?case.
next
case (Variable T’ z e L A z S)
from Variable(2)
have isVal z by (rule result-evaluated)

have = ¢ domA A by (rule reds-avoids-live|OF Variable(2), where z = z]) simp-all

from «fv (T, Var z, S) C set L U domA I
have prem: fv (delete x T, e, Upd © # S) C set (z#L) U domA (delete z T")
by (auto dest: set-mp|[OF fu-delete-subset| set-mp[OF map-of-Some-fv-subset| OF (map-of T
z = Some e]])

from (map-of T' z = Some e
have (', Var z, S) = (delete z T', e, Upd x # S5)..
also have ... =* (A, z, Upd z # S) by (rule Variable.IH[OF prem)])
also have ... = ((z,2)#A, z, S) using @ ¢ domA A «isVal 2) by (rule vars)
finally show ?Zcase.
next
case (Bool T" b L S)
show ?Zcase..
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next
case (IfThenElse T scrut L A b ey e3 © 2.9)
have (T, scrut ? ey : e, S) = (T, scrut, Alts e; es #8S)..
also
from IfThenFElse.prems
have prem1: fv (I, scrut, Alts e; ea #S) C set L U domA T" by auto
hence (T, scrut, Alts e; ea #S5) =* (A, Bool b, Alts e; ex #5)
by (rule IfThenElse.IH)
also
have (A, Bool b, Alts e1 ex #85) = (A, if b then ey else ez, S)..
also
from prem1 reds-pres-closed|OF IfThenElse(1)] reds-doesnt-forget|OF IfThenElse(1)]
have prem?2: fu (A, if b then ey else ea, S) C set L U domA A by auto
hence (A, if b then ey else e3, S) =* (0, z, S) by (rule IfThenElse.IH(2))
finally
show Zcase.
next
case (Let as T' L body A z S)
from Let(4)
have prem: fv (as @Q T, body, S) C set L U domA (as Q I') by auto

from Let(1)
have atom ‘ domA as #x I' by (auto simp add: fresh-star-Pair)
moreover
from Let(1)
have domA as N fo (T, L) = {}
by (rule fresh-distinct-fv)
hence domA as N (set L U domAT) = {}
by (auto dest: set-mp[OF domA-fv-subset])
with Let(4)
have domA as N fu S = {}
by auto
hence atom ‘ domA as f* S
by (auto simp add: fresh-star-def fu-def fresh-def)
ultimately
have (', Terms.Let as body, S) = (as@QT, body, S)..
also have ... =* (A, 2, 5)
by (rule Let.IH[OF prem)])
finally show ?case.
qed

type-synonym trace = conf list
fun stack :: conf = stack where stack (T, e, S) = S
interpretation traces step.

abbreviation trace-syn (- =*. - [50,50,50] 50) where trace-syn = trace
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lemma conf-trace-induct-final[consumes 1, case-names trace-nil trace-cons]:

(T,e, 8)=*pfinal = (AT eS. final=T,e, S)=PTLeS[|[T,eS) = (Ale
TT e S T, e,8)="pfinal= PT' e S Tfinal = (I',e, S)= T ¢e,8)=P
eS (T, e, 8Y# T) final) = PT eS T final

by (induction (T, e, S) T final arbitrary: T e S rule: trace-induct-final) auto

interpretation balance-trace step stack
apply standard
apply (erule step.cases)
apply auto
done

abbreviation bal-syn (- =%*_ - [50,50,50] 50) where bal-syn = bal

lemma isVal-stops:
assumes isVal e
assumes (', e, ) =7 (A, z, 9)
shows T=[]
using assms
apply —
apply (erule balE)
apply (erule trace.cases)
apply simp
apply auto
apply (auto elim!: step.cases)
done

lemma Ball-subst[simp]:
(Vpeset (Cly:h=zx]). fp) +— (Vp€eset T. case p of (z,e) = f (z, e[y::=x]))
by (induction T') auto

lemma lemma-3:
assumes (T, e, ) =7 (A, z, 9)
assumes isVal z
shows I' : ¢ “upds—list gA:z
using assms
proof (induction T arbitrary: T e S A z rule: measure-induct-rulelwhere f = length))
case (less TT e S A 2)
from (T, e, S) =" 7 (A, 2, S)
have (T', e, S) =*p (A, z, S) and V c’eset T. S < stack ¢’ unfolding bal.simps by auto

from this(1)
show Zcase
proof(cases)
case trace-nil
from «isVal 2) trace-nil show ?thesis by (auto intro: reds-isVall)
next
case (trace-cons conf’ T)
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from (T = conf’' # T" and V c’eset T. S < stack ¢’ have S < stack conf’ by auto

from (T, e, S) = conf"
show ?thesis
proof (cases)
case (app; e x)

obtain T1 C3 C4 T2

where T/ = T, Q ¢y # T2 and preml: (T, e, Argx # 5) :>b*T1 c3 and c¢3 = ¢4 and

prem2: cq = T, (A, 2, 5)
by (rule bal-consE[OF <bal - T -[unfolded app; trace-cons]]) (simp, rule)

from (T = - (T’ = - have length T1 < length T and length Ts < length T by auto

from prem1 have stack c3 = Arg x # S by (auto dest: bal-stackD)

moreover

from prem?2 have stack c4 = S by (auto dest: bal-stackD)

moreover

note (c3 = cyg

ultimately

obtain A’ y ¢/ where c¢3 = (A’/, Lam [y]. e/, Argz # S) and ¢4 = (A, e'ly == 2], 5)
by (auto elim!: step.cases simp del: exp-assn.eq-iff)

from less(1)[OF ength T1 < length T) prem1[unfolded (c3 = - (cqy = -]
have I' : e {pgs.1ist § A" 2 Lam [y]. e by simp
moreover
from less(1)[OF «ength To < length T) prem2[unfolded (cg = - <cqa = -] tisVal 2]
have A" : e'ly:=x] {ypgs_iist 5 A : 2 by simp
ultimately
show ?thesis unfolding app,
by (rule reds-Applicationl)
next
case (app2 y ez S
from (conf’ =- S = - # 8§ S < stack conf’
have False by (auto simp add: extends-def)
thus “thesis..
next
case (vary x e)
obtain T c3 ¢4 To
where T’ = T, Q ¢y # Ty and preml: (delete z T', e, Upd x # S) =b* T, ¢3 and c3 =
cq and prem2: cq =0* T, (A, 2, S)
by (rule bal-consE[OF <bal - T -[unfolded vary trace-cons]]) (simp, rule)

from (T = - (T’ = - have length T1 < length T and length T> < length T by auto
from prem1 have stack c3 = Upd x # S by (auto dest: bal-stackD)
moreover

from prem?2 have stack c4 = S by (auto dest: bal-stackD)
moreover
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note (c3 = cyg
ultimately
obtain A’ 2’ where ¢35 = (A’, 2/, Upd x # S) and ¢4 = ((z,2")#A’, 2/, §) and isVal

by (auto elim!: step.cases simp del: exp-assn.eq-iff)

from «isVal 2" and prem2[unfolded (cy = -]
have To = [| by (rule isVal-stops)

with prem2 ¢y = -

have 2’ = z and A = (z,2)#A’ by auto

from less(1)[OF ength T1 < length T) prem1[unfolded (c3 = - ¢y = - ' = ] «isVal

have delete v I' : e |y 4 ypds-list S A’: z by simp
with (map-of - - = -
show %thesis unfolding vari(1) (A = - by rule
next
case (vary z S')
from <conf’ = - S = - # SH S < stack conf"
have Fualse by (auto simp add: extends-def)
thus ?thesis..
next
case (if1 scrut ey eg)
obtain T c¢3 ¢4 To
where T’/ = T, @ ¢4 # T and preml: (T, scrut, Alts ey ey # S) =b* T, ¢3 and c3 =
c4 and prem2: ¢y = T, (A, 2, S)
by (rule bal-consE[OF <(bal - T -[unfolded if trace-cons]]) (simp, rule)

from (T = - (T’ = - have length T1 < length T and length Ts < length T by auto

from prem1 have stack cs = Alts ey ea # S by (auto dest: bal-stackD)

moreover
from prem?2 have stack c4 = S by (auto dest: bal-stackD)
moreover
note (c3 = cyg
ultimately
obtain A’ b where c3 = (A’, Bool b, Alts ey es # S) and ¢y = (A, (if b then e else
62), S)
by (auto elim!: step.cases simp del: exp-assn.eq-iff)
from less(1)[OF «ength T1 < length T) premI[unfolded (c3 = - (cqy = - ] isVal-Bool]
have I' : scrut 4 ypgs_jist § A’ : Bool b by simp
moreover
from less(1)[OF «ength Ty < length T) prem2[unfolded (cy = -] <isVal 2))
have A" : (if b then ey else e2) Vypastist 5 A * 2
ultimately
show %thesis unfolding if; by (rule reds.IfThenElse)
next

case (ifg b el e2 S
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from (conf’ = - (S = - # " S < stack conf’
have False by (auto simp add: extends-def)
thus ?thesis..

next

case (lety as e)
from (T = conf’ # T have length T' < length T by auto
moreover
have (as Q T, e, §) ="/ (A, z, 5)

using trace-cons conf’' = -  c'eset T. S < stack ¢ by fastforce

moreover
note sVal 2
ultimately
have as QI' : e |yq5.1i5t 5 A : 2 by (rule less)
moreover
from <atom ¢ domA as #x I <atom ‘ domA as §x S
have atom ¢ domA as #x (', upds-list S) by (auto simp add: fresh-star-Pair)
ultimately
show ?thesis unfolding let; by (rule reds.Let[rotated)])

qed

qed
qed

lemma dummy-stack-extended:
set S C Dummy ‘ UNIV = z ¢ Dummy ‘ UNIV —= (S Sz # S5')+— S <857
apply (auto simp add: extends-def)
apply (case-tac S'')
apply auto
done

lemmalsimp|: Arg © ¢ range Dummy Upd x ¢ range Dummy Alts e1 ea ¢ range Dummy by
auto

lemma dummy-stack-balanced:
assumes set S C Dummy * UNIV
assumes (T, ¢, S) =* (A, z, 5)
obtains T where (T, ¢, S) =7 (A, z, 9)
proof—
from build-trace[OF assms(2)]
obtain T where (T, e, S) =*7 (A, z, §)..
moreover
hence V c’eset T. stack (T, e, S) < stack ¢’
by (rule conjunct1[OF traces-list-all])
(auto elim: step.cases simp add: dummy-stack-extended|OF (set S C Dummy ¢ UNIV)])
ultimately
have (T, e, S) =" 7 (A, z, S)
by (rule ball) simp
thus ?thesis by (rule that)
qed
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end

43 Arity.tex

theory Arity
imports HOLCF —Join— Classes Lifting
begin

typedef Arity = UNIV :: nat set
morphisms Rep-Arity to-Arity by auto

setup-lifting type-definition-Arity

instantiation Arity :: po
begin
lift-definition below-Arity :: Arity = Arity = bool is Az y .y < z.

instance

apply standard

apply ((transfer, auto)+)
done

end

instance Arity :: chfin
proof
fix S :: nat = Arity
assume chain S
have LeastM Rep-Arity (Az. © € range S) € range S
by (rule LeastM-natl) auto
then obtain n where n: S n = LeastM Rep-Arity (Azx. z € range S) by auto
have max-in-chain n S
proof (rule max-in-chainl)
fix j
assume n < j hence S n C S j using (chain S) by (metis chain-mono)
also
have Rep-Arity (S n) < Rep-Arity (S j)
unfolding n image-def
by (metis (lifting, full-types) LeastM-nat-lemma UNIV-I mem-Collect-eq)
hence S j C S n by transfer

finally
show Sn = 5j.
qged
thus dn. max-in-chain n S..
qed

instance Arity :: cpo ..
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lift-definition inc-Arity :: Arity = Arity is Suc.
lift-definition pred-Arity :: Arity = Arity is Az .z — 1).

lemma inc-Arity-cont[simp]: cont inc-Arity
apply (rule chfindom-monofun2cont)
apply (rule monofunl)
apply (transfer, simp)
done

lemma pred-Arity-cont[simp|: cont pred-Arity
apply (rule chfindom-monofun2cont)
apply (rule monofunl)
apply (transfer, simp)
done

definition inc :: Arity — Arity where
inc = (A z. inc-Arity x)

definition pred :: Arity — Arity where
pred = (A z. pred-Arity z)

lemma inc-inj[simp]: inc-n = incn’ +— n = n’
by (simp add: inc-def pred-def, transfer, simp)

lemma pred-inc[simp]: pred-(inc-n) = n
by (simp add: inc-def pred-def, transfer, simp)

lemma inc-below-inc[simp]: inc-a C inc-b <— a C b
by (simp add: inc-def pred-def, transfer, simp)

lemma inc-below-below-pred|elim):
mcaC b= aC pred - b
by (simp add: inc-def pred-def, transfer, simp)

lemma Rep-Arity-inc|[simp]: Rep-Arity (inc-a’) = Suc (Rep-Arity a)
by (simp add: inc-def pred-def, transfer, simp)

instantiation Arity :: zero

begin

lift-definition zero-Arity :: Arity is 0.
instance..

end

instantiation Arity :: one

begin

lift-definition one-Arity :: Arity is 1.
instance ..

end
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lemma one-is-inc-zero: 1 = inc-0
by (simp add: inc-def, transfer, simp)

lemma inc-not-0[simp]: inc-n = 0 <— False
by (simp add: inc-def pred-def, transfer, simp)

lemma pred-0[simp|: pred-0 = 0
by (simp add: inc-def pred-def, transfer, simp)

lemma Arity-ind: P 0 = (A n. Pn = P (inc:n)) = Pn
apply (simp add: inc-def)
apply transfer
by (rule nat.induct)

lemma Arity-total:
fixes z y :: Arity
showsz CyVyLCx
by transfer auto

instance Arity :: Finite-Join-cpo

proof

fix vy Arity

show compatible z y by (metis Arity-total compatiblel)
qed

lemma Arity-zero-top[simp): (z :: Arity) C 0
by transfer simp

lemma Arity-above-top[simp]: 0 C (a :: Arity) <— a = 0
by transfer simp

lemma Arity-zero-join[simp|: (x :: Arity) U 0 = 0
by transfer simp

lemma Arity-zero-join2[simpl: 0 U (z :: Arity) = 0
by transfer simp

lemma Arity-up-zero-join[simp]: (x :: Arity, ) U up-0 = up-0
by (cases z) auto
lemma Arity-up-zero-join2[simp]: up-0 U (z :: Arity,) = up-0
by (cases z) auto
lemma up-zero-top[simpl: x C up-(0:: Arity)
by (cases z) auto
lemma Arity-above-up-top[simp]: up-0 C (a :: Arity,) +— a = up-0
by (metis Arity-up-zero-join2 join-self-below(4))

lemma Arity-ezhaust: (y = 0 = P) = (A\z. y = inc - ¢ = P) = P
by (metis Abs-cfun-inverse2 Arity.inc-def Rep-Arity-inverse inc-Arity.abs-eq inc-Arity-cont

177



list-decode.cases zero-Arity-def)

end

44 AEnv.tex

theory AFEnv
imports Arity Vars Env
begin

type-synonym AFEnv = var = Arity |

end

45 Arity-Nominal.tex

theory Arity— Nominal
imports Arity Nominal—HOLCF
begin

lemma join-equtequt]: m - (x U (y = ‘a :: {Finite-Join-cpo, cont-pt})) = (m - z) U (7 - y)
by (rule is-joinl[symmetric]) (auto simp add: perm-below-to-right)

instantiation Arity :: pure
begin
definition p - (a::Arity) = a
instance
apply standard
apply (auto simp add: permute-Arity-def)
done
end

instance Arity :: cont-pt by standard (simp add: pure-permute-id)
instance Arity :: pure-cont-pt ..

end

46 ArityAnalysisSig.tex

theory ArityAnalysisSig
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imports Terms AEnv Arity— Nominal Nominal—HOLCF Substitution
begin

locale ArityAnalysis =
fixes Aexp :: exp = Arity — AFEnv
begin
abbreviation Aexp-syn (A.)where A, e = Aexp e-a
abbreviation Aexp-bot-syn (A*.)
where A, e = fup-(Aeap e)-a

end

locale ArityAnalysisHeap =
fixes Aheap :: heap = exp = Arity — AEnv

locale EdomArityAnalysis = ArityAnalysis +
assumes Aexp-edom: edom (Ag €) C fve
begin

lemma fup-Aexp-edom: edom (A+q e) C fve
by (cases a) (auto dest:set-mp[OF Aexp-edom))

lemma Aexp-fresh-bot[simp]: assumes atom v § e shows Ag e v = L
proof—
from assms have v ¢ fv e by (metis fo-not-fresh)
with Aexzp-edom have v ¢ edom (Aq e) by auto
thus ?thesis unfolding edom-def by simp
ged
end

locale ArityAnalysisHeapFEqut = ArityAnalysisHeap +
assumes Aheap-equt|equt]: m - Aheap = Aheap

end

47 ArityAnalysisAbinds.tex

theory ArityAnalysisAbinds
imports ArityAnalysisSig
begin

context ArityAnalysis
begin

47.1 Lifting arity analysis to recursive groups

definition ABind :: var = exp = (AEnv — AEnv)
where ABind v e = (A ae. fup-(Aexp e)-(ae v))
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lemma ABind-eq[simp]: ABindve - ae = Atge y €
unfolding ABind-def by (simp add: cont-fun)

fun ABinds :: heap = (AEnv — AEnv)
where ABinds [| = L
| ABinds ((v,e)#binds) = ABind v e U ABinds (delete v binds)

lemma ABinds-strict[simp]: ABinds T'-1=_1
by (induct T' rule: ABinds.induct) auto

lemma Abinds-reorder!: map-of T v = Some e = ABinds I' = ABind v e U ABinds (delete
v T)
by (induction T rule: ABinds.induct) (auto simp add: delete-twist)

lemma ABind-below-ABinds: map-of T' v = Some e = ABind v e C ABinds T
by (metis HOLCF — Join— Classes.join-abovel ArityAnalysis. Abinds-reorder!)

lemma Abinds-reorder: map-of T' = map-of A = ABinds I' = ABinds A
proof (induction T' arbitrary: A rule: ABinds.induct)
case 1 thus ?case by simp
next
case (2vel A)
from (map-of ((v, €) # T') = map-of AN
have (map-of ((v, e) # T'))(v := None) = (map-of A)(v := None) by simp
hence map-of (delete v I') = map-of (delete v A) unfolding delete-set-none by simp
hence ABinds (delete v I') = ABinds (delete v A) by (rule 2)
moreover
from (map-of ((v, €) # T') = map-of AN
have map-of A v = Some e by (metis map-of-Cons-code(2))
hence ABinds A = ABind v e U ABinds (delete v A) by (rule Abinds-reorderl)
ultimately
show ?case by auto
qed

lemma Abinds-env-cong: (\ z. t€domA A = ae & = ae’ x) = ABinds A-ae = ABinds
A-ae’
by (induct A rule: ABinds.induct) auto

lemma Abinds-env-restr-cong: ae f|° domA A = ae’ f|* domA A = ABinds A-ae = ABinds
A-ae’

by (rule Abinds-env-cong) (metis env-restr-eqD)

lemma ABinds-env-restr[simp|: ABinds A-(ae f|* domA A) = ABinds A-ae
by (rule Abinds-env-restr-cong) simp

lemma Abinds-join-fresh: ae’ ¢ (domA A) C {L} = ABinds A-(ae U ae’) = (ABinds A-ae)
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by (rule Abinds-env-cong) auto

lemma ABinds-delete-bot: ae x = | => ABinds (delete x T')-ae = ABinds I'-ae
by (induction T rule: ABinds.induct) (auto simp add: delete-twist)

lemma A Binds-restr-fresh:

assumes atom ‘S #x [

shows ABinds T-ae f|* (= S) = ABinds T'-(ae f|* (= S)) f|* (= 9)

using assms

apply (induction T' rule:ABinds.induct)

apply simp

apply (auto simp del: fun-meet-simp simp add: env-restr-join fresh-star-Pair fresh-star-Cons
fresh-star-delete)

apply (subst lookup-env-restr)

apply (metis (no-types, hide-lams) Compll fresh-at-base(2) fresh-star-def imagel)

apply simp

done

lemma A Binds-restr:
assumes domAT' C S
shows ABinds I'-ae f|¢S = ABinds I'-(ae f|*S) f|¢S
using assms
by (induction T rule:ABinds.induct) (fastforce simp del: fun-meet-simp simp add: env-restr-join)+

lemma A Binds-restr-subst:
assumes A z’ e a. (z'je) € set ' = Aeap e[z:=yl-a f|*S = Aexp e-a f|*S
assumes z ¢ S
assumes y ¢ S
assumes domA T C §
shows ABinds T'[z::h=y|-ae f|*S = ABinds I'-(ae f|‘S) f|*S
using assms
apply (induction T' rule:ABinds.induct)
apply (auto simp del: fun-meet-simp join-comm simp add: env-restr-join)
apply (rule arg-cong2[where f = join])
apply (case-tac ae v)
apply (auto dest: set-mp[OF set-delete-subset])
done

lemma Abinds-append-disjoint: domA A N domA T = {} = ABinds (A QT)-ae = ABinds
A-ae LI ABinds I'-ae
proof (induct A rule: ABinds.induct)
case 1 thus ?case by simp
next
case (2ve A)
from 2(2)
have v ¢ domA T and domA (delete v A) N domA T = {} by auto
from 2(1)[OF this(2)]
have ABinds (delete v A @Q I')-ae = ABinds (delete v A)-ae U ABinds I'-ae.

moreover
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have delete v T' = T by (metis «w ¢ domA T delete-not-domA)
ultimately
show ABinds (((v, €) # A) @QT)-ae = ABinds ((v, e) # A)-ae U ABinds T"-ae
by auto
qed

lemma ABinds-restr-subset: S C S’ = ABinds (restrictA S T')-ae T ABinds (restrictA S’
T)-ae
by (induct T rule: ABinds.induct)
(auto simp add: join-below-iff restr-delete-twist intro: below-trans[OF - join-above2])

lemma ABinds-restrict-edom: ABinds (restrictA (edom ae) T')-ae = ABinds T-ae
by (induct T rule: ABinds.induct) (auto simp add: edom-def restr-delete-twist)

lemma ABinds-restrict-below: ABinds (restrictA S T')-ae C ABinds T'-ae
by (induct T' rule: ABinds.induct)
(auto simp add: join-below-iff restr-delete-twist intro: below-trans|OF - join-above2] simp
del: fun-meet-simp join-comm,)

lemma ABinds-delete-below: ABinds (delete x T')-ae T ABinds T'-ae
by (induct T rule: ABinds.induct)
(auto simp add: join-below-iff  delete-twist[where = = x] elim: below-trans simp del:
fun-meet-simp)
end

lemma A Bind-equt[equt]: 7 - (ArityAnalysis. ABind Aexp v e) = ArityAnalysis.ABind (7 + Aexp)
(7 v) (r - )

apply (rule cfun-equtl)

unfolding ArityAnalysis. ABind-eq

by perm-simp rule

lemma ABinds-equt[equt]: m - (ArityAnalysis.ABinds Aexp T') = ArityAnalysis.ABinds (7 -
Aezp) (m - T)

apply (rule cfun-equtl)

apply (induction T rule: ArityAnalysis. ABinds.induct)

apply (simp add: ArityAnalysis. ABinds.simps)

apply (simp add: ArityAnalysis. ABinds.simps)

apply perm-simp

apply simp

done

lemma Abinds-cong[fundef-cong]:

[ (A e e snd‘set heap?2 = aexpl e = aexp? e) ; heapl = heap2 |

= ArityAnalysis. ABinds aexpl heapl = ArityAnalysis.ABinds aexp2 heap2

proof (induction heapl arbitrary:heap2 rule: ArityAnalysis. ABinds.induct)

case 1

thus ?case by (auto simp add: ArityAnalysis.ABinds.simps)
next

case prems: (2 v e as heap2)
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have snd ‘ set (delete v as) C snd * set as by (rule dom-delete-subset)
also have ... C snd ‘set ((v, €) # as) by auto
also note prems(3)
finally
have (Ae. e € snd ‘ set (delete v as) = aexpl e = aexp2 e) by —(rule prems, auto)
from prems prems(1)[OF this refl] show ?case
by (auto simp add: ArityAnalysis.ABinds.simps ArityAnalysis.ABind-def)
qed

context FEdomArityAnalysis
begin
lemma fup-Aexp-lookup-fresh: atom v § e = (fup-(Aexp €)-a) v = L
by (cases a) auto

lemma edom-AnalBinds: edom (ABinds T'-ae) C fo T
by (induction T' rule: ABinds.induct)
(auto simp del: fun-meet-simp dest: set-mp[OF fup-Aexp-edom] dest: set-mp|OF fv-delete-subset))
end

end

48 ArityAnalysisSpec.tex

theory ArityAnalysisSpec
imports ArityAnalysisAbinds
begin

locale SubstArityAnalysis = EdomArityAnalysis +
assumes Aerp-subst-restr: © ¢ S = y ¢ S = (Aexp elzu=y] - a) f|*S = (dexp e-a) f|*
S

locale ArityAnalysisSafe = SubstArityAnalysis +

assumes Aexp-Var: up - n C (Aexp (Var x)-n) z

assumes Aexp-App: Aexp e -(inc-n) U esing z - (up-0) T Aexp (App e z) - n

assumes Aezp-Lam: env-delete y (Aexp e -(pred-n)) C Aexp (Lam [y]. €) - n

assumes Acxp-IfThenElse: Aexp scrut-0 U Aexp el-a U Aexp e2-a T Aexp (scrut ? el :
e2)-a

locale ArityAnalysisHeapSafe = ArityAnalysisSafe + ArityAnalysisHeapEqut +

assumes edom-Aheap: edom (Aheap T e- a) C domA T

assumes Aheap-subst: © ¢ domAT = y ¢ domA T = Aheap T'[z::h=y] e[z ::=y] = Aheap
T'e

locale ArityAnalysisLetSafe = ArityAnalysisHeapSafe +
assumes Aexp-Let: ABinds T'-(Aheap T e-a) U Aexp e-a © Aheap T e-a Ll Aexp (Let T e)-a

locale ArityAnalysisLetSafeNoCard = ArityAnalysisLetSafe +
assumes Aheap-heap3: © € thunks I' = (Aheap T" e-a) © = up-0
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context SubstArityAnalysis
begin
lemma Aexp-subst-upd: (Aexp ely::=z]-n) C (Aexp e-n)(y := L, z := up-0)
proof—
have Aexp e[y:=z]|-n f|(—{z,y}) = Aexp e-n f|* (—{z,y}) by (rule Aexp-subst-restr) auto

show ?thesis
proof (rule fun-belowl)
fix 2’
have 2’ =z vV z' =y V 2’ € (—{z,y}) by auto
thus (Aexp e[y:=z]-n) ' C ((Aexp e-n)(y := L, z := up-0)) =’
proof (elim disjE)
assume z’ € (—{z,y})
moreover

have Aexp e[y:=z]n f|‘(—{z,y}) = Aexp en f|* (—{z,y}) by (rule Aexp-subst-restr)

auto

note fun-cong[OF this, where z = 2]
ultimately
show ?thesis by auto

next
assume 1’ = ¢
thus “thesis by simp

next
assume z’ = y

thus ?thesis
using [[simp-trace]]
by simp
qed
qed
qged

lemma Aexp-subst: Aexp (ely::=z])-a C env-delete y ((Aexp e)-a) U esing z-(up-0)
apply (rule below-trans|OF Aexp-subst-upd))
apply (rule fun-belowl)
apply auto
done
end

context ArityAnalysisSafe
begin

lemma Aexp-Var-singleton: esing x - (up-n) C Aexp (Var z) - n
by (simp add: Aexp-Var)

lemma fup-Aexp-Var: esing x - n C fup-(Aexp (Var z))n

by (cases n) (simp-all add: Aexp-Var)
end
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context ArityAnalysisLetSafe
begin
lemma Aheap-nonrec:
assumes nonrec A
shows Aexp e-a f|* domA A T Aheap A e-a

proof—
have ABinds A-(Aheap A e-a) U Aexp e-a & Aheap A e-a U Aexp (Let A e)-a by (rule
Aexp-Let)
note env-restr-mono[where S = domA A, OF this]
moreover

from assms

have ABinds A-(Aheap A e-a) f|domA A = L
by (rule nonrecE) (auto simp add: fv-def fresh-def dest!: set-mp[OF fup-Aexp-edom])

moreover

have Aheap A e-a f| domA A = Aheap A e-a
by (rule env-restr-useless|OF edom-Aheap))

moreover

have (Aexp (Let A e)-a) f| domA A = L
by (auto dest!: set-mp[OF Aexp-edom)])

ultimately

show Aezp e-a f| domA A T Aheap A e-a
by (simp add: env-restr-join)

qged
end

end

49 TrivialArityAnal.tex

theory TrivialArityAnal
imports ArityAnalysisSpec Env— Nominal
begin

definition Trivial-Aexp :: exp = Arity — AEnv
where Trivial-Aezp e = (A n. (A z. up-0) f|‘ fve)

lemma Trivial-Aexp-simp: Trivial-Aexp e - n = (A x. up-0) f|‘ fue
unfolding Trivial-Aexp-def by simp

lemma edom-Trivial-Aexp[simp]: edom (Trivial-Aexp e - n) = fv e
by (auto simp add: edom-def env-restr-def Trivial-Aexp-def)

lemma Trivial-Aexp-eqliff]: Trivial-Aexp e - n = Trivial-Aexp e’ - n' «— fv e = (fv e’ :: var
set)

apply (auto simp add: Trivial-Aexp-simp env-restr-def)

apply (metis up-defined)+
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done

lemma below- Trivial-Aexp[simp]: (ae T Trivial-Aezp e - n) <— edom ae C fv e
by (auto dest:fun-belowD intro!: fun-belowl simp add: Trivial-Aexp-def env-restr-def edom-def
split:if-splits)

interpretation ArityAnalysis Trivial-Aexp.
interpretation EdomArityAnalysis Trivial-Aexp
by standard simp

interpretation ArityAnalysisSafe Trivial-Aexp
proof

fix nx
show up-n C (Trivial-Aexp (Var z)-n)
by (simp add: Trivial-Aexp-simp)
next
fixezn
show Trivial-Aexp e-(inc-n) U esing z-(up-0) T Trivial-Aexp (App e x)-n
by (auto intro: fun-belowl simp add: Trivial-Aexp-def env-restr-def )
next
fixyen
show env-delete y (Trivial-Aexp e-(pred-n)) T Trivial-Aexp (Lam [y]. e)n
by (auto simp add: Trivial-Aexp-simp env-delete-restr Diff-eq inf-commute)
next
fix zy :: var and S e a
assume z ¢ S and y ¢ S
thus Trivial-Aexp e[z::=y]-a f| S = Trivial-Aezp e-a f|*S
by (auto simp add: Trivial-Aexp-simp fo-subst-eq intro!: arg-conglwhere f = X\ S. env-restr
S e for e])
next
fix scrut el a e2
show Trivial-Aexp scrut-0 U Trivial-Aexp el-a U Trivial-Aexp e2-a T Trivial-Aexp (scrut ¢
el : e2)a
by (auto intro: env-restr-mono2 simp add: Trivial-Aexp-simp join-below-iff )
qed

definition Trivial-Aheap :: heap = exp = Arity — AFEnv where
Trivial-Aheap T e = (A a. (A z. up-0) f|* domA T)

lemma Trivial-Aheap-equt[equt]: m - (Trivial-Aheap T' e) = Trivial-Aheap (7w - T) (7 - )
unfolding Trivial-Aheap-def
apply perm-simp
apply (simp add: Abs-cfun-equt)
done

lemma Trivial-Aheap-simp: Trivial-Aheap T e- a = (A x. up-0) f|* domA T
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unfolding Trivial-Aheap-def by simp

lemma Trivial-fup-Aexp-below-fu: fup-( Trivial-Aexp e)-a T (X x . up-0) f|* fve
by (cases a)(auto simp add: Trivial-Aexp-simp)

lemma Trivial-Abinds-below-fv: ABinds T-ae C (A z . up-0) f|“fo T
by (induction T' rule:ABinds.induct)
(auto simp add: join-below-iff intro!: below-trans| OF Trivial-fup-Aexp-below-fv] env-restr-mono2
elim: below-trans dest: set-mp[OF fu-delete-subset| simp del: fun-meet-simp)

interpretation ArityAnalysisLetSafe Trivial-Aexp Trivial-Aheap
proof
fix ©
show 7 - Trivial-Aheap = Trivial-Aheap by perm-simp rule
next
fix I' e ae show edom (Trivial-Aheap T e-ae) C domA T
by (simp add: Triwvial-Aheap-simp)
next
fix I' :: heap and e and a
show ABinds I'-( Trivial-Aheap T e-a) U Trivial-Aezp e-a C Trivial-Aheap T e-a U Trivial-Aexp
(Terms.Let T' e)-a
by (auto simp add: Trivial-Aheap-simp Trivial-Aexp-simp join-below-iff env-restr-join2 intro!:
env-restr-mono2 below-trans|OF Trivial-Abinds-below-fv])
next
fix x y :: var and T" :: heap and e
assume z ¢ domA ' and y ¢ domA T
thus Trivial-Aheap T[z::h=y] e[z::=y] = Trivial-Aheap T e
by (auto intro: cfun-eql simp add: Trivial-Aheap-simp)
qed

end

50 Cardinality-Domain.tex

theory Cardinality—Domain
imports HOLCF — Utils
begin

type-synonym oneShot = one
abbreviation notOneShot :: oneShot where notOneShot = ONE
abbreviation oneShot :: oneShot where oneShot = L

type-synonym two = oneShot |
abbreviation many :: two where many = up-notOneShot
abbreviation once :: two where once = up-oneShot

abbreviation none :: two where none = L

lemma many-maz[simpl: a T many by (cases a) auto
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lemma two-conj: ¢ = many V ¢ = once V ¢ = none by (metis Exh-Up one-neg-iffs(1))

lemma two-cases|case-names many once nonel:
obtains ¢ = many | ¢ = once | ¢ = none using two-conj by metis

definition two-pred where two-pred = (A x. if x C once then L else x)

lemma two-pred-simp: two-pred-c = (if ¢ € once then L else ¢)
unfolding two-pred-def
apply (rule beta-cfun)
apply (rule cont-if-else-above)
apply (auto elim: below-trans)
done

lemma two-pred-simps|simp]:
two-pred-many = many
two-pred-once = none
two-pred-none = none

by (simp-all add: two-pred-simp)

lemma two-pred-below-arg: two-pred - f T f
by (auto simp add: two-pred-simp)

lemma two-pred-none: two-pred-c = none <— ¢ C once
by (auto simp add: two-pred-simp)

definition record-call where record-call x = (A ce. (A y. if x = y then two-pred-(ce y) else ce

y))

lemma record-call-simp: (record-call © - f) ' = (if x = x' then two-pred - (f z') else f z)
unfolding record-call-def by auto

lemma record-call[simp]: (record-call x - f) © = two-pred - (f x)
unfolding record-call-simp by auto

lemma record-call-other[simp]: ' # © = (record-call x - f) ' = fz’

unfolding record-call-simp by auto

lemma record-call-below-arg: record-call © - f C f
unfolding record-call-def
by (auto intro!: fun-belowl two-pred-below-arg)

definition two-add :: two — two — two
where two-add = (A z. (A y. if x C L then y else (if y T L then x else many)))

lemma two-add-simp: two-add-z-y = (if x C L then y else (if y C L then x else many))

unfolding two-add-def
apply (subst beta-cfun)
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apply (rule cont2cont)

apply (rule cont-if-else-above)
apply (auto elim: below-trans)[1]
apply (rule cont-if-else-above)
apply (auto elim: below-trans)[8]
apply (rule beta-cfun)

apply (rule cont-if-else-above)
apply (auto elim: below-trans)[1]
apply (rule cont-if-else-above)
apply auto

done

lemma two-pred-two-add-once: ¢ C two-pred-(two-add-once-c)
by (cases ¢ rule: two-cases) (auto simp add: two-add-simp)

end

51 CardinalityAnalysisSig.tex

theory CardinalityAnalysisSig
imports Arity AEnv Cardinality— Domain SestoftConf
begin

locale CardinalityPrognosis =
fixes prognosis :: AEnv = Arity list = Arity = conf = (var = two)

locale CardinalityHeap =

fixes cHeap :: heap = exp = Arity — (var = two)
end

52 ConstOn.tex
theory ConstOn
imports Main

begin

definition const-on :: (‘la = 'b) = 'a set = 'b = bool
where const-on fSz =NV y e S . fy=ux)

lemma const-onl[intro]: (\y. y € S = fy = z) = const-on f S«
by (simp add: const-on-def)

lemma const-onD|dest]: const-on f S —= ye€ S = fy==x
by (simp add: const-on-def)
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lemma const-on-insert[simp|: const-on f (insert x S) y «— const-on fSy N fz =1y
by auto

lemma const-on-union[simp]: const-on f (S U S’) y «— const-on f Sy A const-on f S’y
by auto

lemma const-on-subset|elim]: const-on f Sy = S’ C S = const-on f S’y
by auto

end

53 CardinalityAnalysisSpec.tex

theory CardinalityAnalysisSpec
imports ArityAnalysisSpec CardinalityAnalysisSig ConstOn
begin

locale CardinalityPrognosisEdom = CardinalityPrognosis +
assumes edom-prognosis:
edom (prognosis ae as a (I, e, S)) CfoT U fveU fvo S

locale CardinalityPrognosisShape = CardinalityPrognosis +

assumes prognosis-env-cong: ae f| domA T = ae’ f|* domA T' = prognosis ae as u (T, e,
S) = prognosis ae’ as u (T, e, S)

assumes prognosis-reorder: map-of T' = map-of A = prognosis ae as u (I, e, S) =
prognosis ae as u (A, e, S)

assumes prognosis-ap: const-on (prognosis ae as a (I', e, S)) (ap S) many

assumes prognosis-upd: prognosis ae as u (I', e, S) C prognosis ae as u (I', e, Upd x # S)

assumes prognosis-not-called: ae * = 1 = prognosis ae as a (I', e, S) C prognosis ae as a
(delete z T, e, S)

assumes prognosis-called: once T prognosis ae as a (T, Var z, S) =

locale CardinalityPrognosisApp = CardinalityPrognosis +
assumes prognosis-App: prognosis ae as (inc-a) (I', e, Arg x # S) T prognosis ae as a (T,
App ez, S)

locale CardinalityPrognosisLam = CardinalityPrognosis +
assumes prognosis-subst-Lam: prognosis ae as (pred-a) (T, ely::=z], S) C prognosis ae as a

(', Lam [y]. e, Arg x # S)

locale CardinalityPrognosisVar = CardinalityPrognosis +

assumes prognosis- Var-lam: map-of I' x = Some e = ae x = up-u = isVal e = prognosis
ae as u (T, e, S) C record-call © - (prognosis ae as a (I, Var z, S))

assumes prognosis- Var-thunk: map-of I' © = Some e = ae x = up-u = — isVal e =
prognosis ae as u (delete x T', e, Upd x # S) C record-call © - (prognosis ae as a (I, Var z,
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S))
assumes prognosis-Var2: isVal e = = ¢ domA T' = prognosis ae as 0 ((x, e) # T, e, S)
C prognosis ae as 0 (T, e, Upd x # S)

locale CardinalityPrognosislfThenElse = CardinalityPrognosis +

assumes prognosis-IfThenElse: prognosis ae (aftas) 0 (T, scrut, Alts el e2 # S) C prognosis
ae as a (T, scrut ? el : e2, S)

assumes prognosis-Alts: prognosis ae as a (T, if b then el else e2, S) C prognosis ae (a#as)
0 (T', Bool b, Alts el e2 # 5)

locale CardinalityPrognosisLet = CardinalityPrognosis + CardinalityHeap + ArityAnalysisHeap
_l’_

assumes prognosis-Let:

atom ‘ domA A fx I' = atom ‘ domA A §x S = edom ae C domA ' U upds S = prognosis
(Aheap A e-a U ae) asa (A QT e, S) C cHeap A e-a U prognosis ae as a (I';, Terms.Let A
e, S)

locale CardinalityHeapSafe = CardinalityHeap + ArityAnalysisHeap +

assumes Aheap-heap3: x € thunks T' = many C (cHeap T e-a) x = (Aheap T e-a) x =
up-0

assumes edom-cHeap: edom (cHeap A e-a) = edom (Aheap A e-a)

locale CardinalityPrognosisSafe =
CardinalityPrognosisEdom +
CardinalityPrognosisShape +
CardinalityPrognosisApp +
CardinalityPrognosisLam +
CardinalityPrognosis Var +
CardinalityPrognosisLet +
CardinalityPrognosisIfThenElse +
CardinalityHeapSafe +
ArityAnalysisLetSafe

end

54 ArityAnalysisStack.tex

theory ArityAnalysisStack
imports SestoftConf ArityAnalysisSig

begin
context ArityAnalysis
begin
fun AEstack :: Arity list = stack = AEnv
where
AFEstack - [| = L

| AEstack (a#as) (Alts el e2 # S) = Aexp el-a U Aexp e2-a U AEstack as S
| AEstack as (Upd x # S) = esing z-(up-0) U AEstack as S
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| AEstack as (Arg x # S) = esing z-(up-0) U AFEstack as S
| AEstack as (- # S) = AEstack as S
end

context FdomArityAnalysis
begin
lemma edom-AFEstack: edom (AFEstack as S) C fv S
by (induction as S rule: AEstack.induct) (auto simp del: fun-meet-simp dest!: set-mp[OF
Aexp-edom])
end

end

55 NoCardinalityAnalysis.tex

theory NoCardinalityAnalysis
imports CardinalityAnalysisSpec ArityAnalysisStack
begin

locale NoCardinalityAnalysis = ArityAnalysisLetSafe +
assumes Aheap-thunk: © € thunks I' = (Aheap T’ e-a) z = up-0
begin

definition a2c :: Arity, — two where a2¢ = (A a. if a © L then L else many)
lemma a2¢-simp: a2¢-a = (if a C L then L else many)
unfolding a2c¢-def by (rule beta-cfun|OF cont-if-else-above]) auto

lemma a2c-equt|equt]: m - a2c = alc
unfolding a2c-def
apply perm-simp
apply (rule Abs-cfun-equt)
apply (rule cont-if-else-above)
apply auto
done

definition ae2ce :: AEnv = (var = two) where aelce ae © = a2c-(ae 1)
lemma ae2ce-cont: cont aelce
by (auto simp add: ae2ce-def)

lemmas cont-compose[OF ae2ce-cont, cont2cont, simp]

lemma ae2ce-equt[equt]: T - aelce ae x = aelce (w - ae) (w + )
unfolding ae2ce-def by perm-simp rule

lemma ae2ce-to-env-restr: aelce ae = (A- . many) f|‘ edom ae
by (auto simp add: ae2ce-def lookup-env-restr-eq edom-def a2c¢-simp)
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lemma edom-ae2ce[simp]: edom (aelce ae) = edom ae
unfolding edom-def
by (auto simp add: ae2ce-def aZc¢-simp)

definition cHeap :: heap = exp = Arity — (var = two)
where cHeap T' e = (A a. ae2ce (Aheap T e-a))

lemma cHeap-simp[simp|: cHeap T' e-a = aelce (Aheap T' e-a)
unfolding cHeap-def by simp

sublocale CardinalityHeap cHeap.

sublocale CardinalityHeapSafe cHeap Aheap
apply standard
apply (erule Aheap-thunk)
apply simp
done

fun prognosis where
prognosis ae as a (I, e, S) = ((A-. many) f|° (edom (ABinds T-ae) U edom (Aexp e-a) U
edom (AEstack as S)))

lemma record-all-noop|simp]:
record-call z-((A-. many) f|*S) = (A-. many) f|°S
by (auto simp add: record-call-def lookup-env-restr-eq)

lemma const-on-restr-constl [intro]:
S’ C S = const-on (A -. z) f|*S) S«
by fastforce

lemma ap-subset-edom-AEstack: ap S C edom (AEstack as S)
by (induction as S rule:AEstack.induct) (auto simp del: fun-meet-simp)

sublocale CardinalityPrognosis prognosis.

sublocale CardinalityPrognosisShape prognosis
proof (standard, goal-cases)

case 1

thus ?case by (simp cong: Abinds-env-restr-cong)
next

case 2

thus “case by (simp cong: Abinds-reorder)
next

case 3

thus ?case by (auto dest: set-mp[OF ap-subset-edom-AEstack))
next

case 4

thus ?case by (auto intro: env-restr-mono2 )
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next
case (5aezasal ef)
from (ae z = L
have ABinds (delete x T')-ae = ABinds I'-ae by (rule ABinds-delete-bot)
thus ?case by simp
next
case (6aeasal z95)
from Aexp-Varwhere n = a and z = z]
have (Aexp (Var z)-a) © # L by auto
hence = € edom (Aexp (Var z)-a) by (simp add: edomlIff)
thus “case by simp
qed

sublocale CardinalityPrognosisApp prognosis
proof (standard, goal-cases)
case 1
thus Zcase
using edom-mono[OF Aexp-App] by (auto intro!: env-restr-mono2)
qed

sublocale CardinalityPrognosisLam prognosis
proof (standard, goal-cases)
case (laeasal eyzS)
have edom (Aexp ely::=z]-(pred-a)) C insert x (edom (env-delete y (Aexp e-(pred-a))))
by (auto dest: set-mp[OF edom-mono[OF Aexp-subst]] )
also have ... C insert z (edom (Aexp (Lam [y]. e)-a))
using edom-mono[OF Aexp-Lam| by auto
finally show ?case by (auto intro!: env-restr-mono2)
qed

sublocale CardinalityPrognosisVar prognosis
proof (standard, goal-cases)

case prems: 1

thus ?case by (auto introl: env-restr-mono2 simp add: Abinds-reorder![OF prems(1)])
next

case prems: 2

thus Zcase

by (auto intro!: env-restr-mono2 simp add: Abinds-reorder1|[OF prems(1)])
(metis Aexp-Var edomIff not-up-less-UU)

next

case (3 ez I aeasS)

have fup-(Aexp €)-(ae ©) T Aexp e-0 by (cases ae ) (auto intro: monofun-cfun-arg)

from edom-mono[OF this]

show ?case by (auto introl: env-restr-mono2 dest: set-mp[OF edom-mono[OF ABinds-delete-below]])
qed

sublocale CardinalityPrognosisIfThenElse prognosis

proof (standard, goal-cases)
case (1 ae a as T scrut el e2 S)
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have edom (Aexp scrut-0 U Aexp el-a U Aexp e2-a) C edom (Aexp (scrut ? el : e2)-a)
by (rule edom-mono|OF Aexp-IfThenElse))
thus “case
by (auto intro!: env-restr-mono2)
next
case (2aeasal bele2)
show ?case by (auto intro!: env-restr-mono2)
qed

sublocale CardinalityPrognosisLet prognosis cHeap Aheap
proof (standard, goal-cases)
case prems: (1 AT S ae e a as)

from set-mp[OF prems(3)] fresh-distinct[OF prems(1)] fresh-distinct-fol OF prems(2)]
have ae f|‘ domA A = L
by (auto dest: set-mp[OF ups-fv-subset))
hence [simp]: ABinds A-(ae U Aheap A e-a) = ABinds A-(Aheap A e-a) by (simp cong:
Abinds-env-restr-cong add: env-restr-join)

from fresh-distinct[OF prems(1)]

have Aheap A e-a f| domA T = L by (auto dest!: set-mp[OF edom-Aheap))

hence [simp]: ABinds T'-(ae U Aheap A e-a) = ABinds I'-ae by (simp cong: Abinds-env-restr-cong
add: env-restr-join)

have edom (ABinds (A @Q T')-(Aheap A e-a U ae)) U edom (Aexp e-a) = edom (ABinds
A-(Aheap A e-a)) U edom (ABinds I'-ae) U edom (Aexp e-a)
by (simp add: Abinds-append-disjoint[OF fresh-distinct|OF prems(1)]] Un-commute)
also have ... = edom (ABinds T'-ae) U edom (ABinds A-(Aheap A e-a) LU Aexp e-a)
by force
also have ... C edom (ABinds I'-ae) U edom (Aheap A e-a U Aexp (Let A e)-a)
using edom-mono[OF Aexp-Let] by force
also have ... = edom (Aheap A e-a) U edom (ABinds T'-ae) U edom (Aexp (Let A e)-a)
by auto
finally
have edom (ABinds (A QT)-(Aheap A e-a U ae)) U edom (Aexp e-a) C edom (Aheap A e-a)
U edom (ABinds T-ae) U edom (Aexp (Let A e)-a).
hence edom (ABinds (A QT)-(Aheap A e-a U ae)) U edom (Aexp e-a) U edom (AFEstack as
S) C edom (Aheap A e-a) U edom (ABinds T-ae) U edom (Aexp (Let A e)-a) U edom (AEstack
as S) by auto
thus ?case by (simp add: ae2ce-to-env-restr env-restr-join2 Un-assoc[symmetric| env-restr-monoZ2)
qed

sublocale CardinalityPrognosisEdom prognosis
by standard (auto dest: set-mp|OF Aexp-edom] set-mp|OF ap-fv-subset] set-mp[OF edom-AnalBinds]
set-mp[OF edom-AEstack))

sublocale CardinalityPrognosisSafe prognosis cHeap Aheap Aexp..
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end

end

56 TransformTools.tex

theory TransformTools
imports Nominal—HOLCF Terms Substitution Env
begin

default-sort type

fun lift-transform :: (‘a::cont-pt = exp = exp) = ('aL = exp = exp)
where [lift-transform t Ibottom e = e
| lift-transform ¢t (Iup a) e =t a e

lemma lift-transform-simps|simp]:
lift-transform t L e = e
lift-transform t (up-a) e = ta e
apply (metis inst-up-pcpo lift-transform.simps(1))
apply (simp add: up-def cont-Tup)
done

lemma lift-transform-equt[equt]: m « lift-transform t a e = lift-transform (w - t) (7 + a) (7 -

¢)

by (cases a) simp-all

lemma lift-transform-fun-cong|fundef-cong):

(Na.tlael =t2ael) = al = a2 = el = e2 = lift-transform t1 al el = lift-transform
t2 a2 e2

by (cases (t2,a2,e2) rule: lift-transform.cases) auto

lemma subst-lift-transform:
assumes A a. (t a e)[z == y] =t a (e[z == y])
shows (lift-transform t a e)[z :=y] = lift-transform t a (e[z = y])
using assms by (cases a) auto

definition
map-transform :: ('a::cont-pt = exp = exp) = (var = 'a)) = heap = heap

where map-transform t ae = map-ran (X x e . lift-transform t (ae x) €)

lemma map-transform-equt|equt]: m « map-transform t ae = map-transform (7 - t) (7 + ae)
unfolding map-transform-def by simp

lemma domA-map-transform[simp]: domA (map-transform t ae T') = domA T
unfolding map-transform-def by simp

lemma length-map-transform[simp]: length (map-transform t ae zs) = length xs
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unfolding map-transform-def map-ran-def by simp

lemma map-transform-delete:
map-transform t ae (delete x T') = delete © (map-transform t ae T")
unfolding map-transform-def by (simp add: map-ran-delete)

lemma map-transform-restrA:
map-transform t ae (restrictA S T') = restrictA S (map-transform t ae T)
unfolding map-transform-def by (auto simp add: map-ran-restrictA)

lemma delete-map-transform-env-delete:
delete © (map-transform t (env-delete x ae) T') = delete x (map-transform ¢ ae T')
unfolding map-transform-def by (induction T') auto

lemma map-transform-Nil[simp]:
map-transform t ae [| = ||
unfolding map-transform-def by simp

lemma map-transform-Cons:
map-transform t ae ((xz,e)# ') = (z, lift-transform t (ae ) e) # (map-transform t ae T')
unfolding map-transform-def by simp

lemma map-transform-append:
map-transform t ae (AQT) = map-transform t ae A Q map-transform t ae T
unfolding map-transform-def by (simp add: map-ran-append)

lemma map-transform-fundef-cong[fundef-cong|:
(Azea. (z,e) € setml = tlae=1t2ae) = ael = ae2 = ml = m2 = map-transform
t1 ael m1 = map-transform t2 ae2 m2
by (induction m2 arbitrary: m1)
(fastforce simp add: map-transform-Nil map-transform-Cons intro!: lift-transform-fun-cong)+

lemma map-transform-cong:

(Az. © € domA ml = ae ¢ = ae’ ) = ml = m2 = map-transform t ae ml =
map-transform t ae’ m2

unfolding map-transform-def by (auto intro!: map-ran-cong dest: domA-from-set)

lemma map-of-map-transform: map-of (map-transform t ae T') & = map-option (lift-transform
t (ae z)) (map-of T z)
unfolding map-transform-def by (simp add: map-ran-conv)

lemma supp-map-transform-step:
assumes A z e a. (z, e) € set ' = supp (t a e) C supp e
shows supp (map-transform t ae T') C supp T
using assms
apply (induction T)
apply (auto simp add: supp-Nil supp-Cons map-transform-Nil map-transform-Cons supp-Pair

pure-supp)
apply (case-tac ae a)
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apply (fastforce)+
done

lemma subst-map-transform:
assumes A\ z' e a. (z'e) 1 set ' = (ta e)[x == y] =t a (e[z = y])
shows (map-transform t ae T')[x ::h=y| = map-transform t ae (T'[z :h= y])
using assms
apply (induction T')
apply (auto simp add: map-transform-Nil map-transform-Cons)
apply (subst subst-lift-transform)
apply auto
done

locale supp-bounded-transform =
fixes trans :: 'a::cont-pt = exp = exp
assumes supp-trans: supp (trans a e) C supp e
begin
lemma supp-lift-transform: supp (lift-transform trans a €) C supp e
by (cases (trans, a, e) rule:lift-transform.cases) (auto dest!: set-mp[OF supp-trans))

lemma supp-map-transform: supp (map-transform trans ae T') C supp T'
unfolding map-transform-def

by (induction T') (auto simp add: supp-Pair supp-Cons dest!: set-mp[OF supp-lift-transform))

lemma fresh-transformlintro]: a § e => a § trans n e
by (auto simp add: fresh-def) (auto dest!: set-mp[OF supp-trans])

lemma fresh-star-transform[intro]: a % e = a #* trans n e
by (auto simp add: fresh-star-def)

lemma fresh-map-transform[intro]: a  I' = a § map-transform trans ae T’
unfolding fresh-def using supp-map-transform by auto

lemma fresh-star-map-transformlintro]: a x* I' = a #* map-transform trans ae T

by (auto simp add: fresh-star-def)
end

end

57 AbstractTransform.tex
theory AbstractTransform
imports Terms TransformTools

begin

locale AbstractAnalProp =
fixes PropApp :: 'a = 'a::cont-pt

198



fixes PropLam :: 'a = 'a

fixes AnalLet :: heap = exp = 'a = 'b::cont-pt

fixes PropLetBody :: 'b = 'a

fixes PropLetHeap :: 'b= var = 'a

fixes PropIfScrut :: 'a = 'a

assumes PropApp-equt: w - PropApp = PropApp

assumes PropLam-equt: m «+ PropLam = PropLam

assumes AnalLet-equt: w - AnalLet = AnalLet

assumes PropLetBody-equt: m + PropLetBody = PropLetBody
assumes PropLetHeap-equt: m « PropLetHeap = PropLetHeap
assumes ProplfScrut-equt: © « PropIfScrut = PropIfScrut

locale AbstractAnalPropSubst = AbstractAnalProp +
assumes AnalLet-subst: © ¢ domA T = y ¢ domA T’ = AnalLet (T[z::h=y]) (e[z::=y])
a = AnalLet T e a

locale AbstractTransform = AbstractAnalProp +
constrains AnalLet :: heap = exp = 'a::pure-cont-pt = 'b::cont-pt
fixes TransVar :: 'a = var = exp
fixes TransApp :: 'a = exp = var = exp
fixes TransLam :: 'a = var = exp = exp
fixes TransLet :: 'b = heap = exp = exp
assumes TransVar-equt: m - TransVar = TransVar
assumes TransApp-equt: © - TransApp = TransApp
assumes TransLam-equt: 7w + TransLam = TransLam
assumes TransLet-equt: w - TransLet = TransLet
assumes SuppTransLam: supp (TransLam a v e) C supp e — supp v
assumes SuppTransLet: supp (TransLet b T e) C supp (T, ) — atom ‘ domA T
begin
nominal-function transform where
transform a (App e x) = TransApp a (transform (PropApp a) e) x
| transform a (Lam [z]. €) = TransLam a x (transform (PropLam a) e)
| transform a (Var x) = TransVar a
| transform a (Let T' e) = TransLet (AnalLet T' e a)
(map-transform transform (PropLetHeap (AnalLet T e a)) T')
(transform (PropLetBody (AnalLet T e a)) e)
| transform a (Bool b) = (Bool b)
| transform a (scrut ? el : e2) = (transform (PropIfScrut a) scrut ? transform a el : transform
a e2)
proof goal-cases
case 1
note PropApp-equt|equt-raw] PropLam-equt|equt-raw] PropLetBody-equt|[equt-raw] PropLetHeap-equt|equt-raw]
AnalLet-equt|equt-raw| TransVar-equt[equt] TransApp-equt[equt] TransLam-equt[equt] TransLet-equt|equt]
show ?Zcase
unfolding equt-def transform-graph-auz-def
apply rule
apply perm-simp
apply (rule refl)
done
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next
case prems: (3 P x)
show Zcase
proof (cases )
fix abd
assume z = (a, b)
thus ?case
using prems
apply (cases b rule: Terms.exp-strong-exhaust)
apply auto
done
qged
next
case prems: (10 ax e a’ z' ¢’
from prems(5)
have o’ = a and Lam [z]. e = Lam [z']. e/ by simp-all
from this(2)
show Zcase
unfolding @’ =
proof(rule equt-lam-case)
fix 7w :: perm

have supp (TransLam a x (transform-sumC (PropLam a, €))) C supp (Lam [z]. e)
apply (rule subset-trans[OF SuppTransLam)])
apply (auto simp add: exp-assn.supp supp-Pair supp-at-base pure-supp exp-assn.fsupp
dest!: set-mp|OF supp-equt-at|OF prems(1)], rotated])
done
moreover
assume supp 7 #x (Lam [z]. €)
ultimately
have *: supp 7 #* TransLam a z (transform-sumC (PropLam a, €)) by (auto simp add:
fresh-star-def fresh-def)

note PropApp-equt|equt-raw] PropLam-equt|[equt-raw] PropLetBody-equt|equt-raw] PropLetHeap-equt|equt-raw]
Trans Var-equt|equt] TransApp-equtlequt] TransLam-equt[equt] TransLet-equt|equt]

have TransLam a (7 - z) (transform-sumC (PropLam a, 7 - e))
= TransLam a (7 « x) (transform-sumC (7 - (PropLam a, e)))
by perm-simp rule

also have ... = TransLam a (7 + z) (7 - transform-sumC (PropLam a, €))
unfolding equt-at-apply [OF prems(1)] ..

also have ... = 7 - (TransLam a x (transform-sumC (PropLam a, €)))
by simp

also have ... = TransLam a z (transform-sumC (PropLam a, €))

by (rule perm-supp-eq[OF x])
finally show TransLam a (7 - z) (transform-sumC (PropLam a, w - €)) = TransLam a z
(transform-sumC (PropLam a, €)) by simp
qged
next
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case prems: (19 a as body a’ as’ body”)
note PropApp-equt|equt-raw] PropLam-equt[equt-raw] PropLetBody-equt|equt-raw] AnalLet-equt]equt-raw]
PropLetHeap-equt|equt-raw] TransVar-equt[equt] TransApp-equt[equt] TransLam-equt]equt] TransLet-equt]equt]

from supp-equt-at[OF prems(1)]
have A z ¢ a. (z, e) € set as = supp (transform-sumC (a, €)) C supp e
by (auto simp add: exp-assn.fsupp supp-Pair pure-supp)
hence supp-map: Nae. supp (map-transform (Az0 z1. transform-sumC (z0, x1)) ae as) C
supp as
by (rule supp-map-transform-step)

from prems(9)
have a’ = a and Terms.Let as body = Terms.Let as’ body’ by simp-all
from this(2)
show ?Zcase
unfolding @’ = o
proof (rule equt-let-case)
have supp (TransLet (AnalLet as body a) (map-transform (Az0 x1. transform-sumC (z0,
x1)) (PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as body
a), body))) C supp (Let as body)
by (auto simp add: Let-supp supp-Pair pure-supp erp-assn.fsupp
dest!: set-mp|OF supp-equt-at[OF prems(2)], rotated]| set-mp[OF Supp TransLet]
set-mp[OF supp-map])
moreover
fix 7w :: perm
assume supp 7 f*x Terms.Let as body
ultimately
have «: supp 7 % TransLet (AnalLet as body a) (map-transform (Ax0 z1. transform-sumC
(20, x1)) (PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as
body a), body))
by (auto simp add: fresh-star-def fresh-def)

have TransLet (AnalLet (7 - as) (7 - body) a) (map-transform (Az0 z1. (w - transform-sum(C')
(20, x1)) (PropLetHeap (AnalLet (m - as) (w - body) a)) (w - as)) ((x - transform-sumC)
(PropLetBody (AnalLet (7 - as) (w - body) a), w » body)) =
7 - TransLet (AnalLet as body a) (map-transform (Az0 z1. transform-sumC (20, x1))
(PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as body a),
body))
by (simp del: Let-eq-iff Pair-equt add: equt-at-apply[OF prems(2)])
also have ... = TransLet (AnalLet as body a) (map-transform (Az0 x1. transform-sumC
(20, x1)) (PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as
body a), body))
by (rule perm-supp-eq[OF x])
also
have map-transform (Az0 z1. transform-sumC (z0, x1)) (PropLetHeap (AnalLet (7 - as) (7
- body) a)) (w « as)
= map-transform (Az za. (7 - transform-sumC) (z, za)) (PropLetHeap (AnalLet (7 « as)
(m - body) a)) (7 - as)
apply (rule map-transform-fundef-cong[OF - refl refi])
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apply (subst (asm) set-equt[symmetric])
apply (subst (asm) mem-permute-set)
apply (auto simp add: permute-self dest: equt-at-apply’'|OF prems(1)[where aa = (—
7+ a) for a], where p = 7, symmetric])
done
moreover
have (7 - transform-sumC') (PropLetBody (AnalLet (m - as) (7w - body) a), m - body) =
transform-sumC (PropLetBody (AnalLet (7 - as) (7 - body) a), © - body)
using equt-at-apply''|OF prems(2), where p = 7] by perm-simp
ultimately
show TransLet (AnalLet (7« as) (7 + body) a) (map-transform (Az0 z1. transform-sumC (z0,
x1)) (PropLetHeap (AnalLet (7 - as) (m - body) a)) (w - as)) (transform-sumC (PropLetBody
(AnalLet (7 - as) (w - body) a), 7 + body)) =
TransLet (AnalLet as body a) (map-transform (Az0 z1. transform-sumC (z0, x1))
(PropLetHeap (AnalLet as body a)) as) (transform-sumC (PropLetBody (AnalLet as body a),
body)) by metis
qed
qged auto
nominal-termination by lexicographic-order

lemma supp-transform: supp (transform a e) C supp e
proof—
note PropApp-equt|equt-raw] PropLam-equt|equt-raw] PropLetBody-equt|equt-raw] AnalLet-equt|equt-raw)
PropLetHeap-equt|equt-raw] TransVar-equt[equt] TransApp-equt[equt] TransLam-equt]equt] TransLet-equt]equt]
note transform.equt|equt|
show ?thesis
apply (rule supp-fun-app-equt)
apply (rule equtl)
apply perm-simp
apply (rule reflexive)
done
qed

lemma fo-transform: fv (transform a e) C fv e
unfolding fv-def by (auto dest: set-mp[OF supp-transform])

end

locale AbstractTransformSubst = AbstractTransform + AbstractAnalPropSubst +

assumes TransVar-subst: (TransVar a v)[z = y] = (TransVar a v[z ::v=y])
assumes TransApp-subst: (TransApp a e v)[x = y] = (TransApp a e[z == y] v][z v=y])
assumes TransLam-subst: atom v § (z,y) = (TransLam a v e)[z ::= y| = (TransLam a vz

sv=yl e[z = y])

assumes TransLet-subst: atom ¢ domA T #x (z,y) = (TransLet b T e)[z := y] = (TransLet
b Tz =h=y] e[z == y])
begin

lemma subst-transform: (transform a e)[z ::= y] = transform a e[z = y]

proof (nominal-induct e avoiding: x y arbitrary: a rule: exp-strong-induct-set)
case (Let A body = y)
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hence x: © ¢ domA A y ¢ domA A by (auto simp add: fresh-star-def fresh-at-base)
hence AnalLet Alz::h=y] body|z::=y] a = AnalLet A body a by (rule AnalLet-subst)
with Let
show ?Zcase
apply (auto simp add: fresh-star-Pair TransLet-subst simp del: Let-eq-iff)
apply (rule fun-cong[OF arg-cong[where f = TransLet b for b]])
apply (rule subst-map-transform)
apply simp
done

qed (simp-all add: TransVar-subst TransApp-subst TransLam-subst)

end

locale AbstractTransformBound = AbstractAnalProp + supp-bounded-transform —+
constrains PropApp :: 'a = 'a::pure-cont-pt
constrains PropLetHeap :: 'b::cont-pt = var = 'ay
constrains trans :: 'c::cont-pt = exp = exp
fixes PropLetHeapTrans :: 'b= var = 'c|
assumes PropLetHeap Trans-equt: ™ + PropLetHeapTrans = PropLetHeap Trans
assumes TransBound-equt: w « trans = trans
begin
sublocale AbstractTransform PropApp PropLam AnalLet PropLetBody PropLetHeap ProplfScrut
(X a. Var)
(A a. App)
(A a. Terms.Lam)
(A b T e. Let (map-transform trans (PropLetHeapTrans b) T') e)
proof goal-cases
case |
note PropApp-equt|equt-raw] PropLam-equt|[equt-raw] PropLetBody-equt|equt-raw] PropLetHeap-equt|equt-raw]
ProplIfScrut-equt|equt-raw]
AnalLet-equt[equt-raw] PropLetHeap Trans-equt|equt] TransBound-equt[equt]
show ?Zcase
apply standard
apply ((perm-simp, rule)+)[4]
apply (auto simp add: exp-assn.supp supp-at-base)[1]
apply (auto simp add: Let-supp supp-Pair supp-at-base dest: set-mp|OF supp-map-transform])[1]
done
qed

lemma isLam-transform|[simp]:

isLam (transform a e) <— isLam e

by (induction e rule:isLam.induct) auto
lemma isVal-transform|[simp]:

isVal (transform a e) +— isVal e

by (induction e rule:isLam.induct) auto

end
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locale AbstractTransformBoundSubst = AbstractAnalPropSubst + AbstractTransformBound +

assumes TransBound-subst: (trans a e)[z:=y] = trans a e[z::=y]
begin
sublocale AbstractTransformSubst PropApp PropLam AnalLet PropLetBody PropLetHeap
PropIfScrut
(X a. Var)
(A a. App)
(X a. Terms.Lam)
(A b T e. Let (map-transform trans (PropLetHeapTrans b) T') e)
proof goal-cases
case I
note PropApp-equt|equt-raw] PropLam-equt|[equt-raw] PropLetBody-equt|equt-raw] PropLetHeap-equt|equt-raw]
ProplIfScrut-equt|equt-raw]
TransBound-equt [equt]
show ?Zcase
apply standard
apply simp-all[3]
apply (simp del: Let-eq-iff)
apply (rule arg-cong[where f = A z. Let z y for y))
apply (rule subst-map-transform)
apply (simp add: TransBound-subst)
done
qged
end

end

58 EtaExpansion.tex

theory EtaFxpansion
imports Terms Substitution
begin

definition fresh-var :: exp = var where
fresh-var e = (SOME v. v ¢ fv e)

lemma fresh-var-not-free:
fresh-var e ¢ fv e
proof—
obtain v :: var where atom v § e by (rule obtain-fresh)
hence v ¢ fv e by (metis fo-not-fresh)
thus ?thesis unfolding fresh-var-def by (rule somel)
qed

lemma fresh-var-fresh|simp]:
atom (fresh-var e) t e
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by (metis fresh-var-not-free fv-not-fresh)

lemma fresh-var-subst[simp]:
elfresh-var e::=x] = e
by (metis fresh-var-fresh subst-fresh-noop)

fun eta-expand :: nat = exp = exp where
eta-expand 0 e = e
| eta-expand (Suc n) e = (Lam [fresh-var e]. eta-expand n (App e (fresh-var e)))

lemma eta-expand-equt|equt]:
7 - (eta-expand n e) = eta-expand (7w - n) (7 - e)
apply (induction n arbitrary: e )
apply (auto simp add: fresh-Pair permute-pure)
apply (metis fresh-at-base-perml fresh-at-base-permute-iff fresh-var-fresh subst-fresh-noop subst-swap-same)
done

lemma fresh-eta-expand[simp): a § eta-expand n e <— a ff e
apply (induction n arbitrary: e)
apply (simp add: fresh-Pair)
apply (clarsimp simp add: fresh-Pair fresh-at-base)
by (metis fresh-var-fresh)

lemma subst-eta-expand: (eta-expand n e)[z 1= y] = eta-ezpand n (e[z ::= y])
proof (induction n arbitrary: e)
case 0 thus ?case by simp
next
case (Suc n)
obtain z :: var where atom z § (e, fresh-var e, x, y) by (rule obtain-fresh)

have (eta-expand (Suc n) e)[z:=y] = (Lam [fresh-var e]. eta-expand n (App e (fresh-var
e)))[z:=y| by simp
also have ... = (Lam [2]. eta-ezpand n (App e 2))[z:=y]

apply (subst change-Lam-Variable[where y' = z])

using <atom z § -

by (auto simp add: fresh-Pair eta-expand-equt pure-fresh permute-pure flip-fresh-fresh intro!:
equt-fresh-cong2|where f = eta-ezpand, OF eta-expand-equt])

also have ... = Lam [z]. (eta-expand n (App e z))[z::=y]
using <atom z § - by simp
also have ... = Lam [z]. eta-expand n (App e z)[z::=y] unfolding Suc.IH..
also have ... = Lam [z]. eta-expand n (App elz::=y] z)
using <atom z § - by simp
also have ... = Lam [fresh-var (e[z::=y])]. eta-expand n (App e[z::=y| (fresh-var (e[z:=y])))

apply (subst change-Lam-Variable[where y' = fresh-var (e[z::=y])])
using <atom z § -
by (auto simp add: fresh-Pair equt-fresh-cong2|where f = eta-expand, OF eta-expand-equt]
pure-fresh eta-expand-equt flip-fresh-fresh subst-pres-fresh simp del: exp-assn.eq-iff)
also have ... = eta-expand (Suc n) e[z:=y| by simp
finally show ?Zcase.
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qed

lemma isLam-eta-expand:
isLam e = isLam (eta-expand n e¢) and n > 0 = isLam (eta-expand n €)
by (induction n) auto

lemma isVal-eta-expand:
isVal e = isVal (eta-expand n e) and n > 0 = isVal (eta-expand n €)
by (induction n) auto

end

59 EtaExpansionSafe.tex

theory FEtaExpansionSafe
imports EtaFEzpansion Sestoft
begin

theorem eta-expansion-safe:
assumes set T C range Arg
shows (T, eta-expand (length T) e, TQS) =* (T, e, TQS)
using assms
proof (induction T arbitrary: e)
case Nil show ?case by simp
next
case (Cons se T)
from Cons(2) obtain z where se = Arg x by auto

from Cons have prem: set T C range Arg by simp

have (T, eta-expand (Suc (length T)) e, Argx # T @ S) = (T, Lam [fresh-var e]. eta-ezpand
(length T) (App e (fresh-var €)), Argx # T Q S) by simp

also have ... = (T, (eta-expand (length T) (App e (fresh-var e)))[fresh-var e :=z], T Q S)
by (rule apps)

also have ... = (I, (eta-expand (length T) (App e z)), T @Q S) unfolding subst-eta-expand
by simp

also have ... =* (I, App e z, T @ S) by (rule Cons.IH[OF prem])

also have ... = (T, e, Argz # T Q S) by (rule app1)

finally show ?case using (se = -) by simp
qed

fun arg-prefic :: stack = nat where
arg-prefic [| = 0

| arg-prefiz (Arg x # S) = Suc (arg-prefiz S)
| arg-prefiz (Alts el e2 # S) =0

| arg-prefic (Updz # S) =0

| arg-prefic (Dummy x # S) = 0
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theorem eta-expansion-safe’:
assumes n < arg-prefix S
shows (T, eta-expand n e, S) =* (T, e, 5)
proof—
from assms
have set (take n S) C range Arg and length (take n S) = n
apply (induction S arbitrary: n rule: arg-prefix.induct)
apply auto
apply (case-tac n, auto)+
done
hence S = take n S @ drop n S by (metis append-take-drop-id)
with eta-expansion-safe[OF «- C -] length - = -
show ?thesis by metis
qed

end

60 ArityStack.tex

theory ArityStack
imports Arity SestoftConf
begin

fun Astack :: stack = Arity
where Astack [| = 0
| Astack (Arg z # S) = inc-(Astack S)
| Astack (Alts el e2 # S) =0
| Astack (Updx # S) =0
| Astack (Dummy x # S) = 0

lemma Astack-restr-stack-below:
Astack (restr-stack V' S) C Astack S
by (induction V' S rule: restr-stack.induct) auto

lemma Astack-map-Dummy[simp]:
Astack (map Dummy 1) = 0
by (induction 1) auto
lemma Astack-append-map-Dummy[simp]:

Astack 8" = 0 = Astack (S @ S') = Astack S
by (induction S rule: Astack.induct) auto

end
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61 ArityEtaExpansion.tex

theory ArityEtaFxpansion
imports EtaFEzpansion Arity— Nominal TransformTools
begin

lift-definition Aeta-expand :: Arity = exp = exp is eta-expand.

lemma Aeta-expand-equt[equt]: m - Aeta-expand a e = Aeta-expand (7 - a) (7 - e)
apply (cases a)
apply simp
apply transfer
apply simp
done

lemma Aeta-expand-0[simp]: Aeta-expand 0 e = e
by transfer simp

lemma Aeta-expand-inc[simp]: Aeta-expand (inc-n) e = (Lam [fresh-var e]. Aeta-expand n (App
e (fresh-var e)))

apply (simp add: inc-def)

by transfer simp

lemma subst-Aeta-expand:
(Aeta-expand n e)[z:=y] = Aeta-expand n e[x::=y]
by transfer (rule subst-eta-expand)

lemma isLam-Aeta-expand: isLam e = isLam (Aeta-expand a e)
by transfer (rule isLam-eta-expand)

lemma isVal-Aeta-ezpand: isVal e = isVal (Aeta-expand a €)
by transfer (rule isVal-eta-expand)
lemma Aeta-expand-fresh[simp): a § Aeta-expand n e = a t e by transfer simp
lemma Aeta-expand-fresh-star[simp): a #* Aeta-expand n e = a fx e by (auto simp add:
fresh-star-def)
interpretation supp-bounded-transform Aeta-expand
apply standard
using Aeta-expand-fresh
apply (auto simp add: fresh-def)

done

end

62 ArityEtaExpansionSafe.tex

theory ArityEtaExpansionSafe
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imports EtaFExpansionSafe ArityStack ArityEtaFEzpansion
begin

lemma Aeta-expand-safe:
assumes Astack S C a
shows (I', Aeta-exzpand a e, S) =* (T, e, S)
proof—
have arg-prefix S = Rep-Arity (Astack S)
by (induction S arbitrary: a rule: arg-prefic.induct) (auto simp add: Arity.zero-Arity.rep-eq[symmetric))
also
from assms
have Rep-Arity a < Rep-Arity (Astack S) by (metis below-Arity.rep-eq)
finally
show ?thesis
by transfer (rule eta-expansion-safe’)
qed

end

63 ArityTransform.tex

theory ArityTransform
imports ArityAnalysisSig Abstract Transform ArityEtaExpansionSafe
begin

context ArityAnalysisHeapEqut
begin
sublocale AbstractTransformBound
Aa.inca
Aa . pred-a
AAcea. (a, Aheap A e-a)
fst
snd
A- 0
Aeta-expand
snd
apply standard
apply (((rule eg-reflection)?, perm-simp, rule)+)
done

abbreviation transform-syn (T-) where T, = transform a
lemma transform-simps:
Ta (App e z) = App (Tipc.qa €) @

Ta (Lam [z]. €) = Lam [z]. T preg.q €
Ta (Varz) = Var x
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Ta (Let T e) = Let (map-transform Aeta-expand (Aheap T' e-a) (map-transform (Aa. Tq)
(Aheap T e-a) T)) (T4 €)

T a (Bool b) = Bool b

Ta (scrut ? el : e2) = (T scrut 2 Tq el : Tq e2)

by simp-all
end

end

64 ArityConsistent.tex

theory ArityConsistent
imports ArityAnalysisSpec ArityStack ArityAnalysisStack
begin

context ArityAnalysisLetSafe
begin

type-synonym astate = (AEnv x Arity x Arity list)

inductive stack-consistent :: Arity list = stack = bool

where

stack-consistent [] []

| Astack S C a = stack-consistent as S = stack-consistent (a#tas) (Alts el e2 # §)

| stack-consistent as S = stack-consistent as (Upd © # S)

| stack-consistent as S = stack-consistent as (Arg x # S)
inductive-simps stack-consistent-foo[simp):

stack-consistent || [ stack-consistent (a#as) (Alts el e2 # S) stack-consistent as (Upd © #
S) stack-consistent as (Arg xz # S)
inductive-cases [elim!]: stack-consistent as (Alts el e2 # §)

inductive a-consistent :: astate = conf = bool where
a-consistentl:
edom ae C domA I' U upds S
= Astack S C a
= (ABinds T'-ae U Aexp e-a U AEstack as S) f|* (domA T U upds S) C ae
= stack-consistent as S
= a-consistent (ae, a, as) (T, e, S)
inductive-cases a-consistentE: a-consistent (ae, a, as) (T, e, S)

lemma a-consistent-restrictA:
assumes a-consistent (ae, a, as) (T, e, 5)
assumes edom ae C V
shows a-consistent (ae, a, as) (restrictA VT, e, S)
proof—
have domAT NV U upds S C domA ' U upds S by auto
note x = below-trans|OF env-restr-mono2[OF this]]

210



show a-consistent (ae, a, as) (restrictA V T, e, S)
using assms
by (auto simp add: a-consistent.simps env-restr-join join-below-iff ABinds-restrict-edom
intro: x below-trans[OF env-restr-mono| OF ABinds-restrict-below]])
qed

lemma a-consistent-edom-subsetD:
a-consistent (ae, a, as) (T, e, §) = edom ae C domA ' U upds S
by (rule a-consistentE)

lemma a-consistent-stackD:
a-consistent (ae, a, as) (T, e, S) = Astack S C a
by (rule a-consistentE)

lemma a-consistent-app;:
a-consistent (ae, a, as) (T, App e z, S) = a-consistent (ae, inc-a, as) (T, e, Arg x # S)
by (auto simp add: join-below-iff env-restr-join a-consistent.simps
dest!: below-trans|OF env-restr-mono|OF Aexp-App]]
elim: below-trans)

lemma a-consistent-apps:

assumes a-consistent (ae, a, as) (I, (Lam [y]. ), Argz # S)

shows a-consistent (ae, (pred-a), as) (T, e[y::=z], S)
proof—

have Aexp (e[y::=zx])-(pred-a) f|* (domA T U upds S) C (env-delete y ((Aexp e)-(pred-a)) U
esing z-(up-0)) f|¢ (domA T U upds S) by (rule env-restr-mono[OF Aexp-subst])

also have ... = env-delete y ((Aexp e)-(pred-a)) f|* (domA T' U upds S) U esing z-(up-0)
f1¢ (domA T U upds S) by (simp add: env-restr-join)

also have env-delete y ((Aeap e)-(pred-a)) © Aexp (Lam [y]. €)-a by (rule Aexp-Lam)

also have ... f| (domA T' U upds S) C ae using assms by (auto simp add: join-below-iff
env-restr-join a-consistent.simps)

also have esing z-(up-0) f|° (domA T U upds S) C ae using assms

by (cases x€edom ae) (auto simp add: env-restr-join join-below-iff a-consistent.simps)

also have ae U ae = ae by simp

finally

have Aexp (ely::=xz])-(pred-a) f|* (domA T U upds S) C ae by this simp-all

thus %thesis using assms

by (auto elim: below-trans edom-mono simp add: join-below-iff env-restr-join a-consistent.simps)
qed

lemma a-consistent-thunk-0:

assumes a-consistent (ae, a, as) (T, Var z, S)

assumes map-of I' z = Some e

assumes ae * = up-0

shows a-consistent (ae, 0, as) (delete z T, e, Upd = # S)
proof—

from assms(2)
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have [simp]: z € domA T by (metis domI dom-map-of-conv-domA)

from assms(3)
have [simp]: © € edom ae by (auto simp add: edom-def)

have z € domA I’ by (metis assms(2) doml dom-map-of-conv-domA)
hence [simp]: insert x (domA T — {z} U upds S) = (domA T U upds S)
by auto

from Abinds-reorder1[OF (map-of T' x = Some ] (ae x = up-0»
have ABinds (delete x T')-ae U Aexp e-0 = ABinds I'-ae by (auto intro: join-comm)
moreover have (... U AEstack as S) f|* (domA T U upds S) C ae
using assms(1) by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
ultimately have ((ABinds (delete x T"))-ae U Aexp e-0 U AEstack as S) f|¢ (domA T U upds
S) C ae by simp
then
show ?thesis
using <ae x = up-0) assms(1)
by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
qed

lemma a-consistent-thunk-once:

assumes a-consistent (ae, a, as) (T, Var z, S)

assumes map-of I' z = Some e

assumes [simp|: ae T = up-u

assumes heap-upds-ok (T, S)

shows a-consistent (env-delete x ae, u, as) (delete x T', e, S)
proof—

from assms(2)

have [simp]: € domA T by (metis domI dom-map-of-conv-domA)

from assms(1) have Aexp (Var z)-a f|° (domA I' U upds S) T ae by (auto simp add:
join-below-iff env-restr-join a-consistent.simps)

from fun-belowD[where x = z, OF this]

have (Aexp (Var z)-a) z C up-u by simp

from below-trans[OF Aexp-Var this]

have a C u by simp

from <heap-upds-ok (T, S)
have z ¢ upds S by (auto simp add: a-consistent.simps elim!: heap-upds-okE)
hence [simp]: (— {z} N (domA T U upds S)) = (domA T — {z} U upds S) by auto

have Astack S C u using assms(1) <a C w
by (auto elim: below-trans simp add: a-consistent.simps)

from Abinds-reorder1[OF <map-of I' x = Some e)] (ae z = up-w)

have ABinds (delete x T')-ae U Aexp e-u = ABinds T'-ae by (auto intro: join-comm)
moreover

have (... U AEstack as S) f|* (domA T U upds S) C ae
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using assms(1) by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
ultimately
have ((ABinds (delete x T'))-ae U Aexp e-u U AEstack as S) f|¢ (domA T U upds S) C ae by
simp
hence ((ABinds (delete z T"))-(env-delete z ae) U Aexp e-u Ul AEstack as S) f|* (domA T U
upds S) C ae
by (auto simp add: join-below-iff env-restr-join elim: below-trans|OF env-restr-mono[OF
monofun-cfun-arg| OF env-delete-below-arg]]])
hence env-delete x (((ABinds (delete x T'))-(env-delete x ae) U Aexp e-u U AEstack as S) f|°
(domA T U upds S)) C env-delete z ae
by (rule env-delete-mono)
hence (((ABinds (delete x T'))-(env-delete x ae) U Aexp e-u U AEstack as S) f|¢ (domA (delete
x T) U upds S)) C env-delete z ae
by (simp add: env-delete-restr)
then
show ?thesis
using (ae z = up-w (Astack S C w assms(1)
by (auto simp add: join-below-iff env-restr-join a-consistent.simps elim : below-trans)
qed

lemma a-consistent-lamvar:
assumes a-consistent (ae, a, as) (T, Var x, S)
assumes map-of I' z = Some e
assumes [simpl: ae x = up-u
shows a-consistent (ae, u, as) ((z,e)# delete z T, e, S)
proof—
have [simp]: © € domA T by (metis assms(2) domlI dom-map-of-conv-domA)
have [simp]: insert x (domA T U upds S) = (domA T' U upds S)
by auto

from assms(1) have Aexp (Var z)-a f|° (domA T' U upds S) C ae by (auto simp add:
join-below-iff env-restr-join a-consistent.simps)

from fun-belowD[where x = z, OF this]

have (Aexp (Var z)-a) z C up-u by simp

from below-trans[OF Aexp-Var this]

have a C u by simp

have Astack S C u using assms(1) (o C w
by (auto elim: below-trans simp add: a-consistent.simps)

from Abinds-reorder1 [OF (map-of T' x = Some e)] (ae x = up-w)

have ABinds ((z,e) # delete x T')-ae U Aexp e-u = ABinds I'-ae by (auto intro: join-comm)

moreover

have (... U AEstack as S) f|* (domA T U upds S) C ae

using assms(1) by (auto simp add: join-below-iff env-restr-join a-consistent.simps)

ultimately

have ((ABinds ((z,e) # delete x T'))-ae U Aexp e-u U AEstack as S) f|¢ (domA T' U upds S)
C ae by simp

then
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show ?thesis
using <ae x = up-w (Astack S C w) assms(1)
by (auto simp add: join-below-iff env-restr-join a-consistent.simps)
qed

lemma
assumes a-consistent (ae, a, as) (T, e, Upd x # 5)
shows a-consistent-vars: a-consistent (ae, a, as) ((z, ¢) # T, e, S)
and a-consistent-UpdD: ae x = up-0a = 0
using assms
by (auto simp add: join-below-iff env-restr-join a-consistent.simps
elim:below-trans| OF env-restr-mono[OF ABinds-delete-below]))

lemma a-consistent-let:

assumes a-consistent (ae, a, as) (I, Let A e, S)

assumes atom ‘ domA A fx T’

assumes atom ‘ domA A fx S

assumes edom ae N domA A = {}

shows a-consistent (Aheap A e-a U ae, a, as) (A QT, e, S)
proof—

First some boring stuff about scope:

have [simp]: A S. S C domA A = ae f|*S = L using assms(4) by auto
have [simp]: ABinds A-(Aheap A e-a U ae) = ABinds A-(Aheap A e-a)
by (rule Abinds-env-restr-cong) (simp add: env-restr-join)

have [simp]: Aheap A e-a f|*domAT = L
using fresh-distinct[OF assms(2)]
by (auto intro: env-restr-empty dest!: set-mp[OF edom-Aheap))

have [simp]: ABinds I'-(Aheap A e-a U ae) = ABinds I'-ae
by (rule Abinds-env-restr-cong) (simp add: env-restr-join)

have [simp]: ABinds T-ae f|* (domA A U domA T U upds S) = ABinds T'-ae f|* (domA T U
upds S)
using fresh-distinct-fo[ OF assms(2)]
by (auto intro: env-restr-cong dest!: set-mp[OF edom-AnalBinds))

have [simp|: AEstack as S f|¢ (domA A U domA T' U upds S) = AEstack as S f|* (domA T
U upds S)
using fresh-distinct-fo[ OF assms(3)]
by (auto intro: env-restr-cong dest!: set-mp[OF edom-AEstack])

have [simp]: Aexp (Let A e)-a f|° (domA A U domAT U upds S) = Aexp (Terms.Let A e)-a
f1¢ (domA T U upds S)
by (rule env-restr-cong) (auto dest!: set-mp[OF Aexp-edom))

have [simp]: Aheap A e-a f|* (domA A U domA T U upds S) = Aheap A e-a
by (rule env-restr-useless) (auto dest!: set-mp[OF edom-Aheap))
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have ((ABinds T')-ae U AFEstack as S) f|* (domA T U upds S) C ae using assms(1) by (auto
simp add: a-consistent.simps join-below-iff env-restr-join)

moreover

have Aexp (Let A e)-a f|* (domA IT' U upds S) C ae using assms(1) by (auto simp add:
a-consistent.simps join-below-iff env-restr-join)

moreover

have ABinds A-(Aheap A e-a) U Aexp e-a T Aheap A e-a U Aexp (Let A e)-a by (rule
Aexp-Let)

ultimately

have (ABinds (A Q I')-(Aheap A e-a U ae) U Aexp e-a U AEstack as S) f|¢ (domA (AQT")
U upds S) C Aheap A e-a U ae

by (auto 4 4 simp add: env-restr-join Abinds-append-disjoint[OF fresh-distinct|OF assms(2)]]
join-below-iff

simp del: join-comm
elim: below-trans below-trans|OF env-restr-mono))

moreover

note fresh-distinct|OF assms(2)]

moreover

from fresh-distinct-fu] OF assms(3)]

have domA A N upds S = {} by (auto dest!: set-mp[OF ups-fv-subset])

ultimately

show ?thesis using assms(1)

by (auto simp add: a-consistent.simps dest!: set-mp[OF edom-Aheap] intro: heap-upds-ok-append)
qed

lemma a-consistent-if 1:
assumes a-consistent (ae, a, as) (T, scrut ? el : e2, S)
shows a-consistent (ae, 0, a#as) (T, scrut, Alts el e2 # 5)
proof—
from assms
have Aexp (scrut ? el : e2)-a f|* (domAT U upds S) C ae by (auto simp add: a-consistent.simps
env-restr-join join-below-iff)
hence (dexp scrut-0 U Aexp el-a U Aexp e2-a) f|¢ (domA T U upds S) C ae
by (rule below-trans[OF env-restr-mono[OF Aexp-IfThenElse]])
thus ?thesis
using assms
by (auto simp add: a-consistent.simps join-below-iff env-restr-join)
qed

lemma a-consistent-if o:
assumes a-consistent (ae, a, a'#as’) (I, Bool b, Alts el e2 # S)
shows a-consistent (ae, a’, as’) (T, if b then el else e2, S)
using assms by (auto simp add: a-consistent.simps join-below-iff env-restr-join)

lemma a-consistent-alts-on-stack:
assumes a-consistent (ae, a, as) (I, Bool b, Alts el e2 # S)
obtains o’ as’ where as = a’ # as’ a = 0

using assms by (auto simp add: a-consistent.simps)
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lemma closed-a-consistent:
fv e = ({}uvar set) = a-consistent (L, 0, ) ([], e, [])
by (auto simp add: edom-empty-iff-bot a-consistent.simps dest!: set-mp[OF Aexp-edom))

end

end

65 ArityTransformSafe.tex

theory ArityTransformSafe

imports ArityTransform ArityConsistent ArityAnalysisSpec ArityFEtaFExpansionSafe Abstract-
Transform ConstOn

begin

locale CardinalityArity Transformation = ArityAnalysisLetSafeNoCard
begin
sublocale Abstract TransformBoundSubst
Aa . inca
Aa . pred-a
AAea. (a, Aheap A e-a)
fst
snd
A- 0
Aeta-expand
snd
apply standard
apply (simp add: Aheap-subst)
apply (rule subst-Aeta-expand)
done

abbreviation ccTransform where ccTransform = transform

lemma supp-transform: supp (transform a e) C supp e
by (induction rule: transform.induct)
(auto simp add: exp-assn.supp Let-supp dest!: set-mp|OF supp-map-transform| set-mp|OF
supp-map-transform-step| )
interpretation supp-bounded-transform transform
by standard (auto simp add: fresh-def supp-transform)

fun transform-alts :: Arity list = stack = stack
where
transform-alts - || = ||
| transform-alts (a#tas) (Alts el e2 # S) = (Alts (ccTransform a el) (ccTransform a e2))
# transform-alts as S
| transform-alts as (x # S) = x # transform-alts as S
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lemma transform-alts-Nil[simp]: transform-alts [| S = S
by (induction S) auto

lemma Astack-transform-alts|simp]:
Astack (transform-alts as S) = Astack S
by (induction rule: transform-alts.induct) auto

lemma fresh-star-transform-altsintro]: a §x S = a #* transform-alts as S
by (induction as S rule: transform-alts.induct) (auto simp add: fresh-star-Cons)

fun a-transform :: astate = conf = conf

where a-transform (ae, a, as) (T, e, S) =
(map-transform Aeta-expand ae (map-transform ccTransform ae T),
ccTransform a e,
transform-alts as S)

fun restr-conf :: var set = conf = conf
where restr-conf V (T, e, S) = (restrictA V' T, e, restr-stack V S)

inductive consistent :: astate = conf = bool where
consistentl [intro]:
a-consistent (ae, a, as) (T, e, S)
= (A z. 2 € thunks T = ae z = up-0)
= consistent (ae, a, as) (T, e, S)
inductive-cases consistentE[elim!]: consistent (ae, a, as) (T, e, S)

lemma closed-consistent:
assumes fv e = ({}::var set)
shows consistent (L, 0, []) ([], e, [])
by (auto simp add: edom-empty-iff-bot closed-a-consistent|OF assms])

lemma arity-tranform-safe:
fixes ¢ ¢’
assumes ¢ =* ¢’ and - boring-step ¢’ and heap-upds-ok-conf ¢ and consistent (ae,a,as)

shows Jae’ a’ as’. consistent (ae’;a’;as’) ¢’ A a-transform (ae,a,as) ¢ =* a-transform
(ae’,a’;as’) ¢’
using assms(1,2) heap-upds-ok-invariant assms(3—)
proof (induction ¢ ¢’ arbitrary: ae a as rule:step-invariant-induction)
case (app1 T ez §)
from app; have consistent (ae, inc-a, as) (T, e, Arg x # 5)
by (auto intro: a-consistent-app)
moreover
have a-transform (ae, a, as) (T, App e x, S) = a-transform (ae, inc-a, as) (T, e, Arg x #
3)
by simp rule
ultimately
show ?case by (blast del: consistent] consistentE)
next
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case (app2 ' y e 2 S)
have consistent (ae, pred-a, as) (T, e[y::=z], S) using appo
by (auto 4 3 intro: a-consistent-apps)
moreover
have a-transform (ae, a, as) (I, Lam [y]. e, Arg & # S) = a-transform (ae, pred - a, as)
(T, ely:=x], S) by (simp add: subst-transform[symmetric]) rule
ultimately
show ?case by (blast del: consistentl consistentE)
next
case (thunk T z e S)
hence z € thunks T by auto
hence [simp]: z € domA T by (rule set-mp[OF thunks-domA)])

from c(heap-upds-ok-conf (T, Var z, S)
have z ¢ upds S by (auto dest!: heap-upds-okE)

have z € edom ae using thunk by auto
have ae © = up-0 using thunk x € thunks T by (auto)

have a-consistent (ae, 0, as) (delete z T, e, Upd z # S) using thunk (ae x = up-0»
by (auto intro!: a-consistent-thunk-0 simp del: restr-delete)

hence consistent (ae, 0, as) (delete x T, e, Upd x # S) using thunk <ae z = up-0
by (auto simp add: restr-delete-twist)

moreover

from map-of T' z = Some e) cae x = up-O
have map-of (map-transform Aeta-ezpand ae (map-transform ccTransform ae I')) z = Some
(transform 0 e)
by (simp add: map-of-map-transform)
with (= isVal e
have a-transform (ae, a, as) (I, Var z, S) = a-transform (ae, 0, as) (delete x T, e, Upd x
# 5)
by (auto simp add: map-transform-delete restr-delete-twist intro!: step.intros simp del:
restr-delete)
ultimately
show ?case by (blast del: consistent] consistentE)
next
case (lamvar " z e S)
from lamvar(1) have [simp]: © € domA T by (metis domI dom-map-of-conv-domA)

have up-a C (Aexp (Var z)-a f|° (domA T U upds S)) =
by (simp) (rule Aexp-Var)
also from lamvar have Aexp (Var z)-a f|* (domA T U upds S) T ae by (auto simp add:
join-below-iff env-restr-join a-consistent.simps)
finally
obtain u where ae z = up-u by (cases ae x) (auto simp add: edom-def)
hence z € edom ae by (auto simp add: edomlIff)

have a-consistent (ae, u, as) ((z,e) # delete z T, e, S) using lamvar (ae x = up-w
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by (auto intro!: a-consistent-lamvar simp del: restr-delete)
hence consistent (ae, u, as) ((z, e) # delete z T, e, S)

using lamvar by (auto simp add: thunks-Cons restr-delete-twist elim: below-trans)
moreover

from (a-consistent - -
have Astack (transform-alts as S) C u by (auto elim: a-consistent-stackD)

{

from <isVal e
have isVal (transform u e) by simp
hence isVal (Aeta-expand u (transform u e)) by (rule isVal-Aeta-expand)
moreover
from (map-of T' x = Some e <ae x = up - w sVal (transform u e))
have map-of (map-transform Aeta-expand ae (map-transform transform ae T')) z = Some
(Aeta-expand u (transform u e))
by (simp add: map-of-map-transform)
ultimately
have a-transform (ae, a, as) (T, Var z, S) =*
((z, Aeta-expand u (transform w e)) # delete © (map-transform Aeta-expand ae
(map-transform transform ae I")), Aeta-expand u (transform u e), transform-alts as S)
by (auto intro: lambda-var simp del: restr-delete)
also have ... = ((map-transform Aeta-expand ae (map-transform transform ae ((xz,e) #
delete x T))), Aeta-expand u (transform u e), transform-alts as S)
using (ae x = up - w (sVal (transform u e)
by (simp add: map-transform-Cons map-transform-delete del: restr-delete)
also(subst[rotated]) have ... =* a-transform (ae, u, as) ((z, e) # delete x T, e, S)
by (simp add: restr-delete-twist) (rule Aeta-expand-safe[OF (Astack - C w])
finally (rtranclp-trans)
have a-transform (ae, a, as) (I';, Var z, S) =* a-transform (ae, u, as) ((z, ) # delete
T, e 9).
}
ultimately show ?case by (blast del: consistent] consistentE)
next
case (vars 'z e S)
from wvars
have a-consistent (ae, a, as) (I, e, Upd xz # S) by auto
from a-consistent-UpdD[OF this)
have ae z = up-0 and a = 0.

have a-consistent (ae, a, as) ((z, e) # T, e, S)
using vare by (auto intro!: a-consistent-vars)
hence consistent (ae, 0, as) ((z, e) # I', e, S)
using vars (@ = 0
by (auto simp add: thunks-Cons elim: below-trans)
moreover
have a-transform (ae, a, as) (I, e, Upd z # S) = a-transform (ae, 0, as) ((z, e) # T, e,
S)

using (ae r = up-0> (@ = 0) vars
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by (auto intro!: step.intros simp add: map-transform-Cons)
ultimately show ?case by (blast del: consistent] consistentE)
next
case (lety AT e §)
let ?ae = Aheap A e-a

have domA A N upds S = {} using fresh-distinct-fo[OF let1(2)] by (auto dest: set-mp[OF
ups-fu-subset])
hence : A\ z. z € upds S = z ¢ edom %ae by (auto simp add: dest!: set-mp[OF
edom-Aheap))
have restr-stack-simp2: restr-stack (edom (?ae U ae)) S = restr-stack (edom ae) S
by (auto intro: restr-stack-cong dest!: *)

have edom ae C domA T U upds S using let; by (auto dest!: a-consistent-edom-subsetD)
from set-mp[OF this| fresh-distinct[OF let1(1)] fresh-distinct-fo[ OF let1(2)]
have edom ae N domA A = {} by (auto dest: set-mp|OF ups-fo-subset))

{
{fixze

assume z € thunks I’
with let;
have (?ae U ae) x = up-0 by auto

}

moreover
{fixze
assume z € thunks A
hence (%ae U ae) © = up-0 by (auto simp add: Aheap-heapd)

}

moreover

have a-consistent (ae, a, as) (I, Let A e, S)
using let; by auto
hence a-consistent (?ae U ae, a, as) (A QT, e, S)
using let1(1,2) edom ae N domA A = {}
by (auto introl: a-consistent-let simp del: join-comm)
ultimately
have consistent (ae U ae, a, as) (A QT e, S)
by auto

}

moreover
{
have \ z. 2 € domA T = z ¢ edom %ae
using fresh-distinct|OF let1(1)]
by (auto dest!: set-mp[OF edom-Aheap))
hence map-transform Aeta-expand (%ae U ae) (map-transform transform (?ae U ae) T)
= map-transform Aeta-expand ae (map-transform transform ae T')
by (auto intro!: map-transform-cong restrictA-cong simp add: edomlIff)
moreover
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from <edom ae C domA T' U upds S>
have A z.z € domA A = z ¢ edom ae
using fresh-distinct|OF let1(1)] fresh-distinct-fo[ OF let1(2)]
by (auto dest!: set-mp[OF ups-fv-subset])
hence map-transform Aeta-expand (?ae U ae) (map-transform transform (?ae U ae) A)
= map-transform Aeta-expand ?ae (map-transform transform ?ae A)
by (auto introl: map-transform-cong restrictA-cong simp add: edomlIff)
ultimately

have a-transform (ae, a, as) (I', Let A e, S) = a-transform (%ae U ae, a, as) (A QT
e, S)
using restr-stack-simp2 let1(1,2)
apply (auto simp add: map-transform-append restrictA-append restr-stack-simp2[simplified]
map-transform-restrA)
apply (rule step.lety)
apply (auto dest: set-mp|OF edom-Aheap])
done
}
ultimately
show ?case by (blast del: consistent] consistentE)
next
case (if1 T scrut el e2 S)
have consistent (ae, 0, a#tas) (T, scrut, Alts el e2 # 5)
using if; by (auto dest: a-consistent-if 1)
moreover
have a-transform (ae, a, as) (T, scrut ? el : €2, S) = a-transform (ae, 0, a#as) (T, scrut,
Alts el e2 # 5)
by (auto intro: step.intros)
ultimately
show ?case by (blast del: consistent] consistentE)
next
case (ifa ' b el e29)
hence a-consistent (ae, a, as) (T, Bool b, Alts el e2 # S) by auto
then obtain a’ as’ where [simp]: as = o’ # as’ a = 0
by (rule a-consistent-alts-on-stack)

have consistent (ae, a’, as’) (T, if b then el else e2, S)
using ifs by (auto dest!: a-consistent-if3)
moreover
have a-transform (ae, a, as) (I', Bool b, Alts el e2 # S) = a-transform (ae, a’, as’) (T,
if b then el else e2, S)
by (auto intro: step.if o[where b = True, simplified] step.if o[where b = False, simplified))
ultimately
show ?Zcase by (blast del: consistentl consistentE)
next
case refl thus ?case by auto
next
case (trans c ¢’ ¢')
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from trans(3)[OF trans(5)]

obtain ae’ a’ as’ where consistent (ae’, a’, as’) ¢’ and *: a-transform (ae, a, as) ¢ =

a-transform (ae’; a’, as’) ¢’ by blast
from trans(4)[OF this(1)]

!/ 1

*

obtain ae” a’’ as’ where consistent (ae’’, a’’, as'’) ¢’ and *x: a-transform (ae’, a’, as’)

¢’ =* a-transform (ae’, a'"’; as'’) ¢'' by blast
from this(1) rtranclp-trans[OF * xx]
show ?case by blast
qed
end

end

66 Set-Cpo.tex

theory Set—Cpo
imports ~~/src/HOL/HOLCF |HOLCF
begin

default-sort type

instantiation set :: (type) below
begin
definition below-set where op C = op C
instance..
end

instance set :: (type) po
by standard (auto simp add: below-set-def)

lemma is-lub-set:
S <<lys
by (auto simp add: is-lub-def below-set-def is-ub-def)

lemma lub-set: lub S =J S
by (metis is-lub-set lub-eql)

instance set :: (type) cpo
by standard (rule exI, rule is-lub-set)

lemma minimal-set: {} C S
unfolding below-set-def by simp

instance set :: (type) pepo
by standard (rule+, rule minimal-set)

lemma set-contl:
assumes A Y. chain Y = f (|| i. Yi)=U (f ‘range Y)
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shows cont f
proof (rule contl)

fix Y :: nat = 'a

assume chain Y

hence f (|| i. Yi) = (f ‘ range Y) by (rule assms)

also have ... = J (range (Ai. f (Y 1)) by simp

finally

show range (Ai. f (Y 1)) <<| f (|] 4. Y i) using is-lub-set by metis
qed

lemma set-set-contl:
assumes A S. f(US)=U (f<9)
shows cont f
by (metis set-contl assms is-lub-set lub-eql)

lemma adm-subseteq[simp):
assumes cont f
shows adm (Ma. fa C S)
by (rule admlI)(auto simp add: cont2contlubE[OF assms] lub-set)

lemma adm-Ball[simp]: adm (AS. Vz€S. P 1)
by (auto introl: adml simp add: lub-set)

lemma finite-subset-chain:
fixes Y :: nat = ’a set
assumes chain Y
assumes S C UNION UNIV'Y
assumes finite S
shows 47. S C Y ¢
proof—
from assms(2)
have Vz € S. 3 i. x € Y i by auto
then obtain f where f:V z€ S. 2z € Y (f z) by metis

def i = Maz (f ¢ S)
from (finite S)
have finite (f < S) by simp
hence V z€S. fz < i unfolding i-def by auto
with chain-mono[OF (chain Y)]
have V z€S. Y (fz) C Y i by (auto simp add: below-set-def)
with f
have S C Y i by auto
thus ?thesis..
qed

lemma diff-cont[THEN cont-compose, simp, cont2cont]:
fixes S’ :: 'a set
shows cont (AS. S — §')

by (rule set-set-contl) simp
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end

67 Env-Set-Cpo.tex

theory Env—Set—Cpo
imports Env Set— Cpo
begin

lemma cont-edom|THEN cont-compose, simp, cont2cont]:
cont (A f. edom f)
apply (rule set-contl)
apply (auto simp add: edom-def)
apply (metis ch2ch-fun lub-eq-bottom-iff lub-fun)
apply (metis ch2ch-fun lub-eq-bottom-iff lub-fun)
done

Py

end

68 CoCallGraph.tex

theory CoCallGraph
imports Vars HOLCF —Join— Classes HOLCF — Utils Set— Cpo
begin

default-sort type

typedef CoCalls = {G :: (var x var) set. sym G}
morphisms Rep-CoCall Abs-CoCall
by (auto intro: exI[where z = {}] syml)

setup-lifting type-definition-CoCalls

instantiation CoCalls :: po
begin
lift-definition below-CoCalls :: CoCalls = CoCalls = bool is op C.
instance
apply standard
apply ((transfer, auto)+)
done
end

lift-definition coCallsLub :: CoCalls set = CoCalls is A S.|J S
by (auto intro: symlI elim: symE)

lemma coCallsLub-is-lub: S <<| coCallsLub S
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proof (rule is-lubl)

show S <| coCallsLub S

by (rule is-ubl, transfer, auto)

next

fix u

assume S <| u

hence Vz € S. z C u by (auto dest: is-ubD)

thus coCallsLub S C u by transfer auto
qed

instance CoCalls :: cpo
proof

fix S :: nat = CoClalls

show Jz. range S <<| x using coCallsLub-is-lub..
qed

lemma ccLubTransfer[transfer-rule]: (rel-set per-CoCalls ===> per-CoCalls) Union lub
proof—
have lub = coCallsLub
apply (rule)
apply (rule lub-eql)
apply (rule coCallsLub-is-lub)
done
with coCallsLub.transfer
show ?thesis by metis
qed

lift-definition is-cc-lub :: CoCalls set = CoCalls = bool is (A Sz . © = Union S).

lemma ccis-lubTransfer[transfer-rule]: (rel-set pcr-CoCalls ===> pcr-CoCalls ===> op =)
(AMSz .z = Union S) op <<|
proof—

have A\ z za . is-cc-lub © za +— za = coCallsLub z by transfer auto
hence is-cc-lub = op <<|
apply —
apply (rule, rule)
by (metis coCallsLub-is-lub is-lub-unique)
thus ?thesis using is-cc-lub.transfer by simp
qed

lift-definition coCallsJoin :: CoCalls = CoCalls = CoCalls is op U
by (rule sym-Un)

lemma ccJoinTransfer[transfer-rule]: (per-CoCalls ===> pcr-CoCalls ===> pcr-CoCalls) op
U op U
proof—
have op U = coCallsJoin
apply (rule)
apply rule

225



apply (rule lub-is-join)
unfolding is-lub-def is-ub-def
apply transfer
apply auto
done

with coCallsJoin.transfer

show ?thesis by metis

qed

lift-definition ccEmpty :: CoCalls is {} by (auto intro: syml)

lemma ccEmpty-below[simp]: ccEmpty C G
by transfer auto

instance CoCalls :: pcpo

proof
have Vy . ccEmpty C y by transfer simp
thus 3z. Vy. (z::CoCllls) C y..

qed

lemma ccBotTransfer|transfer-rule]: per-CoCalls {} L
proof—

have Az. ccEmpty T x by transfer simp

hence ccEmpty = L by (rule bottomI)

thus ?thesis using ccEmpty.transfer by simp
qed

lemma cc-lub-below-iff :
fixes G :: CoCalls
shows lub X C G +— (V G’'eX. G'C G)
by transfer auto

lift-definition ccField :: CoCalls = var set is Field.

lemma ccField-nil[simp): ccField L = {}
by transfer auto

lift-definition
inCC :: var = var = CoCalls = bool (-——-€- [1000, 1000, 900] 900)
isAzys. (z,y) € s.

abbreviation
notInCC' :: var = var = CoCalls = bool (-——-¢- [1000, 1000, 900] 900)
where z——y¢S = - x——yeS

lemma notInCC-bot[simp|: x——yeL <— False
by transfer auto

lemma below-CoCallsI:

226



ANzy z2—yeG = z——yeG) = G C G’
by transfer auto

lemma CoCalls-eql:
ANzy. z2—yeG +— z——yeG) = G = G’
by transfer auto

lemma in-join[simp]:
z——y € (GUG') +— z——yeG V z——yeG’
by transfer auto

lemma in-lub[simp]: z——ye(lub ) +— (3 G€S. z——yeq)
by transfer auto

lemma in-CoCallsLubl:
r——ye@ = G € S = z——y€club §
by transfer auto

lemma adm-not-in[simp):
assumes cont ¢
shows adm (\a. z——y¢t a)
by (rule admlI) (auto simp add: cont2contlubE[OF assms))

lift-definition cc-delete :: var = CoCalls = CoCalls
is A z. Set.filter (A (z,y) .z # 2 Ny # 2)
by (auto intro!: syml elim: symE)

lemma ccFlield-cc-delete: ccField (cc-delete x S) C ccField S — {z}
by transfer (auto simp add: Field-def )

lift-definition ccProd :: var set = var set = CoCalls (infixr Gx 90)
is A §1.52. 51 x S2 U S2 x S1
by (auto intro!: syml elim: symFE)

lemma ccProd-empty[simp]: {} Gx S = L by transfer auto
lemma ccProd-empty’[simp]: S Gx {} = L by transfer auto

lemma ccProd-union2[simp]: S Gx (S'U S") =8 Gx S'USGx S”
by transfer auto

lemma ccProd-Union2[simp]: S Gx |JS' = (|| X€S5'. ccProd S X)
by transfer auto

lemma ccProd-Union2/[simp]: S Gx (JXeS' fX) = (] Xe€S'. ccProd S (f X))
by transfer auto

lemma in-ccProd[simp]: 2——ye(S Gx S =(x e SAyeS'Vee S Ayelbl)
by transfer auto
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lemma ccProd-unionl[simp]: (S'U S") Gx S =8"Gx SUS" Gx S
by transfer auto

lemma ccProd-insert2: S Gx insert t S’ = S Gx {z} U S Gx S’
by transfer auto

lemma ccProd-insertl: insert x S' Gx S = {z} Gx SU S Gx S
by transfer auto

lemma ccProd-monol: S'C S = S8’ Gx SC S" Gx S
by transfer auto

lemma ccProd-mono2: S'C S = S Gx S'C S Gx S"
by transfer auto

lemma ccProd-mono: S C S8 ' = T CT'= SGx TC S'"Gx T'
by transfer auto

lemma ccProd-comm: S Gx S’ = 8’ Gx S by transfer auto

lemma ccProd-belowl:
Nzy.zelS=yel =1——yeG) = SGx S'C G
by transfer (auto elim: symFE)

lift-definition cc-restr :: var set = CoCalls = CoCalls
is A §. Set.filter (A (z,y) .2 € SAyeS)
by (auto intro!: syml elim: symFE)

abbreviation cc-restr-sym (infixl G|¢ 110) where G G|‘ S = cc-restr S G

lemma elem-cc-restr[simp]: t——ye(G G| S) = (z——yeG ANz € SNy €S)
by transfer auto

lemma ccField-cc-restr: ccField (G G|¢S) C ccField G N S
by transfer (auto simp add: Field-def)

lemma cc-restr-empty: ccField G C — S = G G|*S =L
apply transfer
apply (auto simp add: Field-def)
apply (drule DomainI)
apply (drule (1) set-mp)
apply simp
done

lemma cc-restr-empty-set[simp|: cc-restr {} G = L
by transfer auto
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lemma cc-restr-noop[simp): ccField G C S = cc-restr S G = G
by transfer (force simp add: Field-def dest: Domainl Rangel elim: set-mp)

lemma cc-restr-bot[simp): cc-restr S L = 1
by simp

lemma ccRestr-ccDelete[simp]: cc-restr (—{z}) G = cc-delete © G
by transfer auto

lemma cc-restr-join[simp]:
ce-restr S (G U G') = ce-restr S G U cc-restr S G’
by transfer auto

lemma cont-cc-restr: cont (cc-restr S)
apply (rule contl)
apply (thin-tac chain -)
apply transfer
apply auto
done

lemmas cont-compose[OF cont-cc-restr, cont2cont, simp]

lemma cc-restr-monol:
S C 8" = cc-restr S G C cc-restr S’ G by transfer auto

lemma cc-restr-mono2:
G C G' = cc-restr S G C cc-restr S G’ by transfer auto

lemma cc-restr-below-arg:
cc-restr S G C G by transfer auto

lemma cc-restr-lub[simp]:
ce-restr S (lub X) = (|| GeX. cc-restr S G) by transfer auto

lemma elem-to-ccField: x——yeG = © € ccField G N y € ccField G
by transfer (auto simp add: Field-def)

lemma ccField-to-elem: © € ccField G = 3 y. x——yeq@
by transfer (auto simp add: Field-def dest: symD)

lemma cc-restr-intersect: ccField G N ((S — S) U (S — 8)) = {} = cc-restr S G = cc-restr
S G
by (rule CoCalls-eql) (auto dest: elem-to-ccField)

lemma cc-restr-ce-restr[simp|: cc-restr S (cc-restr S’ G) = cc-restr (S N S) G
by transfer auto

lemma cc-restr-twist: cc-restr S (cc-restr S’ G) = cc-restr S’ (cc-restr S Q)
by transfer auto
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lemma cc-restr-ce-delete-twist: cc-restr x (cc-delete S G) = cc-delete S (cc-restr © G)
by transfer auto

lemma cc-restr-ccProd[simp]:
ce-restr S (ccProd S1 S3) = ecProd (S1 N S) (S2 N S)
by transfer auto

lemma ccProd-below-cc-restr:
ccProd S S' € cc-restr 8" G +— ccProd SS'C GA(S={}v S ={}vSCS'"AS C
S//)

by transfer auto

lemma cc-restr-eq-subset: S C S’ = cc-restr S’ G = cc-restr S’ G2 = cc-restr S G = cc-restr
S G2
by transfer’ (auto simp add: Set.filter-def )

definition ccSquare (-2 [80] 80)
where S = ccProd S S

lemma ccField-ccSquare[simp): ccField ($?) = S
unfolding ccSquare-def by transfer (auto simp add: Field-def)

lemma below-ccSquareliff]: (G C $?) = (ccField G C S)
unfolding ccSquare-def by transfer (auto simp add: Field-def)

lemma cc-restr-ccSquare[simp]: (S?) G| S = (S’ N 8)?
unfolding ccSquare-def by auto

lemma ccSquare-empty[simp]: {}? = L
unfolding ccSquare-def by simp

lift-definition ccNeighbors :: var = CoCalls = var set
isAz G . {y.(yx) € GV (z,y) € G}.

lemma ccNeighbors-bot[simp]: ccNeighbors x L = {} by transfer auto

lemma cont-ccProdl:
cont (A S. ecProd S S7)
apply (rule contl)
apply (thin-tac chain -)
apply (subst lub-set)
apply transfer
apply auto
done

lemma cont-ccProd2:

cont (A S'. ccProd S S’)
apply (rule contl)
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apply (thin-tac chain -)
apply (subst lub-set)
apply transfer

apply auto

done

lemmas cont-compose2[OF cont-ccProdl cont-ccProd2, simp, cont2cont]

lemma cont-ccNeighbors|[THEN cont-compose, cont2cont, simp]:
cont (\y. ccNeighbors x y)
apply (rule set-contl)
apply (thin-tac chain -)
apply transfer
apply auto
done

lemma ccNeighbors-join[simp|: ccNeighbors x (G U G') = ccNeighbors & G U ccNeighbors x
G/
by transfer auto

lemma ccNeighbors-ccProd:
ccNeighbors © (ccProd S S') = (if v € S then S’ else {}) U (if x € S’ then S else {})
by transfer auto

lemma ccNeighbors-ccSquare:
ceNeighbors © (ccSquare S) = (if x € S then S else {})
unfolding ccSquare-def by (auto simp add: ccNeighbors-ccProd)

lemma ccNeighbors-ce-restr[simp]:
ccNeighbors x (cc-restr S G) = (if © € S then ccNeighbors © G N S else {})
by transfer auto

lemma ccNeighbors-mono:
G C G’ = ccNeighbors x G C ccNeighbors © G’
by transfer auto

lemma subset-ccNeighbors:
S C ecNeighbors © G «— ccProd {z} S C G
by transfer (auto simp add: sym-def)
lemma elem-ccNeighbors[simp]:
y € ccNeighbors x G +— (y——z€G)
by transfer (auto simp add: sym-def)

lemma ccNeighbors-ccField:
ccNeighbors x G C ccField G by transfer (auto simp add: Field-def)

lemma ccNeighbors-disjoint-empty[simp):
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ccNeighbors © G = {} +— x ¢ ccField G
by transfer (auto simp add: Field-def)

instance CoCalls :: Join-cpo
by standard (metis coCallsLub-is-lub)

lemma ccNeighbors-lub[simp]: ccNeighbors © (lub Gs) = lub (ccNeighbors x ¢ Gs)
by transfer (auto simp add: lub-set)

inductive list-pairs :: 'a list = (‘a x 'a) = bool
where list-pairs s p = list-pairs (x#zs) p
| y € set xs = list-pairs (z#zs) (z,y)

lift-definition ccFromList :: var list = CoCalls is X zs. {(z,y). list-pairs xs (xz,y) V list-pairs

s (y,z)}
by (auto intro: syml)

lemma ccFromList-Nil[simp]: ccFromList [| = L
by transfer (auto elim: list-pairs.cases)

lemma ccFromList-Cons[simp]: ccFromList (x#xs) = ccProd {z} (set zs) U ccFromList xs
by transfer (auto elim: list-pairs.cases intro: list-pairs.intros)

lemma ccFromList-append[simp]: ccFromList (xsQys) = ccFromList xs U ccFromList ys U
ccProd (set xs) (set ys)
by (induction xs) (auto simp add: ccProd-insertl [where S’ = set zs for xs])

lemma ccFromList-filter|simp]:
ccFromList (filter P xs) = cc-restr {z. Pz} (ccFromList xs)
by (induction xs) (auto simp add: Collect-cong-eq)

lemma ccFromList-replicate|simp]: ccFromList (replicate n z) = (if n < I then L else ccProd

{z} {z})

by (induction n) auto

definition ccLinear :: var set = CoCalls = bool
where ccLinear S G = (V z€S5.V yeS. z——y¢G)

lemma ccLinear-bottom[simp]:
ccLinear S L
unfolding ccLinear-def by simp

lemma ccLinear-empty|simp]:
ccLinear {} G
unfolding ccLinear-def by simp

lemma ccLinear-lub[simp]:

ccLinear S (lub X) = (V GeX. ccLinear S G)
unfolding ccLinear-def by auto
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lemma ccLinear-ce-restr|intro]:
ccLinear S G = ccLinear S (cc-restr S’ G)
unfolding ccLinear-def by transfer auto

lemma ccLinear-join|simp]:
ccLinear S (G U G') «— ccLinear S G A ccLinear S G’
unfolding ccLinear-def
by transfer auto

lemma ccLinear-ccProd[simp]:
ccLinear S (ccProd S1 S3) +— S1NS={}vSnS={}
unfolding ccLinear-def
by transfer auto

lemma ccLinear-monol: ccLinear S’ G = S C 8’ = ccLinear S G
unfolding ccLinear-def
by transfer auto

lemma ccLinear-mono2: ccLinear S G' = G T G’ = ccLinear S G
unfolding ccLinear-def
by transfer auto

lemma ccFlield-join[simp]:
ccField (G U G') = ccField G U ccField G’ by transfer auto

lemma ccField-lublsimp):
ccField (lub S) = | (ccField ¢ S) by transfer auto

lemma ccField-ccProd:
ccField (ccProd S S') = (if S = {} then {} else if S" = {} then {} else S U S
by transfer (auto simp add: Field-def)

lemma ccField-ccProd-subset:
ccField (ecProd S S) € S U S’
by (simp add: ccField-ccProd)

lemma cont-ccField[THEN cont-compose, simp, cont2cont]:
cont ccField

by (rule set-contl) auto

end
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69 CoCallAnalysisSig.tex

theory CoCallAnalysisSig
imports Terms Arity CoCallGraph
begin

locale CoCallAnalysis =
fixes ccExp :: exp = Arity — CoCalls
begin
abbreviation ccEzp-syn (G-)
where G, = (\e. ccExp e-a)
abbreviation ccEzp-bot-syn (G*.)
where G+, = (\e. fup-(ccExp €)-a)
end

locale CoCallAnalyisHeap =
fixes ccHeap :: heap = exp = Arity — CoCalls

end

70 AlList-Utils-HOLCF.tex

theory AList— Utils—HOLCF
imports HOLCF — Utils HOLCF —Join— Classes AList— Utils
begin

syntax
-BLubMap :: [pttrn, pttrn, 'a — 'b, 'b] = b ((3|]/-/—~/-/€/-/-/ -) [0,0,0, 10] 10)

translations
L] k—vem. e == CONST lub (CONST mapCollect (A\k v . ) m)

lemma below-lubmapl [intro]:
m k = Some v = (e k v::'a::Join-cpo) C (| | k—veEm. e kv)
unfolding mapCollect-def by auto

lemma lubmap-belowl [intro]:
(Akv.mk= Somev = (ekuv:'a:Join-cpo) C u) = (|| k—vem. ek v) C u
unfolding mapCollect-def by auto

lemma lubmap-const-bottom|[simp]:
(L] k—vem. L) = (L:'a:Join-cpo)
by (cases m = empty) auto

lemma lubmap-map-upd|simp]:
fixes e :: 'a = 'b = (‘¢ :: Join-cpo)
shows (| |k—vem(k’ — v'). ekv) = ek’ v'U (| |k—veEm(k:=None). e k v)
by simp
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lemma [lubmap-below-cong:
assumes A\ kv. mk = Somev = fl kv C (f2kwv : 'a:: Join-cpo)
shows (|| k—vem. f1 kv) C (|| k—vem. f2kv)
apply (rule lubmap-belowl)
apply (rule below-trans|OF assms|, assumption)
apply (rule below-lubmapl, assumption)
done

lemma cont2cont-lubmap|simp, cont2cont]:
assumes (A\k v . cont (fk v))
shows cont (A\x. | | k—vem. (fkvz) = ‘a :: Join-cpo)
proof (rule contI2)
show monofun (\z. | |k—vem. fkv )
apply (rule monofunl)
apply (rule lubmap-below-cong)
apply (erule cont2monofunE[OF assms])
done
next
fix YV :: nat = 'd
assume chain Y
assume chain (\i. | |k—vem. fkv (Y i))

show (| |k—vem. fko (] i. Y1) C (] 4 ||k—=vem. fko (Y i))
apply (subst cont2contlubE[OF assms (chain Y)))
apply (rule lubmap-belowl )
apply (rule lub-mono[OF ch2ch-cont|OF assms <chain Y)] chain (Mi. | |k—vem. fkv (Y
o)
apply (erule below-lubmapl)
done
qed

end

71 CoCallGraph-Nominal.tex

theory CoCallGraph— Nominal
imports CoCallGraph Nominal—HOLCF
begin

instantiation CoCalls :: pt
begin
lift-definition permute-CoClalls :: perm = CoCalls = CoClalls is permute
by (auto intro!: syml elim: symE simp add: mem-permute-set)
instance

235



apply standard
apply (transfer, simp)+
done

end

instance CoCalls :: cont-pt
apply standard
apply (rule conti2)
apply (rule monofunl)
apply transfer
apply (metis (full-types) True-equt subset-equt)
apply (thin-tac chain -)+
apply transfer
apply simp
done

lemmas lub-equt|OF exists-lub, simp, equt]

lemma cc-restr-perm:

fixes G :: CoCalls

assumes supp p fx S and [simp]: finite S

shows cc-restr S (p - G) = cc-restr S G

using assms

apply —

apply transfer

apply (auto simp add: mem-permute-set)

apply (subst (asm) perm-supp-eq, simp add: supp-minus-perm, metis (full-types) fresh-def
fresh-star-def supp-set-elem-finite)+

apply assumption

apply (subst perm-supp-eq, simp add: supp-minus-perm, metis (full-types) fresh-def fresh-star-def
supp-set-elem-finite)+

apply assumption

done

lemma inCC-equtfequt]: m - (z——y€q) = (mx)——(m-y)e(n-G)
by transfer auto

lemma cc-restr-equt[equt]: m - cc-restr S G = cc-restr (w - S) (7 - G)
by transfer (perm-simp, rule)

lemma ccProd-equt|equt]: m - ccProd S S’ = ccProd (w -+ S) (7 - S)
by transfer (perm-simp, rule)

lemma ccSquare-equt[equt]: T « ccSquare S = ccSquare (w - S)
unfolding ccSquare-def
by perm-simp rule

lemma ccNeighbors-equt[equt]: - ccNeighbors S G = ccNeighbors (m - S) (7 - G)
by transfer (perm-simp, rule)
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end

72 CoCallAnalysisBinds.tex

theory CoCallAnalysisBinds
imports CoCallAnalysisSig AEnv AList— Utils— HOLCF Arity— Nominal CoCallGraph— Nominal
begin

context CoCallAnalysis
begin
definition ccBind :: var = exp = ((AEnv x CoCalls) — CoClalls)
where ccBind ve = (A (ae, G). if (v——v€G) V = isVal e then cc-restr (fv e) (fup-(ccExp
e)-(ae v)) else ccSquare (fv e))

lemma ccBind-eq:
ccBind v e-(ae, G) = (if v——vg€ G V = isVal e then G ge v € G|* fv e else (fv €)?)
unfolding ccBind-def
apply (rule cfun-beta-Pair)
apply (rule cont-if-else-above)
apply simp
apply simp
apply (auto dest: set-mp|[OF ccField-cc-restr])[1]

apply (case-tac p, auto, transfer, auto)[1]

apply (rule adm-subst[OF cont-snd)])

apply (rule adml, thin-tac chain -, transfer, auto)
done

lemma ccBind-strict[simp]: ccBind ve - L = 1
by (auto simp add: inst-prod-pcpo ccBind-eq simp del: Pair-strict)

lemma ccFlield-ccBind: ccField (ccBind v e-(ae,G)) C fu e
by (auto simp add: ccBind-eq dest: set-mp|OF ccField-cc-restr])

definition ccBinds :: heap = ((AEnv x CoCalls) — CoCalls)
where ccBinds T' = (A i. (| |v—e€map-of T'. ccBind v e-i))

lemma ccBinds-eq:
ccBinds T+i = (| |v—e€map-of T. ceBind v e-7)
unfolding ccBinds-def
by simp

lemma ccBinds-strict[simp]: ccBinds T-1=1
unfolding ccBinds-eq
by (cases T' = []) simp-all

lemma ccBinds-strict[simp]: ccBinds T-(L,1)=1
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by (metis CoCallAnalysis.ccBinds-strict Pair-bottom-iff)

lemma ccBinds-reorderl:
assumes map-of I' v = Some e
shows ccBinds I' = ccBind v e U ccBinds (delete v T')
proof—
from assms
have map-of T' = map-of ((v,e) # delete v T') by (metis map-of-delete-insert)
thus ?thesis
by (auto intro: cfun-eql simp add: ccBinds-eq delete-set-none)
qed

lemma ccBinds-Nil[simp]:
ccBinds [| = L
unfolding ccBinds-def by simp

lemma ccBinds-Cons|simp]:
ccBinds ((z,e)#T') = ccBind x e U ccBinds (delete © T')
by (subst ccBinds-reorder! [where v = z and e = e¢]) auto

lemma ccBind-below-ccBinds: map-of T' x = Some e = ccBind z e-ae T (ccBinds I'ae)
by (auto simp add: ccBinds-eq)

lemma ccField-ccBinds: ccField (ccBinds T-(ae,G)) C fu T
by (auto simp add: ccBinds-eq dest: set-mp|OF ccField-ccBind) intro: set-mp|OF map-of-Some-fv-subset))

definition ccBindsExtra :: heap = ((AEnv x CoCalls) — CoClalls)
where ccBindsExtra T = (A i. snd i U ccBinds T' - i U (| |z—e€map-of T. ccProd (fv e)
(ecNeighbors z (snd 1))))

lemma ccBindsExtra-simp: ccBindsExtra T' - i =snd i U ccBinds T' - i U (| Jz—~e€map-of T.
ccProd (fv e) (ccNeighbors x (snd i)))
unfolding ccBindsEztra-def by simp

lemma ccBindsEztra-eq: ccBindsExtra T-(ae,G) =
G U ccBinds T-(ae,G) U (| |z—e€map-of T'. fo e Gx ccNeighbors © G)
unfolding ccBindsEztra-def by simp

lemma ccBindsExtra-strict[simp]: ccBindsExtra T - L = 1
by (auto simp add: ccBindsExtra-simp inst-prod-pcpo simp del: Pair-strict)

lemma ccField-ccBindsExtra:
ccField (ccBindsExtra T'-(ae,G)) C fo I' U ccField G
by (auto simp add: ccBindsExtra-simp elem-to-ccField
dest!: set-mp[OF ccField-ccBinds| set-mp[OF ccField-ccProd-subset] map-of-Some-fu-subset)

end

lemma ccBind-equt[equt]: m - (CoCallAnalysis.ccBind cccExp © e) = CoCallAnalysis.ccBind (7
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- cccExp) (m - z) (7 - e)
proof—
{
fix m ae G
have 7 - ((CoCallAnalysis.ccBind cccExp  e) - (ae,G)) = CoCallAnalysis.ccBind (w « cccExp)
(m-z)(m-e) (m-ae, m-G)
unfolding CoCallAnalysis.ccBind-eq
by perm-simp (simp add: Abs-cfun-equt)

thus ?thesis by (auto intro: cfun-equtl)
qed

lemma ccBinds-equt[equt]: m - (CoCallAnalysis.ccBinds cccExp T') = CoCallAnalysis.ccBinds
(m -« cccExp) (m - T)

apply (rule cfun-equtl)

unfolding CoCallAnalysis.ccBinds-eq

apply (perm-simp)

apply rule

done

lemma ccBindsExtra-equt|equt]: w - (CoCallAnalysis.ccBindsExtra cccExzp T') = CoCallAnaly-
sis.ccBindsExtra (7 « cccExp) (mw - T)
by (rule cfun-equtl) (simp add: CoCallAnalysis.ccBindsExtra-def)

lemma ccBind-cong|fundef-cong]:

cceexpl e = cecexp?2 e = CoCallAnalysis.ccBind cccexpl x e = CoCallAnalysis.ccBind cccexp?
xe

apply (rule cfun-eql)

apply (case-tac za)

apply (auto simp add: CoCallAnalysis.ccBind-eq)

done

lemma ccBinds-cong[fundef-cong|:
[ (A e e€ snd‘set heap?2 = cccexpl e = cccexp? e); heapl = heap?2 |
= CoClallAnalysis.ccBinds cccexpl heapl = CoCallAnalysis.ccBinds cccexp2 heap2
apply (rule cfun-eql)
unfolding CoCallAnalysis.ccBinds-eq
apply (rule arg-cong[OF mapCollect-cong))
apply (rule arg-cong[OF ccBind-cong))
apply auto
by (metis imagel map-of-SomeD snd-conv)

lemma ccBindsExtra-cong|fundef-congl:
[ (A e e€ snd‘set heap2 = cccexpl e = cccexp? e); heapl = heap?2 |
= CoCuallAnalysis.ccBindsFExtra cccexpl heapl = CoCallAnalysis.ccBindsExtra cccexp?
heap2
apply (rule cfun-eql)
unfolding CoCallAnalysis.ccBindsFExtra-simp
apply (rule arg-cong2[OF ccBinds-cong mapCollect-cong))
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apply simp+
done

end

73 ArityAnalysisFix.tex

theory ArityAnalysisFizx
imports ArityAnalysisSig ArityAnalysisAbinds
begin

context ArityAnalysis
begin

definition Afiz :: heap = (AEnv — AEnw)
where Afiz T' = (A ae. (u ae’. ABinds T - ae’ U ae))

lemma Afiz-eq: Afiz T-ae = (u ae’. (ABinds T-ae’) U ae)
unfolding Afiz-def by simp

lemma Afiz-strict[simp|: Afic T-1L = L
unfolding Afix-eq
by (rule fiz-eql) auto

lemma Afiz-least-below: ABinds T - ae’ C ae’ = ae C ae’ = Afiz I - ae C ae’
unfolding Afix-eq
by (auto intro: fiz-least-below)

lemma Afiz-unroll: Afix T-ae = ABinds T - (Afix T-ae) U ae
unfolding Afiz-eq
apply (subst fiz-eq)
by simp

lemma Abinds-below-Afix: ABinds A C Afix A
apply (rule cfun-belowl)
apply (simp add: Afiz-eq)
apply (subst fiz-eq, simp)
apply (rule below-trans[OF - join-above2))
apply (rule monofun-cfun-arg)
apply (subst fiz-eq, simp)
done

lemma Afiz-above-arg: ae C Afiz T - ae
by (subst Afiz-unroll) simp

lemma Abinds-Afiz-below[simp]: ABinds T-(Afix T-ae) C Afiz T-ae

apply (subst Afiz-unroll) back
apply simp
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done

lemma Afiz-reorder: map-of T’ = map-of A = Afix ' = Afix A
by (intro cfun-eql)(simp add: Afiz-eq cong: Abinds-reorder)

lemma Afix-repeat-singleton: (u za. Afix T-(esing z-(n U za z) U ae)) = Afix T-(esing x-n U
ae)

apply (rule below-antisym)

defer

apply (subst fiz-eq, simp)

apply (intro monofun-cfun-arg join-mono below-refl join-abovel)

apply (rule fiz-least-below, simp)

apply (rule Afiz-least-below, simp)

apply (intro join-below below-refl iff D2[OF esing-below-iff| below-trans[OF - fun-belowD|[OF
Afiz-above-arg]] below-trans[OF - Afiz-above-arg] join-abovel )

apply simp

done

lemma Afiz-join-fresh: ae’ ¢ (domA A) C {1} = Afix A-(ae U ae’) = (Afix A-ae) U ae’
apply (rule below-antisym)

apply (rule Afiz-least-below)

apply (subst Abinds-join-fresh, simp)

apply (rule below-trans|OF Abinds-Afiz-below join-abovel])
apply (rule join-below)

apply (rule below-trans|OF Afiz-above-arg join-abovell)

apply (rule join-above2)

apply (rule join-below[|OF monofun-cfun-arg [OF join-abovel]])
apply (rule below-trans[OF join-above2 Afiz-above-arg))

done

lemma Afiz-restr-fresh:
assumes atom ‘S §x I’
shows Afix T-ae f|* (— S) = Afix T-(ae f|* (= 9)) fI* (= 9)
unfolding Afiz-eq
proof (rule parallel-fiz-ind[where P =Xz y .z f|* (= S) =y f|* (= 9)], goal-cases)
case 1
show ?case by simp
next
case 2
show ?Zcase ..
next
case prems: (3 aeL aeR)
have (ABinds I'-aeL U ae) f|* (— §) = ABinds I'-aeL f|* (— S) U ae f|° (= S) by (simp
add: env-restr-join)
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also have ... = ABinds T'-(aeL f|° (= S)) f|* (— S) U ae f|* (= S) by (rule arg-cong|OF
ABinds-restr-fresh|OF assms]])

also have ... = ABinds I"-(aeR f|* (= S)) f|* (= S) U ae f|‘ (— S) unfolding prems ..

also have ... = ABinds T-aeR f|* (— S) U ae f| (= S) by (rule arg-cong| OF ABinds-restr-fresh[OF
assms, symmetric|])

also have ... = (ABinds T-aeR U ae f|* (= 5)) f|* (= S) by (simp add: env-restr-join)

finally show ?case by simp
qed

lemma Afiz-restr:
assumes domA T C §
shows Afix T-ae f|*S = Afiz T-(ae f|*S) f|*S
unfolding Afiz-eq
apply (rule parallel-fiz-ind[where P = Az y . z f|‘S =y f|*S])
apply simp
apply rule
apply (auto simp add: env-restr-join)
apply (metis ABinds-restr[OF assms, symmetric])
done

lemma Afiz-restr-subst”:
assumes A z’ e a. (z'je) € set ' = Aeap elz:=yl-a f|*S = Aexp e-a f|*S
assumes z ¢ S
assumes y ¢ S
assumes domAT' C S
shows Afix T'[x:h=y]-ae f|* S = Afix T-(ae f|*S) f|*S
unfolding Afix-eq
apply (rule parallel-fiz-ind[where P = Xz y . z f|‘S =y f|°95])
apply simp
apply rule
apply (auto simp add: env-restr-join)
apply (subst ABinds-restr-subst[OF assms]) apply assumption
apply (subst ABinds-restr[OF assms(4)]) back
apply simp
done

lemma Afiz-subst-approx:
assumes A v n. v € domA T = Aexp (the (map-of T v))[y::=z]-n C (Aexp (the (map-of T
v))n)(y = L, z := up-0)
assumes z ¢ domA T
assumes y ¢ domA T
shows Afiz I[y:h= z]|-(ae(y := L,  := up-0)) C (Afix Tae)(y := L, z := up-0)
unfolding Afiz-eq
proof (rule parallel-fiz-ind[where P = X aeL aeR . aeL C aeR(y := L, z := up-0)], goal-cases)
case 1
show ?case by simp
next
case 2
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show Zcase..
next
case (3 aeL aeR)
hence ABinds I'[y::h=z]-aeL C ABinds T'[y:h=z]-(aeR (y = L, z = up-0)) by (rule
monofun-cfun-arg)
also have ... C (ABinds I'aeR)(y := L, z := up-0)
using assms
proof (induction rule: ABinds.induct, goal-cases)
case I
thus ?case by simp
next
case prems: (2veT)
have An. Aexp e[y::=z]-n C (Aexp e-n)(y := L, z := up-0) using prems(2)[where v = v]
by auto
hence IH1: A\ n. fup-(Aexp e[y::=z])-n C (fup-(Aezp e)-n)(y := L, z := up-0) by (case-tac
n) auto

have ABinds (delete v T')[y::h=z]-(aeR(y := L, x := up-0)) C (ABinds (delete v T')-aeR)(y
=1,z := up-0)
apply (rule prems) using prems(2,3,4) by fastforce+
hence IH2: ABinds (delete v I'[y::h=x])-(aeR(y := L, z := up-0)) C (ABinds (delete v
I)-aeR)(y := L, x := up-0)
unfolding subst-heap-delete.

have [simp]: (aeR(y := L,  := up-0)) v = aeR v using prems(3,4) by auto

show ?case by (simp del: fun-upd-apply join-comm) (rule join-mono|OF IH1 IH2])
qged
finally have ABinds T'[y::h=x]-aeL C (ABinds T'-aeR)(y := L, z := up-0)
by this simp
thus ?case
by (auto simp add: join-below-iff elim: below-trans)
qed

end

lemma Afiz-equt[equt]: m - (ArityAnalysis. Afiz Aexp T') = ArityAnalysis. Afix (w - Aexp) (7 -
I)

unfolding ArityAnalysis. Afix-def

by perm-simp (simp add: Abs-cfun-equt)

lemma Afiz-cong[fundef-cong]:
[ (A e e€ snd‘set heap2 = aexpl e = aexp2 e); heapl = heap?2 |
= ArityAnalysis. Afix aexpl heapl = ArityAnalysis.Afix aexp2 heap?2
unfolding ArityAnalysis. Afiz-def by (metis Abinds-cong)

context FEdomArityAnalysis
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begin

lemma Afiz-edom: edom (Afiz T - ae) C fo T' U edom ae
unfolding Afix-eq
by (rule fir-ind[where P = X ae’ . edom ae’ C fo T' U edom ae] )
(auto dest: set-mp|OF edom-AnalBinds])

lemma A Binds-lookup-fresh:

atom v § ' = (ABinds T'-ae) v = L
by (induct T' rule: ABinds.induct) (auto simp add: fresh-Cons fresh-Pair fup-Aexp-lookup-fresh
fresh-delete)

lemma Afiz-lookup-fresh:
assumes atom v f§ T’
shows (Afiz T-ae) v = ae v
apply (rule below-antisym)
apply (subst Afiz-eq)
apply (rule fiz-ind[where P = X ae’. ae’ v C ae v])
apply (auto simp add: ABinds-lookup-fresh[OF assms] fun-belowD[OF Afiz-above-arg))
done

lemma Afiz-comp2join-fresh:

atom ¢ (domA A) tx I' = ABinds A-(Afizx I'-ae) = ABinds A-ae
proof (induct A rule: ABinds.induct)

case 1 show %case by (simp add: Afiz-above-arg del: fun-meet-simp)
next

case (2ve A)

from 2(2)

have atom v § T and atom ‘ domA (delete v A) #x T

by (auto simp add: fresh-star-def)

from 2(1)[OF this(2)]

show ?case by (simp del: fun-meet-simp add: Afiz-lookup-fresh[OF (atom v § T)))
qed

lemma Afix-append-fresh:
assumes atom ‘ domA A #x T’
shows Afiz (A QT').-ae = Afix T-(Afix A-ae)
proof (rule below-antisym)
show x: Afic (A QT)-ae C Afix T-(Afiz A-ae)
apply (rule Afiz-least-below)
apply (simp add: Abinds-append-disjoint|OF fresh-distinct| OF assms|] Afiz-comp2join-fresh|OF
assms))
apply (rule below-trans[OF join-mono|OF Abinds-Afiz-below Abinds-Afiz-below]])
apply (simp-all add: Afix-above-arg below-trans|OF Afiz-above-arg Afiz-above-arg])
done
next
show Afix T-(Afix A-ae) C Afix (A QT)-ae
proof (rule Afiz-least-below)
show ABinds T-(Afiz (A QT)-ae) C Afix (A QT)-ae
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apply (rule below-trans[OF - Abinds-Afiz-below))
apply (subst Abinds-append-disjoint[OF fresh-distinct[OF assms]])
apply simp
done

have ABinds A-(Afiz (A QT)-ae) C Afix (A Q T')-ae
apply (rule below-trans[OF - Abinds-Afiz-below))
apply (subst Abinds-append-disjoint[OF fresh-distinct|OF assms]])
apply simp
done

thus Afix A-ae C Afix (A QT)-ae
apply (rule Afiz-least-below)
apply (rule Afiz-above-arg)
done

qed
qed

lemma Afiz-e-to-heap:
Afix (delete z T)-(fup-(Aexp e)-n U ae) C Afiz ((z, e) # delete x T)-(esing x-n U ae)
apply (simp add: Afiz-eq)
apply (rule fiz-least-below, simp)
apply (intro join-below)
apply (subst fiz-eq, simp)
apply (subst fiz-eq, simp)

apply (rule below-trans|OF - join-above2])
apply (rule below-trans[OF - join-above2])
apply (rule below-trans|OF - join-above2])
apply (rule monofun-cfun-arg)

apply (subst fiz-eq, simp)

apply (subst fiz-eq, simp) back apply (simp add: below-trans|OF - join-above2))
done

lemma Afiz-e-to-heap”:
Afix (delete z T')-(Aexp e-n) C Afiz ((z, e) # delete x T)-(esing x-(up-n))
using Afiz-e-to-heap[where ae = 1L and n = up-n] by simp

end

end

74 CoCallFix.tex

theory CoCuallFix
imports CoCallAnalysisSig CoCallAnalysisBinds ArityAnalysisSig Env— Nominal ArityAnalysisFix
begin
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locale CoCallArityAnalysis =
fixes cccExp :: exp = (Arity — AEnv x CoCalls)
begin

definition Aexp :: exp = (Arity — AEnv)
where Aexp e = (A a. fst (cccExp e - a))

sublocale ArityAnalysis Aexp.

abbreviation Aezp-syn’ (A.) where Ay = (Ae. Aexp e-a)
abbreviation Aexp-bot-syn’ (A1) where A+, = (\e. fup-(Aezp e)-a)

lemma Aexp-eq:
Ag e = fst (cccExp e - a)
unfolding Aexp-def by (rule beta-cfun) (intro cont2cont)

lemma fup-Aexp-eq:

fup-(Aexp e)-a = fst (fup-(cccEzp e)-a)
by (cases a)(simp-all add: Aexp-eq)

definition CCexp :: exp = (Arity — CoCalls) where CCexp T' = (A a. snd (cccExp T-a))
lemma CCezp-eq:

CCezxp e-a = snd (cccEzp e - a)

unfolding CCezp-def by (rule beta-cfun) (intro cont2cont)

lemma fup-CCexp-eq:
fup-(CCexp €)-a = snd (fup-(cccEzp e)-a)
by (cases a)(simp-all add: CCezp-eq)

sublocale CoCallAnalysis CCexp.

definition CCfix :: heap = (AEnv x CoCalls) — CoCalls
where CCfix T' = (A aeG. (u G'. ccBindsExtra T-(fst aeG , G') U snd aeG))

lemma CCfiz-eq:
CCfix T-(ae,G) = (1 G'. ccBindsExtra T-(ae, G') U Q)
unfolding CCfiz-def
by simp

lemma CCfiz-unroll: CCfix I'-(ae,G) = ccBindsExtra T'-(ae, CCfix T-(ae,G)) U G
unfolding CCfiz-eq
apply (subst fiz-eq)
apply simp
done

lemma fup-ccExp-restr-subst’:
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assumes A a. cc-restr S (CCexp e[x::=y]-a) = cc-restr S (CCexp e-a)

shows cc-restr S (fup-(CCexp e[z::=y])-a) = cc-restr S (fup-(CCexp ¢e)-a)

using assms

by (cases a) (auto simp del: cc-restr-cc-restr simp add: cc-restr-cc-restr|symmetric])

lemma ccBindsExtra-restr-subst”:

assumes A z’ e a. (z',e) € set T' = cc-restr S (CCexp e[x::=y]-a) = cc-restr S (CCexp
e-a)

assumes z ¢ S

assumes y ¢ S

assumes domA T C §

shows cc-restr S (ccBindsExtra Tlz:h=y]-(ae, G))

= cc-restr S (ccBindsExtra T-(ae f|*S , cc-restr S G))

apply (simp add: ccBindsExtra-simp ccBinds-eq ccBind-eq Int-absorb2[OF assms(4)] fu-subst-int[OF
assms(3,2)])

apply (intro arg-cong2[where f = op U] refl arg-cong|OF mapCollect-cong))

apply (subgoal-tac k € S)

apply (auto intro: fup-ccExp-restr-subst’|OF assms(1)[OF map-of-SomeD]] simp add: fv-subst-int[OF
assms(3,2)]  fu-subst-int2[OF assms(3,2)] ccSquare-def)[1]

apply (metis assms(4) contra-subsetD domI dom-map-of-conv-domA)

apply (subgoal-tac k € S)

apply (auto intro: fup-ccExp-restr-subst’|OF assms(1)[OF map-of-SomeD))

simp add: fu-subst-int|OF assms(3,2)]  fu-subst-int2[OF assms(3,2)] ccSquare-def

ce-restr-twist[where S = S| simp del: cc-restr-cc-restr)|[1]

apply (subst fup-ccEzp-restr-subst’|OF assms(1)[OF map-of-SomeD]|, assumption)

apply (simp add: fuv-subst-int[OF assms(3,2)]  fo-subst-int2[OF assms(3,2)] )

apply (subst fup-ccExp-restr-subst’|OF assms(1)[OF map-of-SomeD]|, assumption)

apply (simp add: fu-subst-int[OF assms(3,2)]  fv-subst-int2[OF assms(3,2)] )

apply (metis assms(4) contra-subsetD domI dom-map-of-conv-domA)
done

lemma ccBindsExtra-restr:

assumes domA T C §

shows cc-restr S (ccBindsExtra T'-(ae, G)) = cc-restr S (ccBindsExtra T-(ae f|* S, cc-restr S
G)).

using assms

apply (simp add: ccBindsEztra-simp ccBinds-eq ccBind-eq Int-absorb2)

apply (intro arg-cong2[where f = op U] refl arg-cong|OF mapCollect-cong])

apply (subgoal-tac k € S)

apply simp

apply (metis contra-subsetD domI dom-map-of-conv-domA)

apply (subgoal-tac k € S)

apply simp

apply (metis contra-subsetD domlI dom-map-of-conv-domA)

done

lemma CCfiz-restr:

assumes domAT' C S
shows cc-restr S (CCfiz T-(ae, G)) = cc-restr S (CCfiz T-(ae f|* S, cc-restr S G))
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unfolding CCfiz-def

apply simp

apply (rule parallel-fiz-ind[where P = X x y . cc-restr S © = cc-restr S y])
apply simp

apply rule

apply simp

apply (subst (1 2) ccBindsExtra-restr[OF assms])

apply (auto)

done

lemma ccField-CCfiz:
shows ccField (CCfiz T-(ae, G)) C fo T' U ccField G
unfolding CCfiz-def
apply simp
apply (rule fiz-ind[where P = X z . ccField x C fo T' U ccField G))
apply (auto dest!: set-mp|OF ccField-ccBindsExtra))
done

lemma CCfix-restr-subst’:

assumes A 2z’ e a. (z'je) € set I' = ce-restr S (CCexp el|z::=y]-a) = cc-restr S (CCexp
e-a)

assumes z ¢ S

assumes y ¢ S

assumes domAT' C S

shows cc-restr S (CCfix T[z::h=y]-(ae, G)) = cc-restr S (CCfiz T'-(ae f|* S, cc-restr S G))

unfolding CCfiz-def

apply simp

apply (rule parallel-fiz-ind[where P = X\ x y . cc-restr S © = cc-restr S y])

apply simp

apply rule

apply simp

apply (subst ccBindsExtra-restr-subst’|OF assms], assumption)

apply (subst ccBindsExtra-restr|OF assms(4)]) back

apply (auto)

done

end
lemma Aexp-equt[equt]: 7 - (CoCallArityAnalysis. Aexp cccExp e) = CoCallArityAnalysis. Aexp
(m « cecExp) (7 - e)

apply (rule cfun-equtl) unfolding CoCallArityAnalysis. Aexp-eq by perm-simp rule
lemma CCexp-equt[equt]: 7 - (CoCallArityAnalysis.CCexp cccExp e) = CoCallArityAnaly-
sis.CCexp (7 + cccExp) (m + €)

apply (rule cfun-equtl) unfolding CoCallArityAnalysis. CCexp-eq by perm-simp rule

lemma CCfiz-equt[equt]: m - (CoCallArityAnalysis. CCfix cccExp T') = CoCallArityAnalysis. CCfix
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(m - cccExp) (m - T)
unfolding CoCuallArityAnalysis. CCfix-def by perm-simp (simp-all add: Abs-cfun-equt)

lemma ccFiz-cong[fundef-cong]:
[ (A e e€ snd‘set heap2 = cccexpl e = cccexp? e); heapl = heap?2 |
= CoCallArityAnalysis. CCfiz cccexpl heapl = CoCallArityAnalysis. CCfix cccexp2 heap?2
unfolding CoCuallArityAnalysis. CCfiz-def
apply (rule arg-cong) back
apply (rule ccBindsExtra-cong)
apply (auto simp add: CoCallArityAnalysis.CCexp-def)
done

context CoCallArityAnalysis
begin
definition cccFiz :: heap = ((AEnv x CoCalls) — (AEnv x CoCalls))
where cccFiz T = (A i. (Afiz T-(fst ¢ U (A-.up-0) f|* thunks T), CCfix T-(Afix T-(fst i U
(A-.up-0) f|* (thunks T)), snd 1))

lemma cccFiz-eq:

cecFiz T-i = (Afiz T-(fst i U (A-.up-0) f|* thunks T'), CCfiz T-(Afix T-(fst i U (A-.up-0) f|*
(thunks T)), snd 1))

unfolding cccFiz-def

by (rule beta-cfun)(intro cont2cont)
end

lemma cccFiz-equt]equt]: 7 - (CoCallArityAnalysis.cccFix cccExp T') = CoCallArityAnalysis. cccFix
(m - cccExp) (m - T)
apply (rule cfun-equtl) unfolding CoCallArityAnalysis.cccFiz-eq by perm-simp rule

lemma cccFiz-cong|fundef-congl:

[ (A e e€ snd‘set heap2 = cccexpl e = cccexp? e); heapl = heap?2 |

= CoCuallArityAnalysis.cccFix cccexpl heapl = CoCallArityAnalysis.cccFix cccexp2

heap2

unfolding CoCallArityAnalysis.cccFix-def

apply (rule cfun-eql)

apply auto

apply (rule arg-cong|OF Afix-cong], auto simp add: CoCallArityAnalysis. Aexp-def)[1]

apply (rule arg-cong2[OF ccFiz-cong Afiz-cong )

apply (auto simp add: CoCallArityAnalysis. Aexp-def)

done

74.1 The non-recursive case

definition ABind-nonrec :: var = exp = AEnv x CoCalls — Arity,
where
ABind-nonrec x e = (A i. (if isVal e V x——x¢(snd i) then fst i x else up-0))

lemma ABind-nonrec-eq:
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ABind-nonrec x e-(ae,G) = (if isVal e V x——1¢ G then ae z else up-0)
unfolding A Bind-nonrec-def

apply (subst beta-cfun)

apply (rule cont-if-else-above)

apply auto

by (metis in-join join-self-below(4))

lemma ABind-nonrec-equt[equt]: m - (ABind-nonrec x e) = ABind-nonrec (7w - z) (7 + €)
apply (rule cfun-equtl)
apply (case-tac za, simp)
unfolding ABind-nonrec-eq
by perm-simp rule

lemma A Bind-nonrec-above-arg:
ae © T ABind-nonrec z e - (ae, G)
unfolding ABind-nonrec-eq by auto

definition Aheap-nonrec where
Aheap-nonrec x e = (A i. esing z-(ABind-nonrec  e-7))

lemma Aheap-nonrec-simp:
Aheap-nonrec ¢ e-i = esing z-(ABind-nonrec x e-1)
unfolding Aheap-nonrec-def by simp

lemma Aheap-nonrec-lookup|simp]:
(Aheap-nonrec x e-i) x = ABind-nonrec z e-i
unfolding Aheap-nonrec-simp by simp

lemma Aheap-nonrec-equt’[equt]:
7« (Aheap-nonrec x e) = Aheap-nonrec (7« x) (7 - €)
apply (rule cfun-equtl)
unfolding Aheap-nonrec-simp
by (perm-simp, rule)

context CoCallArityAnalysis
begin

definition Afiz-nonrec
where Afiz-nonrec x e = (A i. fup-(Aexp e)-(ABind-nonrec x e - i) U fst 1)

lemma Afiz-nonrec-eq[simp]:
Afix-nonrec x e - © = fup-(Aexp e)-(ABind-nonrec z e - i) U fst i
unfolding Afiz-nonrec-def
by (rule beta-cfun) simp

definition CCfiz-nonrec

where CCfiz-nonrec © e = (A i. ccBind x e - (Aheap-nonrec x e-i, snd i) U ccProd (fv e)
(ecNeighbors x (snd i) — (if isVal e then {} else {z})) U snd 1)
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lemma CCfiz-nonrec-eq[simp):
CCfiz-nonrec z e - i = ccBind x e-(Aheap-nonrec x e-i, snd i) U ccProd (fv e) (ccNeighbors
z (snd i) — (if isVal e then {} else {z})) U snd i
unfolding CCfiz-nonrec-def
by (rule beta-cfun) (intro cont2cont)

definition cccFiz-nonrec :: var = exp = ((AEnv x CoCalls) — (AEnv x CoCalls))
where cccFiz-nonrec x e = (A i. (Afiz-nonrec z e -i , CCfiz-nonrec = e -i))

lemma cccFiz-nonrec-eq[simp]:
cecFiz-nonrec x e-i = (Afix-nonrec z e -i , CCfix-nonrec © e -7)
unfolding cccFiz-nonrec-def
by (rule beta-cfun) (intro cont2cont)

end

lemma AFiz-nonrec-equt|equt]: m - (CoCallArityAnalysis. Afiz-nonrec cccExp x e) = CoCallAr-
ityAnalysis. Afix-nonrec (7 - cccExp) (w - z) (7 - €)

apply (rule cfun-equtl)

unfolding CoCallArityAnalysis. Afiz-nonrec-eq

by perm-simp rule

lemma CCFiz-nonrec-equt]equt]: m - (CoCallArityAnalysis. CCfix-nonrec cccExp x e) = Co-
CallArityAnalysis. CCfiz-nonrec (m -+ cccExp) (w -« z) (7 - e)

apply (rule cfun-equtl)

unfolding CoCallArityAnalysis. CCfix-nonrec-eq

by perm-simp rule

lemma cccFiz-nonrec-equt|equt]: m - (CoCallArityAnalysis.cccFiz-nonrec cccExp x e) = Co-
CallArityAnalysis.cccFiz-nonrec (m + cccExp) (- z) (7 -+ e)

apply (rule cfun-equtl)

unfolding CoCallArityAnalysis.cccFiz-nonrec-eq

by perm-simp rule

74.2 Combining the cases

context CoCallArityAnalysis
begin
definition cccFiz-choose :: heap = ((AFnv x CoCalls) — (AEnv x CoCalls))
where cccFiz-choose T' = (if nonrec T then case-prod cccFiz-nonrec (hd T) else cccFix T)

lemma cccFia-choose-simpl [simp):
- nonrec I' = cccFiz-choose I' = cccFix T

unfolding cccFiz-choose-def by simp

lemma cccFliz-choose-simp2|[simp]:
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z ¢ fuv e = cccFiz-choose [(z,e)] = cccFiz-nonrec = e
unfolding cccFix-choose-def nonrec-def by auto

end

lemma cccFia-choose-equt|equt]: 7 - (CoCallArityAnalysis.cccFia-choose cccExp T') = CoCallAr-
ityAnalysis.cccFia-choose (w + cccExp) (mw - T)

unfolding CoCallArityAnalysis.cccFix-choose-def

apply (cases nonrec @ rule: equt-cases[where = = T'))

apply (perm-simp, rule)

apply simp

apply (erule nonrecE)

apply (simp )

apply simp
done

lemma cccFiz-nonrec-cong|fundef-congl:
cceexpl e = cecexpl e = CoCallArityAnalysis.cccFiz-nonrec cccexpl x© e = CoCallArityAnal-
ysis.cccFiz-nonrec cccexp? x e
apply (rule cfun-eql)
unfolding CoCuallArityAnalysis.cccFiz-nonrec-eq
unfolding CoCuallArityAnalysis. Afix-nonrec-eq
unfolding CoCallArityAnalysis. CCfix-nonrec-eq
unfolding CoCallArityAnalysis.fup-Aezp-eq
apply (simp only: )
apply (rule arg-cong[OF ccBind-cong))
apply simp
unfolding CoCuallArityAnalysis. CCexp-def
apply simp
done

lemma cccFiz-choose-cong|fundef-cong):

[ (A e. e€ snd‘set heap?2 = cccexpl e = cccexp? e); heapl = heap?2 |

= CoCallArityAnalysis.cccFiz-choose ccecexpl heapl = CoCallArityAnalysis.cccFiz-choose

cccexp? heap2

unfolding CoCallArityAnalysis.cccFix-choose-def

apply (rule cfun-eql)

apply (auto elim!: nonrecE)

apply (rule arg-cong|OF cccFiz-nonrec-cong|, auto)

apply (rule arg-cong[OF cccFiz-cong|, auto)[1]

done

end

75 CoCallAnalysisimpl.tex

theory CoCallAnalysisImpl
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imports Arity— Nominal Nominal—HOLCF Env—Nominal Env—Set—Cpo Env—HOLCF CoCallFix
begin

fun combined-restrict :: var set = (AEnv x CoClalls) = (AEnv x CoCalls)
where combined-restrict S (env, G) = (env f|* S, cc-restr S G)

lemma fst-combined-restrict[simp):
fst (combined-restrict S p) = fst p f|*S
by (cases p, simp)

lemma snd-combined-restrict[simp):
snd (combined-restrict S p) = cc-restr S (snd p)
by (cases p, simp)

lemma combined-restrict-equt|equt]:
shows 7 - combined-restrict S p = combined-restrict (w - §) (7 + p)
by (cases p) auto

lemma combined-restrict-cont:
cont (Az. combined-restrict S )

proof—
have cont (A(env, G). combined-restrict S (env, G)) by simp
then show ?thesis by (simp only: case-prod-eta)

qed

lemmas cont-compose[OF combined-restrict-cont, cont2cont, simp)

lemma combined-restrict-perm:
assumes supp 7 §* S and [simp]: finite S
shows combined-restrict S (m + p) = combined-restrict S p
proof (cases p)
fix env :: AEnv and G :: CoCalls
assume p = (env, G)
moreover
from assms
have env-restr S (7 - env) = env-restr S env by (rule env-restr-perm,)
moreover
from assms
have cc-restr S (7 - G) = cc-restr S G by (rule cc-restr-perm)
ultimately
show ?thesis by simp
qed

definition predCC :: var set = (Arity — CoClalls) = (Arity — CoCalls)
where predCC S f = (A a. if a # 0 then cc-restr S (f-(pred-a)) else ccSquare S)

lemma predCC-eq:
shows predCC S f - a = (if a # 0 then cc-restr S (f-(pred-a)) else ccSquare S)
unfolding predCC-def
apply (rule beta-cfun)
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apply (rule cont-if-else-above)
apply (auto dest: set-mp|[OF ccField-cc-restr])
done

lemma predCC-equt[equt, simp]: w « (predCC S f) = predCC (7 - S) (7 - f)
apply (rule cfun-equtl)
unfolding predCC-eq
by perm-simp rule

lemma cc-restr-predCC"
ce-restr S (predCC S’ f-n) = (predCC (S’ N S) (A n. cc-restr S (f-n)))n
unfolding predCC-eq
by (auto simp add: inf-commute ccSquare-def)

lemma cc-restr-predCC'[simp]:
ce-restr S (predCC S f-n) = predCC S f-n
unfolding predCC-eq by simp

nominal-function
cCCezp :: exp = (Arity — AEnv x CoCalls)
where
cCCexp (Var x) = (A n . (esing z - (up - n), 1))
| cCCexp (Lam [z]. €) = (A n . combined-restrict (fv (Lam [z]. €)) (fst (cCCexp e-(pred-n)),
predCC (fv (Lam [z]. €)) (A a. snd(cCCezp e-a))-n))
| cCCexp (App ex) = (A n . (fst (cCCexp e-(inc-n)) U (esing z - (up-0)), snd (cCCexp
e-(inc-n)) U ccProd {z} (insert z (fv e))))
| cCCexp (LetT e) = (A n. combined-restrict (fv (Let T e)) (CoCallArityAnalysis.cccFiz-choose
cCCexp T - (¢CCexp e-n)))
| cCCexp (Bool b) = L
| cCCexp (scrut ? el : e2) = (A n. (fst (cCCexp scrut-0) U fst (¢cCCexp el-n) U fst (¢cCCexp
e2-n),
snd (cCCexp scrut-0) U (snd (cCCexp el-n) U snd (¢cCCexp e2-n)) U ccProd (edom (fst
(cCCexp scrut-0))) (edom (fst (cCCexp el-n)) U edom (fst (cCCexp e2-n)))))
proof goal-cases
case 1
show ?case
unfolding equt-def ¢CCexp-graph-auz-def
apply rule
apply (perm-simp)
apply (simp add: Abs-cfun-equt)
done
next
case 3
thus ?case by (metis Terms.exp-strong-exhaust)
next
case prems: (10 z ez’ e’)
from prems(9)
show Zcase
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proof(rule equt-lam-case)
fix 7w :: perm
assume *: supp (—7) * (fv (Lam [z]. €) :: var set)
{
fix n
have combined-restrict (fv (Lam [z]. e)) (fst (cCCexp-sumC (w - e)-(pred-n)), predCC (fv
(Lam [z]. €)) (A a. snd(cCCexp-sumC (7 - €)-a))-n)
= combined-restrict (fv (Lam [z]. €)) (— m - (fst (¢cCCexp-sumC (w - e)-(pred-n)), predCC
(fo (Lam [z]. €)) (A a. snd(cCCezxp-sumC (7 + €)-a))-n))
by (rule combined-restrict-perm[symmetric, OF x]) simp
also have ... = combined-restrict (fv (Lam [z]. e)) (fst (cCCexp-sumC e-(pred-n)), predCC
(= 7« fo (Lam [z]. €)) (A a. snd(cCCexp-sumC e-a))-n)
by (perm-simp, simp add: equt-at-apply[OF prems(1)] pemute-minus-self Abs-cfun-equt)
also have — 7 - fv (Lam [z]. €) = (fv (Lam [z]. e) :: var set) by (rule perm-supp-eq[OF
+])

also note calculation

thus (A n. combined-restrict (fv (Lam [z]. €)) (fst (cCCexp-sumC (w - e)-(pred-n)), predCC
(fo (Lam [z]. €)) (A a. snd(cCCexp-sumC (7 + €)-a))-n))
= (A n. combined-restrict (fv (Lam [z]. €)) (fst (¢cCCexp-sumC e-(pred-n)), predCC (fv
(Lam [z]. €)) (A a. snd(cCCezxp-sumC e-a))-n)) by simp
qed
next
case prems: (19 T body T’ body”)
from prems(9)
show ?case
proof (rule equt-let-case)
fix 7w :: perm
assume *: supp (—7) i (fv (Terms.Let T' body) :: var set)

{ fix n
have combined-restrict (fv (Terms.Let T body)) (CoCallArityAnalysis.cccFiz-choose cCCexp-sumC
(m - T)-(cCCexp-sumC (7 - body)-n))
= combined-restrict (fv (Terms.Let T' body)) (— 7 - (CoCallArityAnalysis.cccFiz-choose
cCCexp-sumC (7 - T)-(¢cCCexp-sumC (m - body)-n)))
by (rule combined-restrict-perm[OF x, symmetric]) simp
also have — 7 - (CoCallArityAnalysis.cccFiz-choose cCCexp-sumC (w - I')-(cCCexp-sumC

(m + body)-n)) =
CoCallArityAnalysis.cccFiz-choose (— 7 - ¢CCexp-sumC) T-((— = -
cCCexp-sumC) body-n)
by (simp add: pemute-minus-self)
also have CoCallArityAnalysis.cccFix-choose (— 7 + ¢cCCexp-sumC) I' = CoCallArityAnal-
ysis.cccFiz-choose ¢CCexp-sumC T
by (rule cccFiz-choose-cong|OF equt-at-apply| OF prems(1)] refl])
also have (— 7 - ¢CCexp-sumC) body = cCCexp-sumC body
by (rule equt-at-apply[OF prems(2)])
also note calculation

}

thus (A n. combined-restrict (fv (Terms.Let T body)) (CoCallArityAnalysis.cccFix-choose
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cCCexp-sumC (w - T')-(cCCexp-sumC (7 - body)-n))) =
(A n. combined-restrict (fv (Terms.Let T' body)) (CoCallArityAnalysis.cccFix-choose
cCCexp-sumC T-(cCCexp-sumC body-n))) by (simp only:)
qed
qed auto

nominal-termination (equt) by lexicographic-order

locale CoCallAnalysisImpl

begin

sublocale CoCallArityAnalysis cCCexp.
sublocale ArityAnalysis Aexp.

abbreviation Aezp-syn’’ (A.) where Ay e = Aexp e-a
abbreviation Aexzp-bot-syn’’ (A+.) where AL, e = fup-(Aeap e)-a

abbreviation ccExp-syn’ (G.) where G4 e = CCexp e-a
abbreviation ccEzp-bot-syn’ (G+.) where G e = fup-(CCezp €)-a

lemma cCCexp-eq[simp]:

cCCexp (Var z)n = (esing z - (up - n), 1)

cCCexp (Lam [z]. €)-n = combined-restrict (fv (Lam [z]. €)) (fst (cCCexp e-(pred-n)), predCC
(fo (Lam [z]. €)) (A a. snd(cCCezxp e-a))-n)

cCCexp (App e z)-n = (fst (cCCexp e-(inc-n)) U (esing x - (up-0)), snd (cCCexp
e-(inc'n)) U ccProd {x} (insert z (fv e)))

cCCexp (Let T e)-n = combined-restrict (fv (Let I €)) (CoCallArityAnalysis.cccFix-choose
cCCexp T' - (¢CCexp e-m))

c¢CCexp (Bool b)-n = L

cCCexp (scrut ? el : e2)n = (fst (cCCexp scrut-0) U fst (¢cCCexp el-n) U fst (¢cCCexp
e2-n),

snd (¢CCexp scrut-0) U (snd (cCCexp el-n) U snd (¢CCexp e2-n)) U ccProd (edom (fst

(¢CCexp scrut-0))) (edom (fst (cCCexp el-n)) U edom (fst (cCCexp e2-n))))
by (simp-all)
declare cCCexp.simps[simp del]

lemma Aexp-pre-simps:

Aqg (Var z) = esing z-(up-a)
Ag (Lam [z]. ) = Aexp e-(pred-a) f| fo (Lam [z]. €)
Ag (App e x) = Aexp e-(inc-a) U esing z-(up-0)
- nonrec I' =

Ag (Let T' e) = (Afix T-(Agq e U (A-.up-0) f|* thunks T')) f|¢ (fv (Let T e))
z ¢ fve—=

Ag (let © be e in exp) =

(fup-(Aexp e)-(ABind-nonrec z e-(Aq exp, CCexp exp-a)) U Ag exp)
f1¢ (fv (let z be e in exp))

Ag (Bool b) = L
Aq (scrut 2 el : e2) = Ap scrut U Aq el U Aq €2
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by (simp add: cccFiz-eq Aexp-eq fup-Aexp-eq CCexp-eq fup-CCexp-eq)+

lemma CCezxp-pre-simps:
CCexp (Var z)n = L
CCexp (Lam [z]. €)-n = predCC (fv (Lam [z]. e)) (CCexp e)-n
CCexp (App e xz)-n = CCexp e-(inc-n) U ccProd {z} (insert x (fv e))
- nonrec I' =
CCexp (Let T e)-n = cc-restr (fv (Let T' e))
(CCfix T-(Afix T-(Aexp e-n U (A-.up-0) f|* thunks T"), CCezp e-n))
z & fve = CCexp (let x be e in exp)-n =
ce-restr (fu (let x be e in exp))
(ecBind z e -(Aheap-nonrec x e-(Aexp exp-n, CCexp exp-n), CCexp exp-n)
U ecProd (fv e) (ccNeighbors x (CCexp exp-n) — (if isVal e then {} else {z})) U CCexp
exp-n)
CCexp (Bool b)-n = L
CCexp (scrut ? el : e2)n =
CCexp scrut-0 U
(CCexp el-n U CCexp e2-n) U
ccProd (edom (Aexp scrut-0)) (edom (Aexp el-n) U edom (Aexp e2-n))
by (simp add: cccFiz-eq Aexp-eq fup-Aexp-eq CCexp-eq fup-CCexp-eq predCC-eq)+

lemma

shows ccField-CCexp: ccField (CCexp e-a) C fuv e and Aexp-edom’: edom (Aq €) C fue

apply (induction e arbitrary: a rule: exp-induct-rec)

apply (auto simp add: CCexp-pre-simps predCC-eq Aexp-pre-simps dest!: set-mp[OF ccField-cc-restr]
set-mp|OF ccField-ccProd-subset))

apply fastforce+

done

lemma cc-restr-CCexp|simp]:
ce-restr (fv e) (CCexp e-a) = CCexp e-a
by (rule cc-restr-noop|OF ccField-CCexp))

lemma ccField-fup-CCexp:
ccField (fup-(CCexp e)-n) C fue
by (cases n) (auto dest: set-mp[OF ccField-CCexp))

lemma cc-restr-fup-ccExp-useless[simp]: cc-restr (fv e) (fup-(CCexp e)-n) = fup-(CCexp e)-n
by (rule cc-restr-noop|OF ccField-fup-CCexp))

sublocale EdomArityAnalysis Aexp by standard (rule Aexp-edom”)

lemma CCexp-simps|simp):
Go(Varz) = L
Go(Lam [z]. e) = (fv (Lam [z]. €))?
Gine.o(Lam [z]. €) = cc-delete x (Gq €)
Go (App e 2) = Gipe.q e U {z} Gxinsert z (fve)
- nonrec I' = G (Let T e) =
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(CCfix T-(Afiz T-(Ag e U (A-up-0) f|* thunks T), G4 €)) G|* (— domAT)
z ¢ foe! = Gq (letxbe e ine) =
cc-delete
(ccBind z e’ -(Aheap-nonrec x e’-(Aq €, Gg €), Gg €)
U fu e’ Gx (ccNeighbors x (Gg €) — (if isVal e’ then {} else {z})) U G4 €)
Ga (Bool b) = L
Ga (scrut ? el : e2) =
Gp scrut U (Gg el U Gg e2) U
edom (Ap scrut) Gx (edom (Ag el) U edom (Ag €2))
by (auto simp add: CCexp-pre-simps Diff-eq cc-restr-cc-restr|symmetric] predCC-eq
stmp del: cc-restr-cc-restr cc-restr-join
intro!: cc-restr-noop
dest!: set-mp|OF ccField-cc-delete] set-mp|OF ccField-cc-restr] set-mp|OF ccField-CCexp)
set-mp| OF ccField-CCfix] set-mp[OF ccField-ccBind] set-mp|OF ccField-ccProd-subset]
elem-to-ccField

)

definition Aheap where
Aheap T e = (A a. if nonrec T then (case-prod Aheap-nonrec (hd T'))-(Aexp e-a, CCexp e-a)
else (Afix T - (Aexp e-a U (A-.up-0) f|* thunks T')) f|* domA T')

lemma Aheap-simpl [simp]:
- nonrec I' => Aheap T' e -a = (Afiz T - (Aexp e-a U (A-.up-0) f|* thunks T')) f|* domA T
unfolding Aheap-def by simp

lemma Aheap-simp2|[simp]:
z ¢ fue' = Aheap [(z,e')] e -a = Aheap-nonrec ¢ e’-(Aexp e-a, CCexp e-a)
unfolding Aheap-def by (simp add: nonrec-def)

lemma Aheap-equt[equt]:
7w+ (Aheap T’ e) = Aheap (7 - T) (7 - e)
apply (rule cfun-equtl)
apply (cases nonrec w rule: equt-cases|where z = T)
apply simp
apply (erule nonrecE)
apply simp
apply (erule nonrecE)
apply simp
apply (perm-simp, rule)
apply simp
apply (perm-simp, rule)
done

sublocale ArityAnalysisHeap Aheap.
sublocale ArityAnalysisHeapEqut Aheap
proof

fix 7 show 7 - Aheap = Aheap
by perm-simp rule
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qed

lemma Aexp-lam-simp: Aexp (Lam [z]. €) - n = env-delete x (Aexp e - (pred - n))
proof—
have Aexp (Lam [z]. e) - n = Aexp e-(pred-n) f|* (fve — {z}) by (simp add: Aexp-pre-simps)
also have ... = env-delete z (Aexp e-(pred-n)) f|* (fv e — {z}) by simp
also have ... = env-delete © (Aexp e-(pred-n))
by (rule env-restr-useless) (auto dest: set-mp[OF Aexp-edom))
finally show ?thesis.
qed

lemma Aexp-Let-simpl:
- nonrec I' = Aq (Let T e) = (Afix T-(Ag e U (A-.up-0) f|* thunks T)) f|* (— domA T)
unfolding Aexp-pre-simps
by (rule env-restr-cong) (auto simp add: dest!: set-mp[OF Afiz-edom] set-mp[OF Aexp-edom)]
set-mp|OF thunks-domA])

lemma Aexp-Let-simp2:

T ¢ fue = Ag(let z be e in exp) = env-delete v (A 4 ind-nonrec = e - (
e U Ag exp)

unfolding Aezp-pre-simps env-delete-restr

by (rule env-restr-cong) (auto dest!: set-mp[OF fup-Aexp-edom] set-mp|OF Aexp-edom))

Aq exp, CCexp exp-a)

lemma Aexp-simps[simp]:
Ag(Var z) = esing z-(up-a)
Aa(Lam [z]. e) = env-delete z (Appeg.q €)
Aa(App e x) = Aexp e-(inc-a) U esing z-(up-0)
= nonrec T' = Ag(Let T e) =
(Afix T-(Ag e U (A-.up-0) f|* thunks T)) f|* (— domAT)
z ¢ fve = Ag(let z be e’ ine) =
env-delete (‘ALABmd—nom"ec ze'(Ag e, Ga e) e’ U Aq )
Ag(Bool b) = L
Ag(scrut 2 el : e2) = Ag scrut U Ag el U Ag €2
by (simp-all add: Aexp-lam-simp Aexp-Let-simpl Aexp-Let-simp2, simp-all add: Aexp-pre-simps)

end

end

76 CallArityEnd2End.tex

theory CuallArityEnd2End
imports ArityTransform CoCallAnalysisImpl
begin
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locale CallArityEnd2End
begin
sublocale CoCallAnalysisImpl.

lemma fresh-var-eqE[elim-format]: fresh-var e = ¢ = x ¢ fve
by (metis fresh-var-not-free)

lemma examplel:

fixes e :: exp

fixes fgxzy 2z :: var

assumes Aexp-e: N\a. Aexp e-a = esing x-(up-a) U esing y-(up-a)

assumes ccErp-e: Na. CCexp e-a = L

assumes [simp]: transform 1 e = e

assumes isVal e

assumes disj: y #fy #gas Fyz#fz#gyFa

assumes fresh: atom z § e

shows transform 1 (let y be App (Var f) g in (let z be e in (Var z))) =

let y be (Lam [z]. App (App (Var f) g) z) in (let x be (Lam [z]. App e z) in (Var z))

proof—

from arg-cong[where f = edom, OF Aexp-e]

have z € fv e by simp (metis Aexp-edom’ insert-subset)

hence [simp]: = nonrec [(z,e)]

by (simp add: nonrec-def)

from (isVal e
have [simp]: thunks [(z, e)] = {}
by (simp add: thunks-Cons)

have [simp]: CCfix [(x, e)]-(esing z-(up-1) U esing y-(up-1), L) = L
unfolding CCfiz-def
apply (simp add: fix-bottom-iff ccBindsExtra-simp)
apply (simp add: ccBind-eq disj ccEzp-e)
done

have [simp]: Afiz [(z, e)]-(esing z-(up-1)) = esing x-(up-1) U esing y-(up-1)
unfolding Afiz-def
apply simp
apply (rule fiz-eql)
apply (simp add: disj Aexp-e)
apply (case-tac z z)
apply (auto simp add: disj Aexp-e)
done

have [simp]: Aheap [(y, App (Var f) g)] (let = be e in Var z)-1 = esing y-((Aexp (let = be e
in Varz )-1) y)
by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq pure-fresh fresh-at-base disj)

have [simp]: (Aexp (let x be e in Var z)-1) = esing y-(up-1)
by (simp add: env-restr-join disj)
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have [simp]: Aheap [(z, e)] (Var z)-1 = esing z-(up-1)
by (simp add: env-restr-join disj)

have 1: 1 = inc-0 apply (simp add: inc-def) apply transfer apply simp done

have [simp]: Aeta-expand 1 (App (Var f) g) = (Lam [z]. App (App (Var f) g) 2)
apply (simp add: 1 del: exp-assn.eq-iff)
apply (subst change-Lam-Variable|of z fresh-var (App (Var f) g)])
apply (auto simp add: fresh-Pair fresh-at-base pure-fresh disj introl: flip-fresh-fresh elim!:
fresh-var-eqF)
done

have [simp]: Aeta-expand 1 e = (Lam [z]. App e z)
apply (simp add: 1 del: exp-assn.eq-iff)
apply (subst change-Lam-Variable|of z fresh-var e])
apply (auto simp add: fresh-Pair fresh-at-base pure-fresh disj fresh intro!: flip-fresh-fresh
elim!: fresh-var-eqF)
done

show ?thesis
by (simp del: Let-eq-iff add: map-transform-Cons map-transform-Nil disj|symmetric))
qed

end
end

77 SestoftGC.tex

theory SestoftGC
imports Sestoft
begin

inductive ge-step :: conf = conf = bool (infix = 50) where
normal: ¢ = ¢’ = ¢ =g ¢’
| dropUpd: (T, e, Upd z # S) =¢ (T, e, S Q [Dummy z])

lemmas gc-step-intros|[intro] =
normal[OF step.intros(1)] normal[OF step.intros(2)] normal[OF step.intros(3)]
normal[ OF step.intros(4)] normal[OF step.intros(5)] dropUpd

abbreviation gc-steps (infix =¢* 50) where gc-steps = gc-step™™
lemmas converse-rtranclp-into-rtranclplof gc-step, OF - r-into-rtranclp, trans]

lemma var-oncel:

assumes map-of I' © = Some e
shows (', Var z, §) =¢g* (delete x T, e , SQ[Dummy z])
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proof—

from assms

have (', Var z, S) =¢ (delete z T, e , Upd = # S)..

moreover

have ... =¢ (delete z T, e, SQ[Dummy z])..

ultimately

show ?thesis by (rule converse-rtranclp-into-rtranclp[OF - r-into-rtranclp])
qed

lemma normal-trans: ¢ =* ¢/ = ¢ =¢* ¢’
by (induction rule:rtranclp-induct)
(simp, metis normal rtranclp.rtrancl-into-rtrancl)

fun to-gc-conf :: var list = conf = conf
where to-gc-conf r (T, e, S) = (restrictA (— set r) T, e, restr-stack (— set r) S @ (map
Dummy (rev r)))

lemma restr-stack-map-Dummy[simp]: restr-stack V (map Dummy 1) = map Dummy 1
by (induction 1) auto

lemma restr-stack-append[simp]: restr-stack V (1Ql") = restr-stack VI Q restr-stack V I’
by (induction I rule: restr-stack.induct) auto

lemma to-gc-conf-append[simp]:
to-gc-conf (rQr’) ¢ = to-gc-conf r (to-ge-conf r' c)
by (cases ¢) auto

lemma to-gc-conf-eqE[elim!]:

assumes to-gc-confrc = (T, e, S)

obtains I'' S/ where ¢ = (I'/, ¢, §') and I' = restrictA (— set r) I'" and S = restr-stack (—
set r) S’ @ map Dummy (rev r)

using assms by (cases ¢) auto

fun safe-hd :: 'a list = 'a option
where safe-hd (z#-) = Some z
| safe-hd [| = None

lemma safe-hd-None[simp]: safe-hd xs = None <— xs = ||
by (cases xs) auto

abbreviation r-ok :: var list = conf = bool
where r-ok r ¢ = set r C domA (fst ¢) U upds (snd (snd ¢))

lemma subset-bound-invariant:
invariant step (r-ok r)

proof
fix zy
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assume z = y and r-ok r x thus r-ok r y
by (induction) auto
qed

lemma safe-hd-restr-stack|simp]:

Some a = safe-hd (restr-stack V (a # S)) +— restr-stack V (a # S) = a # restr-stack V
S

apply (cases a)

apply (auto split: if-splits)

apply (thin-tac P a for P)

apply (induction S rule: restr-stack.induct)

apply (auto split: if-splits)

done

lemma sestoftUnGCStack:
assumes heap-upds-ok (T', S)
obtains I'' S’ where
(T, e, S)=* (T e 5
to-gc-conf r (T, e, S) = to-gc-conf r (T, e, S7)
- isVal e V safe-hd S’ = safe-hd (restr-stack (— set r) S’)
proof—
show ?thesis
proof(cases isVal e)
case Fulse
thus %thesis using assms by —(rule that, auto)
next
case True
from that assms
show ?thesis
apply (atomize-elim)
proof (induction S arbitrary: T')
case Nil thus ?case by (fastforce)
next
case (Cons s S)
show ?Zcase
proof(cases Some s = safe-hd (restr-stack (— set r) (s#5S)))
case True
thus ?thesis
using «sVal e) <heap-upds-ok (T, s # S)
apply auto
apply (intro exI conjl)
apply (rule rtranclp.intros(1))
apply auto
done
next
case Fulse
then obtain z where [simp]: s = Upd © and [simp]: © € set r
by (cases s) (auto split: if-splits)
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from <heap-upds-ok (T, s # S)) <s = Upd x
have [simp]: ¢ domA T and heap-upds-ok ((xz,e) # T, S)
by (auto dest: heap-upds-okE)

have (I'; e, s # §) =* (I, e, Upd = # S) unfolding (s = - ..
also have ... = ((z,e) # T, e, S) by (rule step.vars|OF x ¢ domA I «isVal e)])
also
from Cons.IH[OF <heap-upds-ok ((z,e) # T, S) ]
obtain I'' S’/ where ((z,e) # T, ¢, §) =* (I, ¢, S
and res: to-gc-conf r ((z,e) # T, e, S) = to-gc-conf r (T, e, S’)
(= isVal e V safe-hd S’ = safe-hd (restr-stack (— set r) S'))
by blast
note this(1)
finally
have (I', e, s # S) =* (I'/, e, S').
thus ?thesis using res by auto
qed
qed
qed
qed

lemma perm-exI-trivial:
Pro= 3w P(n-2)z
by (rule exl[where z = 0::perm]) auto

lemma upds-list-restr-stack|simp]:
upds-list (restr-stack V' §) = filter (A z. x€ V') (upds-list S)
by (induction S rule: restr-stack.induct) auto

lemma heap-upd-ok-to-gc-conf:
heap-upds-ok (T, S) = to-gc-conf r (L, e, S) = (', e, §'") = heap-upds-ok (I'”, S'')
by (auto simp add: heap-upds-ok.simps)

lemma delete-restrictA-conv:
delete x T' = restrictA (—{z}) T
by (induction T') auto

lemma sestoftUnG Cstep:

assumes to-gc-confr ¢ =g d

assumes heap-upds-ok-conf c

assumes closed ¢

and r-ok r c

shows 3 r'c¢’ ¢ =* ¢’ Ad = to-gc-confr’' ¢ A r-okr' c’
proof—

obtain I" ¢ S where ¢ = (T, e, S) by (cases ¢) auto

with assms

have heap-upds-ok (I',S) and closed (T, e, S) and r-ok r (T, e, S) by auto

from sestoftUnGCStack|OF this(1)]

obtain I'’ S’/ where
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(T, e, S)=*(T"e 5

and *: to-gc-conf r (T, e, S) = to-gc-conf r (I, e, S)

and disj: — isVal e V safe-hd S’ = safe-hd (restr-stack (— set r) S’)
by metis

from invariant-starE[OF (- =* - heap-upds-ok-invariant] <heap-upds-ok (I',S)
have heap-upds-ok (T, S') by auto

from invariant-starE[OF - =* - closed-invariant <closed (T', e, S) ]
have closed (T'', e, S') by auto

from invariant-starE[OF - =*
have r-ok r (T, e, S’) by auto

- subset-bound-invariant «r-ok r (T, e, S) |

from assms(1)[unfolded (¢ =-) x|
have 3 ' T e” S". (', e, ') =* (I, e”, 8") A d = to-gc-conf r' (T, e”, 8"y A r-ok r’
(F//7 e S//)
proof(cases rule: ge-step.cases)
case normal
hence 3 T e” §". (I, e, S) = (T, e, S") A d = to-gc-conf r (I'", ", §'")
proof (cases rule: step.cases)
case app
thus “thesis
apply auto
apply (intro exI conjI)
apply (rule step.intros)
apply auto
done
next
case (app2 T y ea z S)
thus ?thesis
using disj
apply (cases S)
apply auto
apply (intro exI conjI)
apply (rule step.intros)
apply auto
done
next
case vary
thus ?thesis
apply auto
apply (intro exI conjl)
apply (rule step.intros)
apply (auto simp add: restr-delete-twist)
done
next
case vars
thus “thesis
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using disj
apply (cases S”)
apply auto
apply (intro exl conjl)
apply (rule step.intros)
apply (auto split: if-splits dest: Upd-eq-restr-stackD2)
done
next

case (lety AT S ¢

from «closed (T, e, S')) lety
have closed (T, Let A" e’; S') by simp

from fresh-distinct[OF let1(3)] fresh-distinct-fu[ OF lety(4)]

have domA A" N domA I'" = {} and domA A" N upds " = {} and domd A’ N

dummies S"" = {}

by (auto dest: set-mp|OF ups-fv-subset] set-mp|OF dummies-fu-subset])
moreover
from let(1)
have domA T U upds S’ C domA T'"" U upds S U dummies S"’

by auto
ultimately
have disj: domA A" N domA T/ = {} domA A" N upds S’ = {}

by auto

from (domA A" N dummies S" = {}» let1(1)

have domA A’ N set r = {} by auto

hence [simp]: restrictA (— set r) A" = A"
by (auto intro: restrictA-noop)

from let1(1—3)
show ?thesis
apply auto
apply (intro exl[where z = r] exI[where x = A" @ T'/] exI[where z = S| conjI)
apply (rule let;-closed[OF «(closed (T, Let A" e’, S') disj])
apply (auto simp add: restrictA-append)
done
next
case if
thus ?thesis
apply auto
apply (intro exl[where z = 0::perm] exI conjl)
unfolding permute-zero
apply (rule step.intros)
apply (auto)
done
next
case if o
thus ?thesis
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using disj
apply (cases S”)
apply auto
apply (intro exl exl congl)
apply (rule step.if o[where b = True, simplified| step.if o[where b = False, simplified])
apply (auto split: if-splits dest: Upd-eq-restr-stackD2)
apply (intro exI conjl)
apply (rule step.if o[where b = True, simplified] step.ifs[where b = False, simplified])
apply (auto split: if-splits dest: Upd-eq-restr-stackD2)
done
qed
with invariantE[OF subset-bound-invariant - «r-ok r (T, e, S')]
show ?thesis by blast
next
case (dropUpd T'" " © S"")
from <to-gc-conf r (T, e, S) = (T'", e, Upd x # S')
have z ¢ set r by (auto dest!: arg-cong[where f = upds])

from (heap-upds-ok (T, S’)) and <to-gc-conf r (T, e, S) = (T, e”, Upd x # S")
have heap-upds-ok (', Upd z # S'") by (rule heap-upd-ok-to-gc-conf)
hence [simp]: © ¢ domA T © ¢ upds S”' by (auto dest: heap-upds-ok-upd)

have to-gc-conf (x # r) (T, e, S') = to-gc-conf ([z]@Q r) (T, e, S’) by simp
e’

also have ... = to-gc-conf [z] (to-gc-conf r (T, e, S’)) by (rule to-gc-conf-append)

also have ... = to-gc-conf [z] (L7, ¢, Upd x # S'"") unfolding <to-gc-confr (I, e, S') =
also have ... = (T'", ¢”, §"”"Q[Dummy z]) by (auto intro: restrictA-noop)

also have ... = d using < d= - by simp

finally have to-gc-conf (z # r) (I'/, e, S') = d.

moreover

from cto-gc-confr (I'/; e, S") = (L'”, e, Upd x # S'')
have z € upds S’ by (auto dest!: arg-cong[where f = upds])
with ok r (T, e, S')

have r-ok (z # r) (T, e, S') by auto

moreover

note <to-gc-conf r (I''; e, S') = (T, ", Upd = # S")
ultimately

show ?thesis by fastforce

ged

then obtain r' T e/ §"'
where (I'/; ¢, §') =* (I'”, e’

and d = to-gc-conf r' (T, e”,

and r-ok r' (T, e, S7”)

by metis

S//)
SI/)

from (I, e, S) =" (I, e, §) and (T, e, §') =* (', ", ')
have (T, e, §) =* (I'”, e, §") by (rule rtranclp-trans)
with «d = - ok r’ -
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show ?thesis unfolding (¢ = - by auto
qed

lemma sestoftUnGC:
assumes (to-gc-conf r ¢) =¢* d and heap-upds-ok-conf ¢ and closed ¢ and r-ok r ¢
shows 3 r'c’. c=*c' Ad=to-gc-confr’ c' A r-okr'c’
using assms
proof (induction rule: rtranclp-induct)
case base
thus “case by blast
next
case (step d’ d"")

then obtain r’ ¢/ where ¢ =* ¢’ and d’ = to-gc-conf r’ ¢’ and r-ok r' ¢’

by auto

from invariant-starE[OF (- =*

have heap-upds-ok-conf c’.

- heap-upds-ok-invariant] <heap-upds-ok -

*

from invariant-starE[OF (- =
have closed ¢’.

- closed-invariant] <closed -

from step «d’ = to-gc-conf r’ ¢’
have to-gc-conf r’ ¢/ =g d'' by simp
from this <heap-upds-ok-conf ¢y <closed ¢’ <r-ok v’ ¢’
have 3 ' ¢”. ¢/ =* ¢ A d" = to-gc-conf r'' ¢ A r-ok r'" ¢
by (rule sestoftUnGCstep)
then obtain r’' ¢’/ where ¢’ =* ¢” and d"’ = to-gc-conf r’”’ ¢'" and r-ok v’ ¢’ by auto
from ¢’ =* ¢y «c =* ¢)
have ¢ =* ¢ by auto

with «d” = - -0k v ¢')
show ?case by blast
qed

lemma dummies-unchanged-invariant:

invariant step (A (T, e, S) . dummies S = V) (is invariant - 1)
proof

fix ¢ ¢’

assume ¢ = ¢’ and ?[ ¢

thus ?I ¢’ by (induction) auto
qed

lemma sestoftUnGC'":

assumes ([], e, [|) =¢* (T, €', map Dummy r)

assumes isVal e’

assumes fv e = ({}::var set)

shows I T ([, e, []) =" (I, e, []) AT = restrictA (— set ) I'"" A\ set  C domA T
proof—

from sestoftUnGC[where r = [| and ¢ = ([], e, []), simplified, OF assms(1,3)]
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obtain r'T'" S’
where ([], e, []) =* (T, ¢/, S)
and I' = restrictA (— set r’) T/
and map Dummy r = restr-stack (— set r') S’ Q map Dummy (rev ')
and r-ok r' (I, e’, S
by auto

from invariant-starE[OF «({], e, []) =* (', €', S')) dummies-unchanged-invariant]
have dummies S’ = {} by auto

with «map Dummy r = restr-stack (— set r’) S’ @ map Dummy (rev r')

have restr-stack (— set r’) S’ =[] and [simp]: r = rev 1’

by (induction S’ rule: restr-stack.induct) (auto split: if-splits)

from invariant-starE[OF - =* - heap-upds-ok-invariant]
have heap-upds-ok (I''; S') by auto

from <isVal ey sestoftUnGCStack[where e = e’, OF <heap-upds-ok (I', S')) |
obtain ' "

where (I'/, ¢/, S") =* (T, e/, S

and to-ge-conf r (I, e/, S') = to-gc-conf r (T'", e’, S')

and safe-hd S'' = safe-hd (restr-stack (— set r) S

by metis

from this (2,8) restr-stack (— set r’) S =[]
have S =[] by auto

from «([], e, []) =* (I, ¢/, §') and (T, €', S') =* (T'", ¢/, S’y and S" = [
have ([], e, []) =* (I'”, ¢/, []) by auto
moreover
have I' = restrictA (— set r) T using (to-gc-conf r - = - ' = - by auto
moreover
from invariant-starE[OF (T, e/, ') =* (I'"', e/, §') subset-bound-invariant <r-ok r' (I,
e/, §'))
have set r C domA T'"" using (S"' = [} by auto
ultimately
show ?thesis by blast
qed

end

78 CardArityTransformSafe.tex

theory CardArityTransformSafe

imports Arity Transform CardinalityAnalysisSpec AbstractTransform Sestoft SestoftGC ArityFEta-
EzxpansionSafe ArityAnalysisStack ArityConsistent

begin

context CardinalityPrognosisSafe
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begin
sublocale Abstract TransformBoundSubst

Aa.inca

Aa . pred-a

AAea. (a, Aheap A e-a)
fst

snd

A- 0

Aeta-expand

snd

apply standard

apply (simp add: Aheap-subst)
apply (rule subst-Aeta-expand)
done

abbreviation ccTransform where ccTransform = transform

lemma supp-transform: supp (transform a e) C supp e
by (induction rule: transform.induct)
(auto simp add: exp-assn.supp Let-supp dest!: set-mp|OF supp-map-transform| set-mp|OF
supp-map-transform-step| )
interpretation supp-bounded-transform transform
by standard (auto simp add: fresh-def supp-transform)

type-synonym tstate = (AEnv x (var = two) x Arity x Arity list x var list)

fun transform-alts :: Arity list = stack = stack
where
transform-alts - || = ||
| transform-alts (a#as) (Alts el e2 # S) = (Alts (ccTransform a el) (ccTransform a e2))
# transform-alts as S
| transform-alts as (x # S) = x # transform-alts as S

lemma transform-alts-Nil[simp]: transform-alts [|] S = S
by (induction S) auto

lemma Astack-transform-alts|simp]:
Astack (transform-alts as S) = Astack S
by (induction rule: transform-alts.induct) auto

lemma fresh-star-transform-alts[intro]: a §x S = a #* transform-alts as S
by (induction as S rule: transform-alts.induct) (auto simp add: fresh-star-Cons)

fun a-transform :: astate = conf = conf

where a-transform (ae, a, as) (T, e, §) =
(map-transform Aeta-expand ae (map-transform ccTransform ae T),
ccTransform a e,
transform-alts as S)
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fun restr-conf :: var set = conf = conf
where restr-conf V (T, e, S) = (restrictA V' T, e, restr-stack V S)

fun add-dummies-conf :: var list = conf = conf
where add-dummies-confl (T, e, §) = (I, e, S @ map Dummy (rev 1))

fun conf-transform :: tstate = conf = conf
where conf-transform (ae, ce, a, as, r) ¢ = add-dummies-conf r ((a-transform (ae, a, as)
(restr-conf (— set r) c)))

inductive consistent :: tstate = conf = bool where
consistentl [introl]:
a-consistent (ae, a, as) (restr-conf (— set r) (T, e, S))
= edom ae = edom ce
= prognosis ae as a (', e, S) C ce
= (A z. ¢ € thunks T = many C ce z = ae z = up-0)
= set v C (domA I' U upds S) — edom ce
= consistent (ae, ce, a, as, r) (T, e, S)
inductive-cases consistentE[elim!]: consistent (ae, ce, a, as) (T, e, S)

lemma closed-consistent:

assumes fv e = ({}::var set)

shows consistent (L, L, 0, [], ) (], e [])
proof—

from assms

have edom (prognosis L[| 0 ([], e, [])) = {}

by (auto dest!: set-mp[OF edom-prognosis|)

thus ?thesis

by (auto simp add: edom-empty-iff-bot closed-a-consistent[OF assms])

qed

lemma card-arity-transform-safe:
fixes ¢ ¢’
assumes ¢ =* ¢’ and — boring-step ¢’ and heap-upds-ok-conf ¢ and consistent (ae,ce,a,as,r)
c
shows Jae’ ce’ a’ as’ r'. consistent (ae’,ce’;a’;as’;r’) ¢’ N\ conf-transform (ae,ce,a,as,r) ¢
=g* conf-transform (ae’,ce’,a’;as’;r’) ¢’
using assms(1,2) heap-upds-ok-invariant assms(3—)
proof (induction ¢ ¢’ arbitrary: ae ce a as r rule:step-invariant-induction)
case (app1 ' ez §)
have prognosis ae as (inc-a) (T, e, Arg x # S) C prognosis ae as a (I, App e xz, S) by (rule
prognosis-App)
with app; have consistent (ae, ce, inc-a, as, r) (I, e, Arg x # 5)
by (auto intro: a-consistent-appy elim: below-trans)
moreover
have conf-transform (ae, ce, a, as, r) (T, App e z, S) =¢ conf-transform (ae, ce, inc-a,
as, r) (I, e, Arg x # 5)
by simp rule
ultimately
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show ?case by (blast del: consistent] consistentE)
next
case (app2 ' y e z S)
have prognosis ae as (pred-a) (T, e[y::=z], S) C prognosis ae as a (I', (Lam [y]. e), Arg x
# 5)
by (rule prognosis-subst-Lam)
then
have consistent (ae, ce, pred-a, as, r) (I', e[y:=z], S) using apps
by (auto 4 3 intro: a-consistent-apps elim: below-trans)
moreover
have conf-transform (ae, ce, a, as, r) (T, Lam [y]. e, Arg x # S) =¢ conf-transform (ae,
ce, pred - a, as, r) (T, e[y::=z], S) by (simp add: subst-transform[symmetric]) rule
ultimately
show ?case by (blast del: consistentl consistentE)
next
case (thunk T z e S)
hence z € thunks I by auto
hence [simp]: x € domA T by (rule set-mp[OF thunks-domA])

from thunk have prognosis ae as a (T, Var z, S) C ce by auto
from below-trans[OF prognosis-called fun-belowD[OF this] |
have [simp]: z € edom ce by (auto simp add: edom-def)
hence [simp]: = ¢ set r using thunk by auto

from c(heap-upds-ok-conf (T, Var z, S)
have z ¢ upds S by (auto dest!: heap-upds-okE)

have z € edom ae using thunk by auto
then obtain u where ae z = up-u by (cases ae ) (auto simp add: edom-def)

show ?Zcase
proof(cases ce © rule:two-cases)
case none
with «z € edom ce) have False by (auto simp add: edom-def)
thus ?thesis..
next
case once

from (prognosis ae as a (T, Var z, S) C ce)
have prognosis ae as a (T, Var z, S) z C once
using once by (metis (mono-tags) fun-belowD)
hence z ¢ ap S using prognosis-ap|of ae as a T (Var z) S| by auto

from (map-of I' © = Some e <ae x = up-w - isVal e
have *: prognosis ae as u (delete z T', e, Upd z # S) C record-call z - (prognosis ae as a
(T, Varz, S))
by (rule prognosis- Var-thunk)
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from (prognosis ae as a (T, Var z, S) x C once
have (record-call x - (prognosis ae as a (I', Var z, S))) x = none
by (simp add: two-pred-none)
hence xx: prognosis ae as u (delete x T'; e, Upd © # S) x = none using fun-belowD|[OF
*, where z = z] by auto

have eq: prognosis (env-delete x ae) as u (delete x T, e, Upd x # S) = prognosis ae as u
(delete x T, e, Upd z # S)
by (rule prognosis-env-cong) simp

have [simp]: restr-stack (— set r — {z}) S = restr-stack (— set r) S
using «x ¢ upds S) by (auto intro: restr-stack-cong)

have prognosis (env-delete © ae) as u (delete z T, e, Upd x # S) C env-delete x ce
unfolding eq
using xx below-trans|OF below-trans|OF x Cfun.monofun-cfun-arg|OF <prognosis ae as
a (T, Var z, S) C ce)]] record-call-below-arg]
by (rule below-env-deletel)
moreover

have *: a-consistent (env-delete z ae, u, as) (delete x (restrictA (— set r) T'), e, restr-stack
(— setr) S)
using thunk (ae x = up-w
by (auto intro!: a-consistent-thunk-once simp del: restr-delete)
ultimately

have consistent (env-delete © ae, env-delete x ce, u, as, x # r) (delete z T, e, Upd x # S)
using thunk
by (auto simp add: restr-delete-twist Compl-insert elim:below-trans )
moreover

from =
have xx: Astack (transform-alts as (restr-stack (— set r) S) Q map Dummy (rev r) Q
[Dummy z]) C u by (auto elim: a-consistent-stackD)

{

from (map-of T' x = Some e) (ae © = up-w> once
have map-of (map-transform Aeta-expand ae (map-transform ccTransform ae (restrictA
(= set r) T))) z = Some (Aeta-expand u (transform u e))
by (simp add: map-of-map-transform)
hence conf-transform (ae, ce, a, as, r) (', Var z, S§) =¢
add-dummies-conf r (delete x (map-transform Aeta-expand ae (map-transform ccTrans-
form ae (restrictA (— set r) I))), Aeta-expand u (ccTransform u e), Upd x # transform-alts as
(restr-stack (— set r) S))
by (auto simp add: map-transform-delete delete-map-transform-env-delete insert-absorb
restr-delete-twist simp del: restr-delete)
also
have ... =¢* add-dummies-conf (x # r) (delete x (map-transform Aeta-expand ae
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(map-transform ccTransform ae (restrictA (— set r) T'))), Aeta-expand u (ccTransform u e),
transform-alts as (restr-stack (— set r) S))
apply (rule r-into-rtranclp)
apply (simp add: append-assoc[symmetric] del: append-assoc)
apply (rule dropUpd)
done
also
have ... =¢* add-dummies-conf (z # r) (delete x (map-transform Aecta-expand ae
(map-transform ccTransform ae (restrictA (— set r) T'))), ccTransform u e, transform-alts as
(restr-stack (— set r) S))
by simp (intro normal-trans Aeta-expand-safe *x)
also(rtranclp-trans)
have ... = conf-transform (env-delete © ae, env-delete x ce, u, as, x # r) (delete © T, e,
Upd z # S)
by (auto intro!: map-transform-cong simp add: map-transform-delete[symmetric] restr-delete-twist
Compl-insert)
finally (back-subst)
have conf-transform (ae, ce, a, as, r) (I', Var z, S) =¢* conf-transform (env-delete x ae,
env-delete x ce, u, as, © # r) (delete x T, e, Upd z # §).
}
ultimately
show ?thesis by (blast del: consistent] consistentE)

next
case many

from (map-of T' x = Some e <ae x = up-w < isVal e

have prognosis ae as u (delete xz T, e, Upd x # S) C record-call x - (prognosis ae as a (T,
Var z, S))

by (rule prognosis-Var-thunk)

also note record-call-below-arg

finally

have *: prognosis ae as u (delete z T, e, Upd x # S) C prognosis ae as a (T, Var z, S)
by this simp-all

have ae z = up-0 using thunk many x € thunks T by (auto)
hence v = 0 using (ae z = up-w by simp

have prognosis ae as 0 (delete x T, e, Upd © # S) C ce using *[unfolded «u=0)] thunk
by (auto elim: below-trans)
moreover
have a-consistent (ae, 0, as) (delete x (restrictA (— set r) I'), e, Upd x # restr-stack (—
set r) S) using thunk (ae x = up-0)
by (auto introl: a-consistent-thunk-0 simp del: restr-delete)
ultimately
have consistent (ae, ce, 0, as, r) (delete z T, e, Upd  # S) using thunk <ae x = up-w
w=0
by (auto simp add: restr-delete-twist)
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moreover

from (map-of I' x = Some e) <ae © = up-0> many
have map-of (map-transform Aeta-expand ae (map-transform ccTransform ae (restrictA
(— set r) I'))) x = Some (transform 0 e)
by (simp add: map-of-map-transform)
with = isVal e
have conf-transform (ae, ce, a, as, r) (T, Var z, S) =¢ conf-transform (ae, ce, 0, as, 1)
(delete x T, e, Upd z # S)
by (auto intro: ge-step.intros simp add: map-transform-delete restr-delete-twist intro!:
step.intros simp del: restr-delete)
ultimately
show ?thesis by (blast del: consistent] consistentE)
qed
next
case (lamvar T’ z e S)
from lamvar(1) have [simp]: © € domA T by (metis domI dom-map-of-conv-domA)

from lamvar have prognosis ae as a (I, Var z, S) C ce by auto

from below-trans[OF prognosis-called fun-belowD[OF this] |

have [simp]: © € edom ce by (auto simp add: edom-def)

then obtain ¢ where ce z = up-c by (cases ce z) (auto simp add: edom-def)

from lamvar
have [simp]: © ¢ set r by auto

then have z € edom ae using lamvar by auto

then obtain u where ae © = up-u by (cases ae x) (auto simp add: edom-def)

have prognosis ae as u ((z, e) # delete x T, e, S) = prognosis ae as u (T, e, S)
using (map-of ' x = Some e by (auto intro!: prognosis-reorder)

also have ... C record-call z - (prognosis ae as a (T, Var z, S))
using (map-of T' z = Some e ae x = up-w <isVal 0 by (rule prognosis-Var-lam)
also have ... C prognosis ae as a (T, Var z, S) by (rule record-call-below-arg)

finally have *: prognosis ae as u ((x, e) # delete z T, e, S) C prognosis ae as a (I, Var z,
S) by this simp-all
moreover
have a-consistent (ae, u, as) ((z,e) # delete x (restrictA (— set r) T'), e, restr-stack (— set
r) S) using lamvar (ae T = up-w
by (auto intro!: a-consistent-lamvar simp del: restr-delete)
ultimately
have consistent (ae, ce, u, as, v) ((z, ) # delete z T, e, 5)
using lamvar edom-mono[OF %] by (auto simp add: thunks-Cons restr-delete-twist elim:
below-trans)
moreover

from <a-consistent - -
have sx: Astack (transform-alts as (restr-stack (— set r) S) @Q map Dummy (rev r)) C u
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by (auto elim: a-consistent-stackD)

{

from <isVal e
have isVal (transform u e) by simp
hence isVal (Aeta-expand u (transform u e)) by (rule isVal-Aeta-expand)
moreover
from (map-of T' x = Some e <aex = up - w (ce x = up-¢ sVal (transform u e))
have map-of (map-transform Aeta-expand ae (map-transform transform ae (restrictA (— set
r) I')) z = Some (Aeta-expand u (transform u e))
by (simp add: map-of-map-transform)
ultimately
have conf-transform (ae, ce, a, as, r) (T, Var z, §) =g*
add-dummies-conf r ((z, Aeta-expand u (transform u e)) # delete x (map-transform
Aeta-expand ae (map-transform transform ae (restrictA (— set r) I'))), Aeta-expand u (transform
u e), transform-alts as (restr-stack (— set r) S))
by (auto intro!: normal-trans|OF lambda-var] simp add: map-transform-delete simp del:
restr-delete)
also have ... = add-dummies-conf r ((map-transform Aeta-expand ae (map-transform
transform ae ((z,e) # delete x (restrictA (— set r) T)))), Aeta-expand v (transform u e),
transform-alts as (restr-stack (— set r) S))
using (ae x = up - w (ce x = up-o sVal (transform u e)
by (simp add: map-transform-Cons map-transform-delete restr-delete-twist del: restr-delete)
also(subst[rotated]) have ... =g* conf-transform (ae, ce, u, as, r) ((z, e) # delete z T', e,
5)
by (simp add: restr-delete-twist) (rule normal-trans|OF Aeta-expand-safe[OF xx ||)
finally (rtranclp-trans)
have conf-transform (ae, ce, a, as, r) (T, Var z, S) =¢* conf-transform (ae, ce, u, as, r)
((z, e) # delete x T, e, S).
}
ultimately show ?case by (blast del: consistent] consistentE)
next
case (varg ' z e §)
show ?Zcase
proof(cases © € set r)
case [simp]: False

from vars

have a-consistent (ae, a, as) (restrictA (— set r) T', e, Upd © # restr-stack (—set r) S)
by auto

from a-consistent-UpdD[OF this]

have ae x = up-0 and a = 0.

from «sVal e @ ¢ domA I
have x: prognosis ae as 0 ((z, e) # T, e, S) C prognosis ae as 0 (', e, Upd x # S) by
(rule prognosis-Var2)
moreover
have a-consistent (ae, a, as) ((z, €) # restrictA (— set r) I, e, restr-stack (— set r) )
using vare by (auto intro!: a-consistent-vars)
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ultimately
have consistent (ae, ce, 0, as, r) ((z, ) # T, e, S)
using vars (@ = O
by (auto simp add: thunks-Cons elim: below-trans)
moreover
have conf-transform (ae, ce, a, as, r) (I, e, Upd x # S) =¢ conf-transform (ae, ce, 0,
as, r) ((z, e) # T, e, )
using (ae x = up-0) <a = 0) varsy
by (auto intro: gc-step.intros simp add: map-transform-Cons)
ultimately show ?thesis by (blast del: consistentl consistentE)
next
case True
hence ce x = 1 using vary by (auto simp add: edom-def)
hence z ¢ edom ce by (simp add: edomlIff)
hence z ¢ edom ae using vars by auto
hence [simp]: ae x = L by (auto simp add: edom-def)

note (x € set r[simp]

have prognosis ae as a ((z, ) # T', e, S) C prognosis ae as a ((z, e) # T', e, Upd x # S)
by (rule prognosis-upd)
also have ... C prognosis ae as a (delete z ((z,e) # T'), e, Upd x # S)
using (ae x = 1) by (rule prognosis-not-called)
also have delete z ((z,e)#I') = T using <z ¢ domA I') by simp
finally
have x: prognosis ae as a ((z, ) # T, e, S) C prognosis ae as a (I, e, Upd x # S) by
this simp
then
have consistent (ae, ce, a, as, r) ((z, e) # T, e, S) using vars
by (auto simp add: thunks-Cons elim:below-trans a-consistent-vars)
moreover
have conf-transform (ae, ce, a, as, r) (I, e, Upd ¢ # S) = conf-transform (ae, ce, a, as,
r) ((z, e) #T, e 9)
by (auto simp add: map-transform-restrA[symmetric])
ultimately show %thesis
by (fastforce del: consistent] consistentE simp del:conf-transform.simps)
qed
next
case (lety AT e §)
let 2ae = Aheap A e-a
let ?ce = cHeap A e-a

have domA A N upds S = {} using fresh-distinct-fv[ OF let1(2)] by (auto dest: set-mp[OF
ups-fu-subset])
hence x: A\ z. z € upds S = x ¢ edom ?ae by (auto simp add: edom-cHeap dest!: set-mp[OF
edom-Aheap))
have restr-stack-simp2: restr-stack (edom (?ae U ae)) S = restr-stack (edom ae) S
by (auto intro: restr-stack-cong dest!: *)
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have edom ce = edom ae using let; by auto

have edom ae C domA T U upds S using let; by (auto dest!: a-consistent-edom-subsetD)
from set-mp[OF this| fresh-distinct[OF let1(1)] fresh-distinct-fo[ OF let1(2)]
have edom ae N domA A = {} by (auto dest: set-mp[OF ups-fv-subset])

from (edom ae N domA A = {}
have [simp]: edom (Aheap A e-a) N edom ae = {} by (auto dest!: set-mp[OF edom-Aheap])

from fresh-distinct|OF let1(1)]
have [simp]: restrictA (edom ae U edom (Aheap A e-a)) T’ = restrictA (edom ae) T
by (auto intro: restrictA-cong dest!: set-mp[OF edom-Aheap))

have set 1 C domA I' U upds S using let; by auto
have [simp]: restrictA (— set r) A = A
apply (rule restrictA-noop)
apply auto
by (metis IntI UnE (set r C domA T' U upds S) <domA A N domA T = {} «domAd A N
upds S = {}> contra-subsetD empty-iff)

{

have edom (?ae U ae) = edom (?ce U ce)
using let1(4) by (auto simp add: edom-cHeap)
moreover
{fixze
assume z € thunks T’
hence z ¢ edom ?ce using fresh-distinct|OF lety(1)]
by (auto simp add: edom-cHeap dest: set-mp[OF edom-Aheap] set-mp[OF thunks-domA])
hence [simp]: ?ce x = L unfolding edomlff by auto

assume many C (%ce U ce) x
with let; <z € thunks I
have (?ae U ae) z = up -0 by auto
}
moreover
{fixze
assume z € thunks A
hence z ¢ domA T and z ¢ upds S
using fresh-distinct|OF let1(1)] fresh-distinct-fo] OF let1(2)]
by (auto dest!: set-mp[OF thunks-domA] set-mp[OF ups-fv-subset])
hence z ¢ edom ce using (edom ae C domA T' U upds S) <edom ce = edom ae) by auto
hence [simp]: ce x = L by (auto simp add: edomIff)

assume many = (?ce U ce) x with « € thunks A
have (%ae U ae) z = up-0 by (auto simp add: Aheap-heapd)

}

moreover

{
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from let1(1,2) <edom ae C domA T U upds S»

have prognosis (?ae U ae) as a (A QT, e, S) C Zce U prognosis ae as a (T, Let A e, S)
by (rule prognosis-Let)

also have prognosis ae as a (', Let A e, S) C ce using let; by auto

finally have prognosis (?ae U ae) as a (A QT e, S) C ?ce U ce by this simp

}

moreover

have a-consistent (ae, a, as) (restrictA (— set r) I', Let A e, restr-stack (— set r) S)
using let; by auto
hence a-consistent (?ae U ae, a, as) (A Q restrictA (— set r) I', e, restr-stack (— set 1)
S)
using let1(1,2) edom ae N domA A = {}
by (auto introl: a-consistent-let simp del: join-comm)
hence a-consistent (?ae U ae, a, as) (restrictA (— set r) (A QT), e, restr-stack (— set )
S)
by (simp add: restrictA-append)
moreover
have set r C (domA T U upds S) — edom ce using let; by auto
hence setr C (domA T U upds S) — edom (?ce U ce)
apply (rule order-trans)
using <domA A N domA T = {} «domA A N upds S = {}p
apply (auto simp add: edom-cHeap dest!: set-mp[OF edom-Aheap))
done
ultimately
have consistent (?ae U ae, ?ce U ce, a, as, r) (A QT e, §) by auto

}

moreover
{
have \ z. 2 € domAT = z ¢ edom %ae \ z. x € domAT = z ¢ edom %ce
using fresh-distinct|OF let1(1)]
by (auto simp add: edom-cHeap dest!: set-mp|OF edom-Aheap))
hence map-transform Aeta-expand (?ae U ae) (map-transform transform (?ae U ae)
(restrictA (—set r) T'))
= map-transform Aeta-expand ae (map-transform transform ae (restrictA (—set r) IT'))
by (auto intro!: map-transform-cong restrictA-cong simp add: edomlIff)
moreover

from <edom ae C domA I' U upds S) (edom ce = edom ae)
have A\ z. 2 € domA A = z ¢ edom ce and A z. z € domA A = z ¢ edom ae
using fresh-distinct|OF let1(1)] fresh-distinct-ups[OF let1(2)] by auto
hence map-transform Aeta-expand (%ae U ae) (map-transform transform (%ae U ae)
(restrictA (— set r) A))
= map-transform Aeta-expand ?ae (map-transform transform ?Zae (restrictA (— set r)
A))
by (auto intro!: map-transform-cong restrictA-cong simp add: edomlIff)
moreover

from <domA AN domAT ={}h <«domA AN upds S ={p
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have atom ‘< domA A fix set r
by (auto simp add: fresh-star-def fresh-at-base fresh-finite-set-at-base dest!: set-mp[OF
set r C domA T U upds S])
hence atom ‘ domA A #x map Dummy (rev r)
apply —
apply (rule equt-fresh-star-congl [where f = map Dummy], perm-simp, rule)
apply (rule equt-fresh-star-congl [where f = rev], perm-simp, rule)
apply (auto simp add: fresh-star-def fresh-set)
done
ultimately

have conf-transform (ae, ce, a, as, r) (I', Let A e, S) =¢ conf-transform (%ae U ae, ?ce
U ce, a, as, ) (AQT, e, S)
using restr-stack-simp2 let1(1,2) (edom ce = edom ae
apply (auto simp add: map-transform-append restrictA-append edom-cHeap restr-stack-simp2|simplified]

apply (rule normal)
apply (rule step.lety)
apply (auto intro: normal step.let dest: set-mp[OF edom-Aheap| simp add: fresh-star-list)
done
}

ultimately
show ?case by (blast del: consistent] consistentE)
next

case (if1 I' scrut el e2 S)

have prognosis ae as a (I, scrut ? el : e2, S) C ce using if1 by auto

hence prognosis ae (a#tas) 0 (T, scrut, Alts el e2 # S) C ce
by (rule below-trans[OF prognosis-IfThenElse])

hence consistent (ae, ce, 0, a#tas, r) (T, scrut, Alts el e2 # S)
using if; by (auto dest: a-consistent-if 1)

moreover

have conf-transform (ae, ce, a, as, r) (T, scrut ? el : e2, S) =g conf-transform (ae, ce,

0, a#as, r) (T, scrut, Alts el e2 # S)

by (auto intro: normal step.intros)

ultimately

show ?case by (blast del: consistent] consistentE)

next
case (ifa ' b el e2 S)
hence a-consistent (ae, a, as) (restrictA (— set r) T, Bool b, Alts el e2 # restr-stack (—set
r) S) by auto

then obtain o’ as’ where [simp]: as = o’ # as’ a = 0

by (rule a-consistent-alts-on-stack)

{
have prognosis ae (a'#as’) 0 (T', Bool b, Alts el e2 # S) C ce using if2 by auto
hence prognosis ae as’ a’ (T, if b then el else e2, S) T ce by (rule below-trans[OF
prognosis-Alts))
then
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have consistent (ae, ce, a’, as’, r) (T, if b then el else e2, S)
using if s by (auto dest!: a-consistent-if5)
}
moreover
have conf-transform (ae, ce, a, as, r) (I', Bool b, Alts el e2 # S) =¢ conf-transform (ae,
ce, a’, as’; r) (T, if b then el else e2, S)
by (auto intro: normal step.ifs[where b = True, simplified] step.ifs[where b = False,
simplified])
ultimately
show ?case by (blast del: consistent] consistentE)
next
case refl thus ?case by force
next
case (trans c ¢’ ¢'’)
from trans(3)[OF trans(5)]
obtain ae’ ce’ a’ as’ r'
where consistent (ae’, ce’, a’, as’, r’) ¢’ and x: conf-transform (ae, ce, a, as, r) ¢ =g*
conf-transform (ae’, ce’, a’, as’,; r’) ¢’ by blast
from trans(4)[OF this(1)]
obtain ae’’ ce’ a’ as’ r”
where consistent (ae’’, ce”, a’, as’, r"') ¢’ and xx: conf-transform (ae’, ce’, a
¢’ =g* conf-transform (ae’’, ce’’; a’, as’”, r'") ¢"" by blast
from this(1) rtranclp-trans[OF x xx]
show ?case by blast
qed
end

; as’, 1)

*

end

79 CoCallAritySig.tex

theory CoCallAritySig

imports ArityAnalysisSig CoCallAnalysisSig

begin

locale CoCallArity = CoCallAnalysis + ArityAnalysis

end

80 CoCallAnalysisSpec.tex
theory CoCallAnalysisSpec

imports CoCallAritySig ArityAnalysisSpec
begin

hide-const Multiset.single
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locale CoCallArityEdom = CoCallArity + EdomArityAnalysis

locale CoCallAritySafe = CoCallArity + CoCallAnalyisHeap + ArityAnalysisLetSafe +
assumes ccEzp-App: ccExp e-(inc-a) U ccProd {z} (insert x (fv e)) C ccExp (App e z)-a
assumes ccEzp-Lam: cc-restr (fv (Lam [y]. e)) (ccEzp e-(pred-n)) T ccExp (Lam [y]. e)-n
assumes ccEzp-subst: x ¢ S = y ¢ S = cc-restr S (ccExp ely:=z]-a) C cc-restr S (ccExp

e-a)
assumes ccEzp-pap: isVal e => ccExp e-0 = ccSquare (fv e)
assumes ccEzp-Let: cc-restr (—domA T') (ccHeap T e-a) C ccExp (Let T e)-a
assumes ccExp-IfThenElse: ccExp scrut-0 U (ccExp el-a U ccExp e2-a) U ccProd (edom

(Aexp scrut-0)) (edom (Aexp el-a) U edom (Aexp e2-a)) T ccExp (scrut 7 el : e2)-a

assumes ccHeap-Exp: ccExp e-a C ccHeap A e-a
assumes ccHeap-Heap: map-of A x = Some ¢/ => (Aheap A e-a) z= up-a’ = ccExp e’a
C ccHeap A e-a
assumes ccHeap-FExtra-Edges:
map-of A z = Some e/ = (Aheap A e-a) x = up-a’ = ccProd (fv e’) (ccNeighbors x
(ccHeap A e-a) — {z} N thunks A) C ccHeap A e-a

/

assumes aHeap-thunks-rec: — nonrec I' = = € thunks I' = z € edom (Aheap T" e-a) =
(Aheap T e-a) x = up-0

assumes aHeap-thunks-nonrec: nonrec I' = x € thunks I' = t——x € ccEzp e-a = (Aheap
T ea)z=up0

end

81 ArityAnalysisFixProps.tex

theory ArityAnalysisFizProps
imports ArityAnalysisFix ArityAnalysisSpec
begin

context SubstArityAnalysis
begin

lemma Afiz-restr-subst:

assumes z ¢ S

assumes y ¢ S

assumes domAT' C S

shows Afix T'[x:h=y]-ae f|* S = Afix T-(ae f|*S) f|*S

by (rule Afiz-restr-subst’|OF Aexp-subst-restr|OF assms(1,2)] assms))
end

end

282



82 CoCalllmplSafe.tex

theory CoCalllmplSafe
imports CoCallAnalysisImpl CoCallAnalysisSpec ArityAnalysisEFizProps
begin

locale CoCalllmplSafe
begin
sublocale CoCallAnalysisImpl.

lemma ccNeighbors-Int-ccrestr: (ccNeighbors x G N S) = ccNeighbors © (cc-restr (insert © S)
G)nSs
by transfer auto

lemma
assumes z ¢ Sand y ¢ S
shows CCexp-subst: cc-restr S (CCexp e|y::=x]-a) = cc-restr S (CCexp e-a)
and Aexp-restr-subst: (Aexp ely:=z]-a) f|*S = (Aexp e-a) f|* S
using assms
proof (nominal-induct e avoiding: x y arbitrary: a S rule: exp-strong-induct-rec-set)
case (Var b v)
case 1 show ?case by auto
case 2 thus ?case by auto
next
case (App e v)
case 1
with App show ?case
by (auto simp add: Int-insert-left fv-subst-int simp del: join-comm intro: join-mono)
case 2
with App show ?case
by (auto simp add: env-restr-join simp del: fun-meet-simp)
next
case (Lam v e)
case I
with Lam
show ?Zcase
by (auto simp add: CCexp-pre-simps cc-restr-predCC Diff-Int-distrib2 fv-subst-int env-restr-join
env-delete-env-restr-swap[symmetric] simp del: CCexp-simps)
case 2
with Lam
show ?Zcase
by (auto simp add: env-restr-join env-delete-env-restr-swap[symmetric] simp del: fun-meet-simp)
next
case (Let I' e z y)
hence [simp]: © ¢ domAT y ¢ domAT
by (metis (erased, hide-lams) bn-subst domA-not-fresh fresh-def fresh-star-at-base fresh-star-def
obtain-fresh subst-is-fresh(2))+

note Let(1,2)[simp]
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from Let(3)

have — nonrec (I'[y::h=z]) by (simp add: nonrec-subst)

case [simp]: 1

have cc-restr (S U domA T) (CCfiz T[y::h=z]-(Afix T[y:h=x]-(Aexp e[y:=x]-a U (A-. up-0)

f1¢ thunks T), CCexp ely:=z]-a)) =

ce-restr (S U domA T) (CCfix T

thunks T'), CCexp e- a))
apply (subst CCfiz-restr-subst’)
apply (erule Let(4))
apply auto[5]
apply (subst CCfiz-restr) back
apply simp
apply (subst Afiz-restr-subst’)
apply (erule Let(5))
apply auto[5]
apply (subst Afiz-restr) back
apply simp
apply (simp only: env-restr-join)
apply (subst Let(7))
apply auto[2]
apply (subst Let(6))
apply auto[2]
apply rule
done

(Afiz T

(Aexp e-

thus ?case using Let(1,2) = nonrec T <= nonrec (I[y::h=z])

by (auto simp add: fresh-star-Pair elim: cc-restr-eq-subset[rotated) )

case [simp]: 2

a (M- up-0) f|°

have Afix T'[y::h=x]-(Aexp ely:=z]-a U (A-. up-0) f|¢ (thunks T')) f|* (S U domAT) = Afix

I-(Aexp e-a U (A-. up-0) f|* (thunks T')) f|* (S U domA T)

apply (subst Afix-restr-subst’)
apply (erule Let(5))
apply auto[5]

apply (subst Afiz-restr) back
apply auto[1]

apply (simp only: env-restr-join)

apply (subst Let(7))
apply auto[2]

apply rule

done

thus ?case using Let(1,2)

using (= nonrec I = nonrec (I'[y:h=z])
by (auto simp add: fresh-star-Pair elim:env-restr-eq-subset[rotated])
next

case (Let-nonrec x' e exp x y)

from Let-nonrec(1,2)
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have z # z'y # x' by (simp-all add: fresh-at-base)
note Let-nonrec(1,2)[simp]

from ' ¢ fo e y # zh @ # xh
have [simp]: z’ ¢ fu (e[y::=x])
by (auto simp add: fu-subst-eq)

note z’ ¢ fv ex[simp] «y # x) [simp|x # " [simp]
case [simp]: 1

have A a. cc-restr {z'} (CCexp exply::=z]-a) = cc-restr {z'} (CCexp exp-a)
by (rule Let-nonrec(6)) auto

from arg-cong[where f = A\z. a'——z'c€x, OF this]

have [simp]: z'——2'€ CCexp exply::=z]-a +— z'——2'€CCezp exp-a by auto

have [simp]: A\ a. Aexp e[y::=z]-a f|*S = Aexp e-a f|*S
by (rule Let-nonrec(5)) auto

have [simp]: \ a. fup-(Aexp e[y::=z])-a f|* S = fup-(Aexp e)-a f|* S
by (case-tac a) auto

have [simp]: Aexp exply:=z]-a f|*S = Aexp exp-a f|*S
by (rule Let-nonrec(7)) auto

have Aexp exply:=z]-a f|* {2’} = Aexp exp-a f|* {z'}
by (rule Let-nonrec(7)) auto
from fun-cong|OF this, where z = 2]
have [simp]: (Aexp exply:=z]-a) z’' = (Aexp exp-a) ' by auto

have [simp]: A a. cc-restr S (CCexp exply::=x]-a) = cc-restr S (CCexp exp-a)
by (rule Let-nonrec(6)) auto

have [simp]: A a. cc-restr S (CCexp ely::=z]-a) = cc-restr S (CCexp e-a)
by (rule Let-nonrec(4)) auto

have [simp]: A a. cc-restr S (fup-(CCexp e[y::=z])-a) = cc-restr S (fup-(CCexp €)-a)
by (rule fup-ccExp-restr-subst’) simp

have [simp]: fv elym=2z] N S =fven S
by (auto simp add: fu-subst-eq)

have [simp]:
ccNeighbors x' (CCexp exply::=z]-a) N — {z'} N S = ccNeighbors ' (CCexp exp-a) N —
{z'} NS
apply (simp only: Int-assoc)
apply (subst (1 2) ccNeighbors-Int-ccrestr)
apply (subst Let-nonrec(6))
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apply auto[2]
apply rule
done

have [simp]:
ccNeighbors ' (CCexp exply::=z]-a) N S = ccNeighbors z' (CCexp exp-a) N S
apply (subst (1 2) ccNeighbors-Int-cerestr)
apply (subst Let-nonrec(6))
apply auto[2]
apply rule
done

show cc-restr S (CCexp (let z’ be e in exp )[y:=x]-a) = cc-restr S (CCexp (let x’ be e in exp
)-a)
apply (subst subst-let-be)
apply auto[2]
apply (subst (1 2) CCexp-simps(6))
apply fact+
apply (simp only: cc-restr-cc-delete-twist)
apply (rule arg-cong) back
apply (simp add: Diff-eq ccBind-eq ABind-nonrec-eq)
done

show Aexp (let " be e in exp )[y::=xz]-a f|* S = Aexp (let z’ be e in exp )-a f|*S
by (simp add: env-restr-join env-delete-env-restr-swap|[symmetric] ABind-nonrec-eq)
next
case (IfThenFElse scrut el e2)
case [simp]: 2
from IfThenElse
show cc-restr S (CCexp (scrut ? el : e2)[y:=z]-a) = cc-restr S (CCexp (scrut ? el :
e2)-a)
by (auto simp del: edom-env env-restr-empty env-restr-empty-iff simp add: edom-env|[symmetric])

from IfThenFElse(2,4,6)
show Aexp (scrut ? el : e2)[y:=z]-a f|*S = Aexp (scrut ? el : e2)-a f|*S
by (auto simp add: env-restr-join simp del: fun-meet-simp)
qed auto

sublocale ArityAnalysisSafe Aexp
by standard (simp-all add: Aexp-restr-subst)

sublocale ArityAnalysisLetSafe Aexp Aheap
proof
fixT'ea
show edom (Aheap T e-a) C domA T
by (cases nonrec T")
(auto simp add: Aheap-nonrec-simp dest: set-mp|OF edom-esing-subset] elim!: nonrecE)
next
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fix zy :: var and T :: heap and e :: exp
assume assms: © ¢ domAT y ¢ domAT

from Aexzp-restr-subst[OF assms(2,1)]
have xx: \ a. Aezp elz::=yl-a f| domA T = Aexp e-a f|* domA T.

show Aheap T[z::h=y] e[z:=y] = Aheap T e
proof(cases nonrec T')
case [simp]: False

from assms
have atom ‘¢ domA I i+ « and atom ‘ domA IT" ix y
by (auto simp add: fresh-star-at-base image-iff)
hence [simp]: = nonrec (C[z::h=y])
by (simp add: nonrec-subst)

show ?thesis
apply (rule cfun-eql)
apply simp
apply (subst Afiz-restr-subst|OF assms subset-refl])
apply (subst Afiz-restr[OF subset-refl]) back
apply (simp add: env-restr-join)
apply (subst xx)
apply simp
done
next
case True

from assms
have atom ¢ domA T tx z and atom ‘ domA T fx y
by (auto simp add: fresh-star-at-base image-iff')
with True
have «*: nonrec (I'[z::h=y]) by (simp add: nonrec-subst)

from True
obtain z’ ¢’ where [simp]: ' = [(z/,e’)] 2’ ¢ fv e’ by (auto elim: nonrecE)

from * have [simp]: z' ¢ fv (e'[x:=y])
by (auto simp add: nonrec-def)

from fun-cong[OF *x, where x = 2]

have [simp]: \ a. (Aexp e[z::=y]-a) 2’ = (Aezp e-a) z' by simp

from CCexp-subst|OF assms(2,1)]

have A a. cc-restr {z'} (CCexp e[z::=y]-a) = cc-restr {z'} (CCexp e-a) by simp
from arg-cong|lwhere f = Az. x'——z'c€x, OF this]

have [simp]: \ a. 2'——2'€(CCexp e[z::=y]-a) «— x'——2'€(CCexp e-a) by simp

show Zthesis
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apply —
apply (rule cfun-eql)
apply (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq)
done
qged
next
fixT'ea
show ABinds T'-(Aheap T e-a) U Aexp e:a T Aheap T e-a U Aexp (Let T e)-a
proof(cases nonrec T')
case Fulse
thus ?thesis
by (auto simp add: Aheap-def join-below-iff env-restr-join2 Compl-partition intro: below-trans|OF
- Afiz-above-aryg))
next
case True
then obtain z e’ where [simp]: T = [(z,e’)] z ¢ fv e’ by (auto elim: nonrecE)

hence A a. x ¢ edom (fup-(Aexp e')-a)
by (auto dest:set-mp[OF fup-Aexp-edom))
hence [simp]: A\ a. (fup-(Aezp e¢’)-a) x = L by (simp add: edomlIff)

show ?thesis

apply (rule env-restr-below-split[where S = {z}])
apply (rule env-restr-belowl2)

apply (auto simp add: Aheap-nonrec-simp join-below-iff env-restr-join env-delete-restr)
apply (rule ABind-nonrec-above-arg)

apply (rule below-trans|OF - join-above2])

apply (rule below-trans[OF - join-above2))

apply (rule below-refl)
done

qged
qed

definition ccHeap-nonrec
where ccHeap-nonrec x e exp = (A n. CCfiz-nonrec x e-(Aexp exp-n, CCexp exp-n))

lemma ccHeap-nonrec-eq:
ccHeap-nonrec x e exp-n = CCfiz-nonrec x e-(Aexp exp-n, CCexp exp-n)
unfolding ccHeap-nonrec-def by (rule beta-cfun) (intro cont2cont)

definition ccHeap-rec :: heap = exp = Arity — CoCalls
where ccHeap-rec ' ¢ = (A a. CCfix T-(Afiz T-(Aexp e-a U (A-.up-0) f|* (thunks T')), CCexp

e-a))
lemma ccHeap-rec-eq:

ccHeap-rec T' e-a = CCfix T-(Afiz T-(Aexp e-a U (A-.up-0) f|* (thunks T')), CCexp e-a)
unfolding ccHeap-rec-def by simp

definition ccHeap :: heap = exp = Arity — CoCalls
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where ccHeap T' = (if nonrec T' then case-prod ccHeap-nonrec (hd T') else ccHeap-rec T')

lemma ccHeap-simp1:

- nonrec I' = ccHeap ' e-a = CCfix T-(Afiz T-(Aexp e-a U (A-.up-0) f|* (thunks T)), CCexp
e-a)

by (simp add: ccHeap-def ccHeap-rec-eq)

lemma ccHeap-simp2:
x ¢ fv e = ccHeap [(z,e)] exp-n = CCfix-nonrec z e-(Aexp exp-n, CCexp exp-n)
by (simp add: ccHeap-def ccHeap-nonrec-eq nonrec-def)

sublocale CoCallAritySafe CCexp Aexp ccHeap Aheap
proof
fixeax
show CCexp e-(inc-a) U ccProd {z} (insert z (fv e)) T CCexp (App e z)-a
by simp
next
fixyen
show cc-restr (fv (Lam [y]. €)) (CCexp e-(pred-n)) T CCexp (Lam [y]. €)-n
by (auto simp add: CCexp-pre-simps predCC-eq dest!: set-mp[OF ccField-cc-restr] simp del:
CCezp-simps)
next
fix xy :: var and S e a
assume z ¢ S and y ¢ S
thus cc-restr S (CCexp e[y:=x]-a) T cc-restr S (CCezp e-a)
by (rule eg-imp-below[OF CCexp-subst])
next
fix e
assume isVal e
thus CCexp e-0 = ccSquare (fv e)
by (induction e rule: isVal.induct) (auto simp add: predCC-eq)
next
fixT'ea
show cc-restr (— domA T') (ccHeap T e-a) E CCexp (Let T e)-a
proof(cases nonrec T')
case Fulse
thus cc-restr (— domA T') (ccHeap T e-a) © CCexp (Let T e)-a
by (simp add: ccHeap-simp1|OF False, symmetric| del: cc-restr-join)
next
case True
thus ?thesis
by (auto simp add: ccHeap-simp2 Diff-eq elim!: nonrecE simp del: cc-restr-join)
qed
next
fix A :: heap and e a

show CCezxp e-a C ccHeap A e-a
by (cases nonrec A)
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(auto simp add: ccHeap-simpl ccHeap-simp2 arg-cong|OF CCfiz-unroll, where f = op C
z for z | elim!: nonrecE)

fix x e’ a’
assume map-of A x = Some e’
hence [simp]: © € domA A by (metis doml dom-map-of-conv-domA)
assume (Aheap A e-a) z = up-a’
show CCezp e’-a’ C ccHeap A e-a
proof(cases nonrec A)
case Fulse

from «(Aheap A e-a) x = up-a’ False
have (Afix A-(Aexp e-a U (A-.up-0)f|* (thunks A))) z = up-a’
by (simp add: Aheap-def)
hence CCexp ea’ C ccBind x e (Afix A-(Aexp e-a U (A-.up-0)f|* (thunks A)), CCfix
A-(Afix A-(Aexp e-a U (A-.up-0)f|* (thunks A)), CCexp e-a))
by (auto simp add: ccBind-eq dest: set-mp|OF ccField-CCexp))
also
have ccBind x e’ (Afix A-(Aexp e-a U (A-.up-0)f|* (thunks A)), CCfix A-(Afix A-(Aexp e-a
U (A-up-0)f|¢ (thunks A)), CCexp e-a)) T ccHeap A e-a
using (map-of A xz = Some ey False
by (fastforce simp add: ccHeap-simp1 ccHeap-rec-eq ccBindsExtra-simp ccBinds-eq arg-cong[OF
CCfiz-unroll, where f = op C z for z |
intro: below-trans[OF - join-above2))
finally
show CCexp e¢’-a’ C ccHeap A e-a by this simp-all
next
case True
with (map-of A x = Some e”
have [simp]: A = [(z,e”)] © & fv e’ by (auto elim!: nonrecE split: if-splits)

show ?thesis
proof(cases t——x¢ CCexp e-a V isVal e’)
case True
with «(Aheap A e-a) x = up-a”
have [simp]: (CoCallArityAnalysis.Aexp ¢cCCexp e-a) v = up-a’
by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq split: if-splits)

have CCexp e’-a’ C ccSquare (fv e’)
unfolding below-ccSquare
by (rule ccField-CCexp)
then
show ?thesis using True
by (auto simp add: ccHeap-simp2 ccBind-eq Aheap-nonrec-simp ABind-nonrec-eq below-trans|OF
- join-above2] simp del: below-ccSquare )
next
case Fulse

from «(Aheap A e-a) z = up-ah
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have [simp]: o’ = 0 using Fulse
by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq split: if-splits)

show ?thesis using False
by (auto simp add: ccHeap-simp2 ccBind-eq Aheap-nonrec-simp ABind-nonrec-eq simp
del: below-ccSquare )
qged
qged

show ccProd (fv e') (ccNeighbors © (ccHeap A e-a) — {z} N thunks A) C ccHeap A e-a
proof (cases nonrec A)
case [simp]: False

have ccProd (fv e’) (ccNeighbors © (ccHeap A e-a) — {x} N thunks A) T ccProd (fv e’)
(ccNeighbors x (ccHeap A e-a))
by (rule ccProd-mono2) auto
also have ... C (| |z—e’emap-of A. ccProd (fv e’) (ccNeighbors x (ccHeap A e-a)))
using (map-of A © = Some e’y by (rule below-lubmapI)
also have ... C ccBindsExtra A-(Afix A-(Aexp e-a U (A-.up-0)f|* (thunks A)), ccHeap A
e-a)
by (simp add: ccBindsEztra-simp below-trans|OF - join-above2])
also have ... C ccHeap A e-a
by (simp add: ccHeap-simp1 arg-cong[OF CCfiz-unroll, where f = op C x for z])
finally
show ?thesis by this simp-all
next
case True
with (map-of A x = Some e”
have [simp]: A = [(z,e”)] © ¢ fv e’ by (auto elim!: nonrecE split: if-splits)

have [simp]: (ccNeighbors x (ccBind z e'-(Aexp e-a, CCezp e-a))) = {}
by (auto simp add: ccBind-eq dest!: set-mp[OF ccField-cc-restr] set-mp|OF ccField-fup-CCexp))

show ?thesis
proof(cases isVal ¢’ N t——z€CCexp e-a)
case True

have ccNeighbors z (ccHeap A e-a) =
ccNeighbors x (ccBind x e’-(Aheap-nonrec x e’-(Aexp e-a, CCexp e-a), CCexp e-a)) U
ccNeighbors © (ccProd (fv e’) (ccNeighbors x (CCexp e-a) — (if isVal e’ then {} else
=h) U
ccNeighbors x (CCexp e-a) by (auto simp add: ccHeap-simp2 )
also have ccNeighbors z (ccBind x e’-(Aheap-nonrec x e’ (Aexp e-a, CCexp e-a), CCexp
e-a)) = {}
by (auto simp add: ccBind-eq dest!: set-mp[OF ccField-cc-restr] set-mp|OF ccField-fup-CCexp))
also have ccNeighbors x (ccProd (fv e’) (ccNeighbors x (CCexp e-a) — (if isVal e’ then {}
else {z})))
C ccNeighbors x (ccProd (fv e’) (ccNeighbors x (CCexp e-a))) by (simp add: ccNeighbors-ccProd)
also have ... C fv e’ by (simp add: ccNeighbors-ccProd)
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finally
have ccNeighbors x (ccHeap A e-a) — {x} N thunks A C ccNeighbors x (CCexp e-a) U fv
e’ by auto
hence ccProd (fv e’) (ccNeighbors x (ccHeap A e-a) — {z} N thunks A) C ccProd (fv e’)
(ceNeighbors x (CCexp e-a) U fu e) by (rule ccProd-mono2)
also have ... T ccProd (fv e') (ccNeighbors x (CCexp e-a)) U ccProd (fv e’) (fv e’) by
stmp
also have ccProd (fv e’) (ccNeighbors © (CCexp e-a)) E ccHeap A e-a
using (map-of A x = Some e¢" (Aheap A e-a) x = up-a’ True
by (auto simp add: ccHeap-simp2 below-trans|OF - join-above2])
also have ccProd (fv e’) (fv e’) = ccSquare (fv e’) by (simp add: ccSquare-def)
also have ... C ccHeap A e-a
using (map-of A © = Some e’ (Aheap A e-a) x = up-a” True
by (auto simp add: ccHeap-simp2 ccBind-eq below-trans|OF - join-above2])
also note join-self
finally show ?thesis by this simp-all
next
case False
have ccNeighbors x (ccHeap A e-a) =
ccNeighbors x (ccBind x e’-(Aheap-nonrec x e’-(Aexp e-a, CCexp e-a), CCexp e-a)) U
ceNeighbors © (ccProd (fv e’) (ceNeighbors x (CCexp e-a) — (if isVal e’ then {} else
{zh) U
ccNeighbors x (CCexp e-a) by (auto simp add: ccHeap-simp2 )
also have ccNeighbors © (ccBind x e’ (Aheap-nonrec z e’-(Aexp e-a, CCexp e-a), CCexp
ea)) = {}
by (auto simp add: ccBind-eq dest!: set-mp|OF ccField-cc-restr| set-mp[OF ccField-fup-CCexp))
also have ccNeighbors © (ccProd (fv e') (ccNeighbors x (CCexp e-a) — (if isVal e’ then {}
else {z}) ))
= {} using Fulse by (auto simp add: ccNeighbors-ccProd)
finally
have ccNeighbors x (ccHeap A e-a) C ccNeighbors x (CCexp e-a) by auto
henceccNeighbors x (ccHeap A e-a) — {z} N thunks A C ccNeighbors x (CCexp e-a) —
{z} N thunks A by auto
hence ccProd (fv e’) (ccNeighbors x (ccHeap A e-a) — {x} N thunks A ) T ccProd (fve’)
(ecNeighbors © (CCexp e-a) — {z} N thunks A ) by (rule ccProd-mono2)
also have ... C ccHeap A e-a
using (map-of A z = Some e’ (Aheap A e-a) z = up-a” False
by (auto simp add: ccHeap-simp2 thunks-Cons below-trans[OF - join-above2])
finally show ?thesis by this simp-all
qed
qed

next
fixzTea
assume [simp]: = nonrec T
assume z € thunks I’
hence [simp]: © € domA T by (rule set-mp[OF thunks-domA])
assume z € edom (Aheap T' e-a)
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from € thunks I
have (Afizx T-(Aexp e-a U (A-.up-0)f|¢ (thunks T'))) © = up-0
by (subst Afix-unroll) simp

thus (Aheap T e-a) z = up-0 by simp
next
fixzlea
assume nonrec I’
then obtain z’ ¢’ where [simp]: T' = [(z',e”)] 2" ¢ fv e’ by (auto elim: nonrecE)
assume z € thunks T’
hence [simp]: z = 2’ — isVal e’ by (auto simp add: thunks-Cons split: if-splits)

assume z——z € CCexp e-a
hence [simp]: x'——z'€ CCexp e-a by simp

from (x € thunks I
have (Afizx T-(Aexp e-a U (A-.up-0)f|¢ (thunks T'))) © = up-0
by (subst Afiz-unroll) simp

show (Aheap T e-a) x = up-0 by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq)
next

fix scrut el a e2

show CCexp scrut-0 U (CCexp el-a U CCexp e2-a) U ccProd (edom (Aexp scrut-0)) (edom
(Aexp el-a) U edom (Aexp e2-a)) T CCexp (scrut ? el : e2)-a

by simp

qed
end

end

83 List-Interleavings.tex

theory List—Interleavings
imports Main
begin

inductive interleave’ :: 'a list = 'a list = 'a list = bool
where [simp]: interleave’ || || |]
| interleave’ xs ys zs =>interleave’ (x#xs) ys (r#2s)
| interleave’ xs ys zs =>interleave’ xs (x#ys) (v#2zs)

definition interleave :: 'a list = 'a list = 'a list set (infixr ® 64)

where zs ® ys = Collect (interleave’ xs ys)
lemma elim-interleave'[pred-set-conv): interleave’ xs ys zs +— zs € zs ® ys unfolding interleave-def
by simp

lemmas interleave-intros[intro?] = interleave’.intros[to-set]
lemmas interleave-intros(1)[simp]
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lemmas interleave-induct[consumes 1, induct set: interleave, case-names Nil left right] = in-
terleave.induct[to-set]

lemmas interleave-cases[consumes 1, cases set: interleave] = interleave’.cases|to-set]

lemmas interleave-simps = interleave’.simps[to-set]

inductive-cases interleave-ConsE[elim]: (x#xs) € ys @ zs
inductive-cases interleave-ConsConsE[elim]: xs € y#ys @ z#zs
inductive-cases interleave-ConsE2[elim]: ©s € z#ys ® zs
inductive-cases interleave-ConsES3[elim]: ©s € ys ® x#zs

lemma interleave-comm: xs € ys ® zs = xs € 25 ® y$
by (induction rule: interleave-induct) (auto intro: interleave-intros)

lemma interleave-Nill [simp]: [| ® zs = {zs}
by (induction zs) (auto intro: interleave-intros elim: interleave-cases)

lemma interleave-Nil2[simp]: xs ® [| = {xs}
by (induction zs) (auto intro: interleave-intros elim: interleave-cases)

lemma interleave-nil-simp[simp]: [| € 15 @ ys «— xs =[] A ys = ||
by (auto elim: interleave-cases)

lemma append-interleave: zs Q ys € zs ® ys
by (induction zs) (auto intro: interleave-intros)

lemma interleave-assocl: a € zs Q ys = b€ a®z2s = J c.c €Eys @ 2zs N b€xs ® ¢
by (induction b arbitrary: a s ys zs)
(simp, fastforce del: interleave-ConsE elim!: interleave-ConsE intro: interleave-intros)

lemma interleave-assoc2: a € ys @ zs = bcarxs@®a =3I c.c € s @ Ys A\ b € c ® zs
by (induction b arbitrary: a zs ys zs )
(simp, fastforce del: interleave-ConsE elim!: interleave-ConsE intro: interleave-intros)

lemma interleqve-set: zs € xs ® ys = set zs = set xs U set ys
by (induction rule:interleave-induct) auto

lemma interleave-tl: xs € ys ® 2zs => tlas € tlys ® zs V tlxs € ys ® (H 2s)
by (induction rule:interleave-induct) auto

lemma interleave-butlast: xs € ys ® zs = butlast xs € butlast ys ® zs V butlast s € ys ®
(butlast zs)
by (induction rule:interleave-induct) (auto intro: interleave-intros)

lemma interleqve-take: zs € zs ® ys = 3 n1 ne. n = ny + ny A take n zs € take nq s ®
take no ys

apply (induction arbitrary: n rule:interleave-induct)

apply auto

apply arith
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apply (case-tac n, simp)

apply (drule-tac * = nat in meta-spec)
apply auto

apply (rule-tac z = Suc ny in exl)
apply (rule-tac = ny in exl)

apply (auto intro: interleave-intros)[1]

apply (case-tac n, simp)

apply (drule-tac * = nat in meta-spec)
apply auto

apply (rule-tac ¢ = ny in exl)

apply (rule-tac x = Suc ny in exl)
apply (auto intro: interleave-intros)[1]
done

lemma filter-interleave: zs € ys ® zs = filter P xs € filter P ys ® filter P zs
by (induction rule: interleave-induct) (auto intro: interleave-intros)

lemma interleave-filtered: xs € interleave (filter P xs) (filter (Ax’. = P z') xs)
by (induction zs) (auto intro: interleave-intros)

function foo where
foo [] [| = undefined
| foo zs [| = undefined
| foo [] ys = undefined
| foo (as) (y#tys) = undefined (foo 5 (y#ys)) (foo (s#as) ys)
by pat-completeness auto
termination by lexicographic-order
lemmas list-induct2’’ = foo.induct]case-names NilNil ConsNil NilCons ConsCons]

lemma interleave-filter:
assumes zs € filter P ys ® filter P zs
obtains zs’ where xs’ € ys ® zs and zs = filter P s’
using assms
apply atomize-elim
proof (induction ys zs arbitrary: xs rule: list-induct2'’)
case NilNil
thus “case by simp
next
case (ConsNil ys xs)
thus ?case by auto
next
case (NilCons zs xs)
thus ?case by auto
next
case (ConsCons y ys z zs xs)
show ?Zcase
proof(cases P y)
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case Fulse
with ConsCons.prems(1)
have zs € filter P ys ® filter P (2#2s) by simp
from ConsCons.IH(1)[OF this]
obtain zs’ where zs’ € ys ® (z # 2s) zs = filter P s’ by auto
hence y#uxs’ € y#ys ® z#zs and xzs = filter P (y#uaxs')
using Fulse by (auto intro: interleave-intros)
thus ?thesis by blast
next
case True
show ?thesis
proof(cases P z)
case Fulse
with ConsCons.prems(1)
have zs € filter P (y#vys) ® filter P zs by simp
from ConsCons.IH(2)[OF this]
obtain zs’ where zs’ € y#ys ® zs xs = filter P zs’' by auto
hence z#1s’ € y#ys ® z#zs and xs = filter P (z#xs’)
using False by (auto intro: interleave-intros)
thus ?thesis by blast
next
case True
from ConsCons.prems(1) (P y) (P 2
have zs € y # filter P ys ® z # filter P zs by simp
thus ?thesis
proof (rule interleave-ConsConsE)
fix zs’
assume zs = y # xs’ and zs’ € interleave (filter P ys) (z # filter P zs)
hence zs’ € filter P ys ® filter P (z#t2s) using (P 2) by simp
from ConsCons.IH(1)[OF this]
obtain zs’’ where zs'' € ys ® (z # zs) and xs’ = filter P zs"’ by auto
hence y#xs" € y#ys ® z#zs and y#as' = filter P (y#as”)
using (P y by (auto intro: interleave-intros)
thus ?thesis using (xs = - by blast
next
fix xs’
assume s = z # s’ and zs’ € y # filter P ys ® filter P zs
hence zs’ € filter P (y#ys) ® filter P zs using (P y> by simp
from ConsCons.IH(2)[OF this]
obtain zs’’ where s’ € y#ys ® zs and zs’ = filter P xs’ by auto
hence z#u1s" € y#Hys Q@ z#z2s and z#xs’ = filter P (z#xs"’)
using (P 2 by (auto intro: interleave-intros)
thus “thesis using (xs = - by blast
qed
qed
qed
qed
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end

84 TTree.tex

theory TTree
imports Main ConstOn List—Interleavings
begin

84.1 Prefix-closed sets of lists

definition downset :: 'a list set = bool where
downset zss = (Yx n. © € xss — take n x € xss)

lemma downsetE[elim]:
downset xss = xs € xss = butlast xs € xss
by (auto simp add: downset-def butlast-conv-take)

lemma downset-appendE[elim]:
downset xss = 1sQys € xss = x5 € w55
by (auto simp add: downset-def) (metis append-eq-conv-conj)

lemma downset-hdE][elim]:
downset xss => xs € xss => xs # [| = [hd xs] € wss
by (auto simp add: downset-def) (metis take-0 take-Suc)

lemma downsetI[intro]:
assumes A zs. zs € xss = s # [| = butlast zs € xss
shows downset xss
unfolding downset-def
proof (intro impl alll )
from assms
have butlast: \ zs. xs € xzss = butlast zs € zss
by (metis butlast.simps(1))

fix zs n
assume 1s € rss
show take n zs € xss
proof(cases n < length xs)
case True
from this
show ?thesis
proof (induction rule: inc-induct)
case base with (xs € xss) show ?case by simp
next
case (step n’)
from butlast[OF step.TH| step(2)
show ?case by (simp add: butlast-take)
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qed
next
case Fulse with (xs € zss) show ?thesis by simp
qed
qed

lemma [simp]: downset {[]} by auto

lemma downset-mapl: downset xss => downset (map f  zss)
by (fastforce simp add: map-butlast[symmetric])

lemma downset-filter:
assumes downset ss
shows downset (filter P ¢ xss)
proof (rule, elim imageE, clarsimp)
fix zs
assume 1s € 1ss
thus butlast (filter P xs) € filter P * xss
proof (induction xs rule: rev-induct)
case Nil thus ?case by force
next
case snoc
thus ?case using (downset zss) by (auto intro: snoc.IH)
qged
qed

lemma downset-set-subset:

downset ({xs. set zs C S})
by (auto dest: in-set-butlastD)

84.2 The type of infinite labeled trees
typedef ‘a ttree = {xss :: 'a list set . [| € zss A downset xss} by auto
setup-lifting type-definition-ttree

84.3 Deconstructors

lift-definition possible ::’a ttree = 'a = bool
is A\ zss z. 3 xs. x#Hxs € wss.

lift-definition nzt ::’a ttree = 'a = 'a ttree

is A zss x. insert || {zs | zs. z#xs € xss}
by (auto simp add: downset-def take-Suc-Cons|[symmetric] simp del: take-Suc-Cons)

84.4 Trees as set of paths

lift-definition paths :: ‘a ttree = 'a list set is (A z. ).

lemma paths-inj: paths t = paths t' = t = t’ by transfer auto
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lemma paths-injs-simps[simp]: paths t = paths t' +— t = t' by transfer auto
lemma paths-Nil[simp): [| € paths t by transfer simp
lemma paths-not-empty[simp]: (paths t = {}) +— False by transfer auto

lemma paths-Cons-nzt:
possible t © = xs € paths (nzt t ) = (z#xs) € paths t
by transfer auto

lemma paths-Cons-nxt-iff :
possible t © = xs € paths (nazt t x) «— (x#wxs) € paths t
by transfer auto

lemma possible-mono:
paths t C paths t' = possible t ¥ = possible t’ x
by transfer auto

lemma nat-mono:
paths t C paths t' = paths (nat t ) C paths (nazt t' x)
by transfer auto

lemma ttree-eql: (\ z zs. x#xs € paths t «— x#xs € paths t') = t = t’
apply (rule paths-inj)
apply (rule set-eql)
apply (case-tac x)
apply auto
done

lemma paths-nat|elim]:

assumes zs € paths (nat t )
obtains x#uxs € paths t | xs = ||
using assms by transfer auto

lemma Cons-path: x # xs € paths t «— possible t x N\ xs € paths (nxt t x)
by transfer auto

lemma Cons-pathI[intro]:
assumes possible t x < possible t' x
assumes possible t ¥ = possible t' © = xs € paths (nat t ©) <— s € paths (nzt t’ x)
shows z # zs € paths t < x # x5 € paths t’

using assms by (auto simp add: Cons-path)

lemma paths-nat-eq: xs € paths (nzt t x) «— xs = [| V x#xs € paths t
by transfer auto

lemma ttree-coinduct:
assumes Pt t’
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assumes A tt'z . Ptt' = possible t © +— possible t' x
assumes A tt'z . Ptt' = possible t t = possible t' x = P (nat t z) (nat t’ x)
shows t = ¢’
proof (rule paths-inj, rule set-eql)
fix xzs
from assms(1)
show zs € paths t < s € paths t’
proof (induction xs arbitrary: t t')
case Nil thus ?case by simp
next
case (Cons z zs t t)
show ?Zcase
proof (rule Cons-pathl)

from (P ¢ t%

show possible t ¥ <— possible t' x by (rule assms(2))
next

assume possible t z and possible t'

with <P ¢t t/

have P (nat t z) (nzt t' z) by (rule assms(3))
thus zs € paths (nat t ©) <— xs € paths (nat t' z) by (rule Cons.IH)
qed
qed
qed
84.5 The carrier of a tree

lift-definition carrier :: ‘a ttree = 'a set is X xss. |J (set ¢ zss).
lemma carrier-mono: paths t C paths t' = carrier t C carrier t' by transfer auto

lemma carrier-possible:
possible t t => x € carrier t by transfer force

lemma carrier-possible-subset:
carrier t C A = possible t t = x € A by transfer force

lemma carrier-nat-subset:
carrier (nzt t ) C carrier t

by transfer auto

lemma Union-paths-carrier: (|Jz€paths t. set x) = carrier t
by transfer auto

84.6 Repeatable trees

definition repeatable where repeatable t = (Y x . possible t © — nat t x = t)

lemma nat-repeatable]simp]: repeatable t = possible t t = nat t z =t
unfolding repeatable-def by auto
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84.7 Simple trees
lift-definition empty :: ‘a ttree is {[|]} by auto

lemma possible-empty[simp]: possible empty x' +— False
by transfer auto

lemma nat-not-possible[simp]: = possible t © = nat t © = empty
by transfer auto

lemma paths-empty[simp]: paths empty = {[|} by transfer auto
lemma carrier-empty[simp): carrier empty = {} by transfer auto
lemma repeatable-empty|simp]: repeatable empty unfolding repeatable-def by transfer auto
lift-definition single :: ‘a = 'a ttree is X z. {[], [z]}
by auto

lemma possible-single|simp]: possible (single z) =’ +— z = z’
by transfer auto

lemma nat-single[simp]: nat (single ) ' = empty

by transfer auto

lemma carrier-single[simp]: carrier (single y) = {y}
by transfer auto

lemma paths-single[simp]: paths (single ) = {[], [z]}
by transfer auto

lift-definition many-calls :: 'a = 'a ttree is A z. range (\ n. replicate n x)
by (auto simp add: downset-def)

lemma possible-many-calls[simp]: possible (many-calls x) z’ +— z =z’
by transfer (force simp add: Cons-replicate-eq)

lemma nat-many-calls[simp]: nat (many-calls ) ©' = (if &' = x then many-calls © else empty)
by transfer (force simp add: Cons-replicate-eq)

lemma repeatable-many-calls: repeatable (many-calls x)
unfolding repeatable-def by auto

lemma carrier-many-calls[simp|: carrier (many-calls x) = {z} by transfer auto

lift-definition anything :: 'a tiree is UNIV
by auto

lemma possible-anything[simp): possible anything ' +— True
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by transfer auto

lemma nat-anything[simp]: nat anything © = anything
by transfer auto

lemma paths-anything|simp):
paths anything = UNIV by transfer auto

lemma carrier-anything[simp):
carrier anything = UNIV
apply (auto simp add: Union-paths-carrier[symmetric])
apply (rule-tac x = [z] in exl)
apply simp
done

lift-definition many-among :: 'a set = 'a ttree is A S. {xs . set xs C S}
by (auto intro: downset-set-subset)

lemma carrier-many-among|[simp: carrier (many-among S) = S
by transfer (auto, metis List.set-insert bot.extremum insertCI insert-subset list.set(1))

84.8 Intersection of two trees

lift-definition intersect :: 'a ttree = 'a ttree = 'a ttree (infixl NN 80)
is op N
by (auto simp add: downset-def)

lemma paths-intersect[simp]: paths (¢ NN t') = paths t N paths t’
by transfer auto

lemma carrier-intersect: carrier (t NN t') C carrier t N carrier t'
unfolding Union-paths-carrier[symmetric]
by auto

84.9 Disjoint union of trees

lift-definition either :: 'a ttree = 'a ttree = 'a ttree (infixl & 80)
is op U
by (auto simp add: downset-def)

lemma either-emptyl [simp]: empty &® ¢t =t
by transfer auto

lemma either-empty2|[simp): t BB empty =t
by transfer auto

lemma either-sym[simpl: t & 12 = t2 & ¢
by transfer auto

lemma either-idem[simp]: t S t = ¢
by transfer auto

lemma possible-either[simp]: possible (t ®® t') x +— possible t x \V possible t' x

302



by transfer auto

lemma nat-either[simp]: nat (t ®D t') z = nat t ¢ &® nat t'
by transfer auto

lemma paths-either[simp): paths (t &P t') = paths t U paths t’
by transfer simp

lemma carrier-either|simp):
carrier (t ©® t') = carrier t U carrier t’
by transfer simp

lemma either-contains-argl: paths t C paths (t &D t)
by transfer fastforce

lemma either-contains-arg2: paths t' C paths (t & t)
by transfer fastforce

lift-definition FEither :: 'a ttree set = 'a ttree is X\ S. insert [ (J9)
by (auto simp add: downset-def)

lemma paths-Either: paths (Either ts) = insert [| (| (paths ‘ ts))
by transfer auto

84.10 Merging of trees

lemma ex-ex-eq-hint: (3z. (Jzs ys. x = fasys AN Pasys) A Q x) «— (Fzs ys. Q (fzs ys) A
P zs ys)
by auto

lift-definition both :: ‘a ttree = 'a ttree = ’a tiree (infixl @® 86)
is A azssyss . U {ws ® ys | xs ys. xs € xss A ys € yss}
by (force simp: ex-ex-eq-hint dest: interleave-butlast)

lemma both-assoc[simp]: t @® (' @@ t"') = (t @® t') @@ t”’
apply transfer
apply auto
apply (metis interleave-assoc2)
apply (metis interleave-assocl)
done

lemma both-comm: t @ t' = t' QR ¢
by transfer (auto, (metis interleave-comm)+)

lemma both-emptyl [simp]: emply @R t = ¢
by transfer auto

lemma both-empty2[simp]: t @R empty = t
by transfer auto
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lemma paths-both: zs € paths (t @® t') «— (3 ys € paths t. I zs € paths t'. xs € ys ® 2s)
by transfer fastforce

lemma both-contains-argl: paths t C paths (t @ t')
by transfer fastforce

lemma both-contains-arg2: paths t' C paths (I @® t')
by transfer fastforce

lemma both-monol:
paths t C paths t' = paths (t @® t"') C paths (t' @R t')
by transfer auto

lemma both-mono2:
paths t C paths t' = paths (" @@ t) C paths (" @® t')
by transfer auto

lemma possible-both[simp]: possible (t @R t') x <— possible t © \V possible t'
proof
assume possible (t @R t')
then obtain zs where z#1s € paths (t @ t')
by transfer auto

from x#zs € paths (t @® t')
obtain ys zs where ys € paths t and zs € paths t' and z#xs € ys ® 2s
by transfer auto

from (x#zs € ys ® zs
have ys Z [ Ahdys =2 Vzs #[| AN hd zs = x
by (auto elim: interleave-cases)
thus possible t x V possible t' z
using (ys € paths t) <(zs € paths t"
by transfer auto
next
assume possible t x V possible t' x
then obtain zs where x#xs€ paths t V z#xs€ paths t’
by transfer auto
from this have z#uxs € paths (t ® t') by (auto dest: set-mp[OF both-contains-arg1]
set-mp[OF both-contains-arg2])
thus possible (t @® t') x by transfer auto
qed

lemma nxt-both:
nat (t' @R t) x = (if possible t' x A possible t z then nat t' z @R t B t’' @R nat t x else
if possible t' x then nat t' z QR t else
if possible t x then t' @R nxt t z else
empty)
by (transfer, auto 4 4 intro: interleave-intros)
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lemma Cons-both:
x # xs € paths (t' @R t) +— (if possible t' © A possible t x then zs € paths (nat t' z QX
t) V zs € paths (t' @R nat t ) else
if possible t’ x then zs € paths (nzt t' z QR t) else
if possible t © then xs € paths (t' @® nxt t x) else
False)
apply (auto simp add: paths-Cons-nzt-iff [symmetric] nxt-both)
by (metis paths.rep-eq possible.rep-eq possible-both)

lemma Cons-both-possible-leftE: possible t 1 = s € paths (nat t © @® t') = z#as € paths
(t @ t')

by (auto simp add: Cons-both)
lemma Cons-both-possible-rightE: possible t' ¥ = xs € paths (t Q® nat t' x) = x#as €
paths (t @® t')

by (auto simp add: Cons-both)

lemma either-both-distr[simp]:
R0 test e t" =t 90 (t & ")
by transfer auto

lemma either-both-distr2|[simp):
R ted t" et = (t' 0o t") ®® t
by transfer auto

lemma nat-both-repeatable[simp]:
assumes [simp]: repeatable t’
assumes [simp]: possible t' x
shows nzt (' @® t) z = t' ® (t OD nat t x)
by (auto simp add: nxt-both)

lemma nat-both-many-calls[simp]: nat (many-calls T @R t) © = many-calls T R (t HP nat ¢
x)
by (simp add: repeatable-many-calls)

lemma repeatable-both-self [simp]:
assumes [simp]|: repeatable t
shows t @® t =t
apply (intro paths-inj set-eql)
apply (induct-tac z)
apply (auto simp add: Cons-both paths-Cons-nzt-iff [symmetric])
apply (metis Cons-both both-emptyl possible-empty)+
done

lemma repeatable-both-both[simp]:
assumes repeatable t
shows t @® t'@® t =t @® t'
by (metis repeatable-both-self [OF assms] both-assoc both-comm)
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lemma repeatable-both-both2|simp):
assumes repeatable t
shows t'@® t @@ t = t' @R t
by (metis repeatable-both-self [OF assms| both-assoc both-comm,)

lemma repeatable-both-nzt:
assumes repeatable t
assumes possible t'
assumes t' ® t = t’
shows nut t' z @® t = nxt t' x
proof (rule classical)
assume nrt t' T QR t # nxt t' x
hence (nztt' = @D t') @R t # nat t’ x by (metis (no-types) assms(1) both-assoc repeatable-both-self)
thus nzt t' ¢ @® t = nat t' ¢ by (metis (no-types) assms either-both-distr2 nazt-both
nat-repeatable)
qed

lemma repeatable-both-both-naxt:
assumes t' Q® t = t’
shows t' ®® t" @® t = t' @® t"
by (metis assms both-assoc both-comm,)

lemma carrier-both[simp]:
carrier (t @® t') = carrier t U carrier ¢’
proof—
{
fix z
assume z € carrier (t @® t')
then obtain zs where xs € paths (t ®® t’) and z € set xs by transfer auto
then obtain ys zs where ys € paths t and zs € paths t' and zs € interleave ys zs
by (auto simp add: paths-both)
from this(3) have set xs = set ys U set zs by (rule interleave-set)
with (ys € - zs € - @ € set zs)
have z € carrier t U carrier t' by transfer auto
}
moreover
note set-mp[OF carrier-mono[OF both-contains-argl [where t=t and ¢’ = t']]]
set-mp[OF carrier-mono[OF both-contains-arg2[where t=t and t’ = t']]]
ultimately
show ?thesis by auto
qed

84.11 Removing elements from a tree

lift-definition without :: 'a = ‘a ttree = 'a ttree
is \ x ass. filter (A z'. z' # x) ‘ass
by (auto intro: downset-filter)(metis filter.simps(1) imagel)
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lemma paths-withoutl:
assumes zs € paths t
assumes z ¢ set s
shows s € paths (without © t)
proof—
from assms(2)
have filter (A z’. ' # ) s = zs by (auto simp add: filter-id-conv)
with assms(1)
have zs € filter (A z'. ' # z)* paths t by (metis imagel)
thus ?thesis by transfer
qed

lemma carrier-without[simp]: carrier (without = t) = carrier t — {x}
by transfer auto

lift-definition ttree-restr :: 'a set = 'a ttree = 'a ttree is A S xss. filter (A z’. ' € §) ‘ xss
by (auto intro: downset-filter)(metis filter.simps(1) imagel)

lemma filter-paths-conv-free-restr:
filter (A z’ . 2’ € S)  paths t = paths (ttree-restr S t) by transfer auto

lemma filter-paths-conv-free-restr2:
filter (A z’ .z’ ¢ S) ¢ paths t = paths (ttree-restr (— S) t) by transfer auto

lemma filter-paths-conv-free-without:
filter (A z' . 2’ # y) ¢ paths t = paths (without y t) by transfer auto

lemma ttree-restr-is-empty: carrier t N S = {} = ttree-restr S t = empty
apply transfer
apply (auto del: iffI )
apply (metis SUP-bot-conv(2) SUP-inf inf-commute inter-set-filter set-empty)
apply force
done

lemma ttree-restr-noop: carrier t C § = ttree-restr St =t
apply transfer
apply (auto simp add: image-iff )
apply (metis SUP-le-iff contra-subsetD filter-True)
apply (rule-tac x = = in bexl)
apply (metis SUP-upper contra-subsetD filter-True)
apply assumption
done

lemma ttree-restr-tree-restr(simp):
ttree-restr S (ttree-restr S’ t) = ttree-restr (S’ N S) t
by transfer (simp add: image-comp comp-def)

lemma ttree-restr-both:
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ttree-restr S (t ®® t') = ttree-restr S t R ttree-restr S t’
by (force simp add: paths-both filter-paths-conv-free-restr[symmetric] intro: paths-inj filter-interleave
elim: interleave-filter)

lemma ttree-restr-nat-subset: © € S = paths (ttree-restr S (nat t x)) C paths (nat (ttree-restr
St)x)
by transfer (force simp add: image-iff)

lemma ttree-restr-nat-subset2: x ¢ S = paths (ttree-restr S (nat t x)) C paths (ttree-restr S
B

apply transfer

apply auto

apply force
by (metis filter.simps(2) imagel)

lemma ttree-restr-possible: © € S = possible t © = possible (ttree-restr S t) x
by transfer force

lemma ttree-restr-possible2: possible (ttree-restr St') x = =z € S
by transfer (auto, metis filter-eq-Cons-iff)

lemma carrier-ttree-restr|simpl:
carrier (ttree-restr S t) = S N carrier t
by transfer auto

84.12 Multiple variables, each called at most once

lift-definition singles :: ‘a set = 'a ttree is A S. {xs. ¥V x € S. length (filter (A z'. 2’ = x) xs)
< 1)

apply auto

apply (rule downsetl)

apply auto

apply (subst (asm) append-butlast-last-id[symmetric]) back

apply simp

apply (subst (asm) filter-append)

apply auto

done

lemma possible-singles[simp|: possible (singles S) x
apply transfer’
apply (rule-tac x = [] in exl)
apply auto
done

lemma length-filter-monolintro|:

assumes (A z. Pz = Q x)

shows length (filter P xs) < length (filter Q xs)
by (induction xs) (auto dest: assms)
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lemma nxt-singles[simp]: nat (singles S) ' = (if 2’ € S then without z’ (singles S) else singles

S)
apply transfer’
apply auto
apply (rule rev-image-eql [where z = []], auto)[1]
apply (rule-tac ¢ = z in rev-image-eql)
apply (simp, rule balll, erule-tac x = za in ballE, auto)[1]
apply (rule sym)
apply (simp add: filter-id-conv filter-empty-conv)[1]
apply (erule-tac x = zb in ballE)
apply (erule order-trans|rotated))
apply (rule length-filter-mono)
apply auto
done

lemma carrier-singles|simp]:
carrier (singles S) = UNIV
apply transfer
apply auto
apply (rule-tac z = [z] in exl)
apply auto
done

lemma singles-mono:
S C S’ = paths (singles S’) C paths (singles S)
by transfer auto

lemma paths-many-calls-subset:

paths t C paths (many-calls © @R without x t)
proof

fix zs

assume zs € paths t

have filter (Az'. ' = x) xs = replicate (length (filter (A\z’. '/ = ) xs)) z
by (induction zs) auto
hence filter (A\z'. 2’ = ) xs € paths (many-calls z) by transfer auto
moreover
from (xs € paths t)
have filter (Az'. ' # x) xzs € paths (without z t) by transfer auto
moreover
have zs € interleave (filter (A\z'. z' = z) zs) (filter (A\z'. ' # z) xs) by (rule interleave-filtered)
ultimately show zs € paths (many-calls ¢ ®® without © t) by transfer auto
qed

84.13 Substituting trees for every node

definition f-nat :: (‘a = 'a ttree) = 'a set = 'a = (‘a = 'a ttree)
where f-nzt f Tz = (if x € T then f(z:=empty) else f)
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fun substitute’ :: ('a = 'a ttree) = 'a set = 'a tiree = 'a list = bool where
substitute’-Nil: substitute’ f T t [| «— True
| substitute’-Cons: substitute’ f T t (z#xs) «—
possible t x A substitute’ (f-nat f T z) T (nattz Q@ fx) xs

lemma f-nzt-monol: (\ z. paths (f x) C paths (f' ©)) = paths (f-nat f T z z') C paths (f-nxt
f'Txzx)
unfolding f-nxt-def by auto

lemma f-nzt-empty-set[simp]: f-nzt f {} © = f by (simp add: f-nat-def)

lemma downset-substitute: downset (Collect (substitute’ f T t))
apply (rule) unfolding mem-Collect-eq
proof—
fix z
assume substitute’ f T t
thus substitute’ f T t (butlast x) by (induction t z rule: substitute’.induct) (auto)
qed

lift-definition substitute :: (‘a = 'a ttree) = 'a set = 'a titree = 'a tiree
is A f T t. Collect (substitute’ f T t)
by (simp add: downset-substitute)

lemma elim-substitute [pred-set-conv]: substitute’ f T t xs +— xs € paths (substitute f T t) by
transfer auto

lemmas substitute-induct|case-names Nil Cons| = substitute’.induct
lemmas substitute-simps[simp] = substitute’.simps[unfolded elim-substitute’]

lemma substitute-mono2:
assumes paths t C paths t'
shows paths (substitute f T t) C paths (substitute f T t')
proof
fix xs
assume zs € paths (substitute f T t)
thus zs € paths (substitute f T t')
using assms
proof (induction xs arbitrary:f t t’)
case Nil
thus ?case by simp
next
case (Cons z x5)
from Cons.prems
show ?Zcase
by (auto dest: possible-mono elim: Cons.IH intro!: both-monol nat-mono)
qed
qed
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lemma substitute-monol:
assumes Az. paths (f ) C paths (f' z)
shows paths (substitute f T t) C paths (substitute f' T t)
proof
fix zs
assume zs € paths (substitute f T t)
from this assms
show zs € paths (substitute f' T t)
proof (induction xs arbitrary: f f't)
case Nil
thus ?case by simp
next
case (Cons z xs)
from Cons.prems
show ?Zcase
by (auto elim!: Cons.IH dest: set-mp dest!: set-mp[OF f-nzt-monol[OF Cons.prems(2)]]
set-mp[OF substitute-mono2[OF both-mono2[OF Cons.prems(2)]]])
qged
qed

lemma substitute-monoT"
assumes 7' C T’
shows paths (substitute f T' t) C paths (substitute f T t)
proof
fix zs
assume zs € paths (substitute f T’ t)
thus zs € paths (substitute f T t)
using assms
proof (induction f T' t xs arbitrary: T rule: substitute-induct)
case Nil
thus ?case by simp
next
case (Cons f Ttz as T)
from «x # xs € paths (substitute f T' t)
have [simp]: possible t x and zs € paths (substitute (f-nzt f T' z) T' (nat t z @® fz)) by
auto
from Cons.IH[OF this(2) Cons.prems(2)]
have zs € paths (substitute (f-nat f T' z) T (nzttz @R fx)).
hence zs € paths (substitute (f-nat f Txz) T (nettz Q® fx))
by (rule set-mp[OF substitute-monol, rotated))
(auto simp add: f-nzt-def set-mp[OF Cons.prems(2)])
thus ?case by auto
qed
qed

lemma substitute-contains-arg: paths t C paths (substitute f T t)
proof
fix zs
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show zs € paths t = xs € paths (substitute f T t)
proof (induction zs arbitrary: ft)

case Nil
show ?case by simp
next

case (Cons z zs)

from <x # xs € paths t)

have possible t © by transfer auto

moreover

from «x # zs € paths t» have xs € paths (nzt t x)
by (auto simp add: paths-nzt-eq)

hence zs € paths (nat t  @® f ) by (rule set-mp[OF both-contains-arg1))

note Cons. IH[OF this)]

ultimately

show ?case by simp

qed
qed

lemma possible-substitute[simp]: possible (substitute f T t) x <— possible t x
by (metis Cons-both both-empty2 paths-Nil substitute-simps(2))

lemma nat-substitute[simp]: possible t © = nat (substitute f T t) x = substitute (f-nat f T x)
T (nzt t z @R fx)
by (rule ttree-eql) (simp add: paths-nzt-eq)

lemma substitute-either: substitute f T (t ®D t') = substitute f T t & substitute f T t’
proof—
have [simp]: AN tt'z . (nattax @D nett' 2) QR fr =nattz QR fzr &P natt' = R fux
by (metis both-comm either-both-distr)
{
fix zs
have zs € paths (substitute f T (t &P t')) +— xs € paths (substitute f T t) V zs € paths
(substitute f T t')
proof (induction xs arbitrary: f ¢ t')
case Nil thus ?case by simp
next
case (Cons z zs)
note IH = Cons.IH[where f = f-nzt f Tz and t = nat t' 2 @R fx and t' = nzt t z QX
fa]
show ?Zcase
apply (auto simp del: either-both-distr2 simp add: either-both-distr2|symmetric] IH)
apply (metis IH both-comm either-both-distr either-empty2 nxt-not-possible)
apply (metis IH both-comm both-emptyl either-both-distr either-emptyl nat-not-possible)
done
qged
}
thus ?thesis by (auto intro: paths-ingj)
qed
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lemma f-nxt-T-delete:

assumes [z = empty

shows f-nat f (T — {z}) 2’ = fnat f T «’
using assms
by (auto simp add: f-nat-def)

lemma f-nzt-empty[simp]:
assumes [z = empty
shows f-nat f T 2’ © = empty
using assms
by (auto simp add: f-nat-def)

lemma f-nzt-empty’[simp]:
assumes [z = empty
shows fnat f Tz = f

using assms

by (auto simp add: f-nat-def)

lemma substitute-T-delete:
assumes fr = empty
shows substitute f (T — {z}) t = substitute f T t
proof (intro paths-inj set-eql)
fix zs
from assms
show zs € paths (substitute f (T — {z}) t) <— xs € paths (substitute f T t)
by (induction zs arbitrary: ft) (auto simp add: f-nzt-T-delete )
qed

lemma substitute-only-empty:
assumes const-on f (carrier t) empty
shows substitute f Tt =t
proof (intro paths-inj set-eql)
fix zs
from assms
show zs € paths (substitute f T t) +— xs € paths t
proof (induction xs arbitrary: ft)
case Nil thus ?case by simp
case (Cons z zs f t)

note const-onD[OF Cons.prems carrier-possible, where y = z, simp|

have [simp]: possible t v => fnat f T x = f
by (rule f-nat-empty’, rule const-onD[OF Cons.prems carrier-possible, where y = z])
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from Cons.prems carrier-nxt-subset
have const-on f (carrier (nzt t z)) empty
by (rule const-on-subset)
hence const-on (f-nzt f T x) (carrier (nzt t z)) empty
by (auto simp add: const-on-def f-nat-def)
note Cons. IH[OF this)]
hence [simp]: possible t © = (zs € paths (substitute f T (nxt t ©))) = (xs € paths (nat t

z))

by simp

show ?case by (auto simp add: Cons-path)
qged
qed

lemma substitute-only-empty-both: const-on f (carrier t') empty = substitute f T (t ® t)
= substitute f T t QR t’
proof (intro paths-inj set-eql )
fix xs
assume const-on f (carrier t') TTree.empty
thus (zs € paths (substitute f T (t @® t'))) = (zs € paths (substitute f T t @ t'))
proof (induction xs arbitrary: ft t’)
case Nil thus ?case by simp
next
case (Cons z 1s)
show ?case
proof(cases possible t' x)
case True
hence z € carrier t’ by (metis carrier-possible)
with Cons.prems have [simp]: f x = empty by auto
hence [simp]: f-nzt f T x = f by (auto simp add: f-nzt-def)

note Cons.IH[OF Cons.prems, where t = nat t x, simp]

from Cons.prems
have const-on f (carrier (nzt t’' x)) empty by (metis carrier-nat-subset const-on-subset)
note Cons.IH[OF this, where t = t, simp]

show ?thesis using True
by (auto simp add: Cons-both nat-both substitute-either)
next
case Fulse

have [simp]: nott z @@ t' Q@ fz =nattz R fz @@ t'
by (metis both-assoc both-comm,)

from Cons.prems

have const-on (f-nat f T z) (carrier t') empty
by (force simp add: f-nzt-def)
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note Cons.IH[OF this, where t = nat t © ®® f z, simp)

show ?thesis using False
by (auto simp add: Cons-both nat-both substitute-either)
qed
qed
qed

lemma f-nzt-upd-empty[simp]:

fnzt (f(z' := empty)) Tz = (fnat f T z)(z' := empty)
by (auto simp add: f-nat-def)

lemma repeatable-f-nzt-upd|[simp):
repeatable (f ©) = repeatable (f-nat f T z’ x)
by (auto simp add: f-nat-def)

lemma substitute-remove-anyways-aux:
assumes repeatable (f x)
assumes xs € paths (substitute f T t)
assumes t QR fr =t
shows s € paths (substitute (f(z := empty)) T t)
using assms(2,3) assms(1)
proof (induction f T t xs rule: substitute-induct)
case Nil thus ?case by simp
next
case (Cons f T t z’ xs)
show ?Zcase
proof(cases x’ = 1)
case Fulse
hence [simp]: (f(z := TTree.empty)) ' = fz’ by simp
have [simp]: f-nzt f T ' © = fx using False by (auto simp add: f-nat-def)
show ?Zthesis using Cons by (auto simp add: repeatable-both-nat repeatable-both-both-nxt
simp del: fun-upd-apply)
next
case True
hence [simp]: (f(z := TTree.empty)) x = empty by simp

have *: (f-nat f Tx) x = fa V (f-nzt f T z) x = empty by (simp add: f-nat-def)
thus ?thesis
using Cons True
by (auto simp add: repeatable-both-nxzt repeatable-both-both-nxt simp del: fun-upd-apply)
qed
qed

lemma substitute-remove-anyways:
assumes repeatable t
assumes fr =t
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shows substitute f T (t @® t') = substitute (f(z := empty)) T (t R t')
proof (rule paths-ing, rule, rule subsetl)
fix zs
have repeatable (f ) using assms by simp
moreover
assume zs € paths (substitute f T (t @ t'))
moreover
have t @ t' ® fz = t @R t'
by (metis assms both-assoc both-comm repeatable-both-self)
ultimately
show zs € paths (substitute (f(z := empty)) T (t @R t’))
by (rule substitute-remove-anyways-auz)
next
show paths (substitute (f(z := empty)) T (t @2 t')) C paths (substitute f T (t @® t'))
by (rule substitute-monol) auto
qed

lemma carrier-f-nxt: carrier (f-nat f T z ') C carrier (f x”)
by (simp add: f-nat-def)

lemma f-nat-cong: fz'=f'2' = fnat f Tz z' = fnat f' Txax'
by (simp add: f-nxt-def)

lemma substitute-cong”:
assumes xs € paths (substitute f T t)
assumes A\ zn.r € A = carrier (fz) C A
assumes carrier t C A
assumes A z.2 € A = fz=f"x
shows xs € paths (substitute f' T t)
using assms
proof (induction f T t xs arbitrary: f' rule: substitute-induct )
case Nil thus ?case by simp
next
case (Cons f T t x xs)
hence possible t © by auto
hence = € carrier t by (metis carrier-possible)
hence z € A using Cons.prems(8) by auto
with Cons.prems have [simp]: f' x = fz by auto
have carrier (f z) C A using x € A by (rule Cons.prems(2))

from Cons.prems(1,2) Cons.prems(4)[symmetric]
show ?case
by (auto elim!: Cons.IH
dest!: set-mp[OF carrier-f-nat] set-mp|OF carrier-nat-subset] set-mp[OF Cons.prems(3)]
set-mp[OF <carrier (f z) C A
intro: f-nxt-cong
)
qed
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lemma substitute-cong-induct:
assumes A\ z. x € A = carrier (fz) C A
assumes carrier t C A
assumes A z. 2 € A= fz=f"x
shows substitute f T t = substitute f' T t
apply (rule paths-inj)
apply (rule set-eql)
apply (rule iffI)
apply (erule (2) substitute-cong'[OF - assms])
apply (erule substitute-cong’[OF - - assms(2)])
apply (metis assms(1,3))
apply (metis assms(3))
done

Py

lemma carrier-substitute-auz:
assumes xs € paths (substitute f T t)
assumes carrier t C A
assumes A\ z. x € A = carrier (fz) C A
shows setazs C A
using assms
apply (induction f T t zs rule: substitute-induct)
apply auto
apply (metis carrier-possible-subset)
apply (metis carrier-f-nat carrier-nat-subset carrier-possible-subset contra-subsetD order-trans)
done

lemma carrier-substitute-below:
assumes A\ z. x € A = carrier (fz) C A
assumes carrier t C A
shows carrier (substitute f T t) C A
proof—
have A\ zs. zs € paths (substitute f T t) = set zs C A by (rule carrier-substitute-auz|OF -
assms(2,1)])
thus ?thesis by (auto simp add: Union-paths-carrier|symmetric))
qed

lemma f-nzt-eq-empty-iff:
frnat fTxzx' = empty «— fz' =empty V (z' =z Nz e T)
by (auto simp add: f-nat-def)

lemma substitute-T-cong”:
assumes xs € paths (substitute f T t)
assumes A z. (r € T «—z € T)V faz = empty
shows s € paths (substitute f T' t)
using assms

proof (induction f T t xs rule: substitute-induct )
case Nil thus ?case by simp
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next
case (Cons f T t © xs)
from Cons.prems(2)[where z = z]
have [simp]: fnzt f T x = fnxt f T' x
by (auto simp add: f-nat-def)

from Cons.prems(2)
have (Az’. (2’ € T) = (' € T') V fnat f T x &' = TTree.empty)
by (auto simp add: f-nat-eq-empty-iff )
from Cons.prems(1) Cons.IH[OF - this]
show Zcase
by auto
qed

lemma substitute-cong-T"
assumes A z. (z € T+— 2z € T)V fz = empty
shows substitute f T = substitute f T"'
apply rule
apply (rule paths-inj)
apply (rule set-eql)
apply (rule iffI)
apply (erule substitute-T-cong’[OF - assms])
apply (erule substitute-T-cong’)
apply (metis assms)
done

lemma carrier-substitutel: carrier t C carrier (substitute f T t)
by (rule carrier-mono) (rule substitute-contains-arg)

lemma substitute-cong:
assumes A\ z. z € carrier (substitute f Tt) = fa = f'=z
shows substitute f T t = substitute f' T t
proof (rule substitute-cong-induct|OF - - assms])
show carrier t C carrier (substitute f T t)
by (rule carrier-substitutel )
next
fix z
assume z € carrier (substitute f T t)
then obtain zs where zs € paths (substitute f T t) and z € set zs by transfer auto
thus carrier (f x) C carrier (substitute f T t)
proof (induction xs arbitrary: ft)
case Nil thus ?case by simp
next
case (Cons ¢’ zs f t)
from (' # xs € paths (substitute f T t)
have possible t =’ and zs € paths (substitute (f-nat f T x") T (nzt t 2’ @R fx')) by auto

from ¢ € set (z' # xs)
have z = 2’V (z # 2’ A x € set zs) by auto
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hence carrier (f ) C carrier (substitute (f-nzt f T 2') T (nzt ¢t 2’ @® fx'))
proof(elim conjE disjE)
assume z = z’
have carrier (f ) C carrier (nzt t ¢ @® fz) by simp
also have ... C carrier (substitute (f-nzt f T z") T (nzt t z ®® f x)) by (rule
carrier-substitutel )
finally show ?thesis unfolding x = x".
next
assume z # 1z’
hence [simp]: (f-nzt f Tz’ ) = fx by (simp add: f-nzt-def)

assume z € set zs
from Cons.IH[OF (s € - this]
show carrier (f ) C carrier (substitute (f-nzt f T x') T (nat t 2’ @® fz')) by simp

qed

also

from <(possible t x"

have carrier (substitute (f-nzt f T 2") T (nat t 2’ @R fx')) C carrier (substitute f T t)
apply transfer
apply auto
apply (rule-tac x = z'#xa in exl)
apply auto
done

finally show ?case.

qed
qed

lemma substitute-substitute:

assumes A z. const-on f' (carrier (f x)) empty

shows substitute f T (substitute f' T t) = substitute (A z. fz @® f'z) Tt
proof (rule paths-inj, rule set-eql)

fix zs

have [simp]: \ ff 2’ fnzt Az, fo @® f'2) Te' = Az, fnzt f Tz’ z @R fnat f' Tz’
z)

by (auto simp add: f-nat-def)

from assms
show zs € paths (substitute f T (substitute f' T t)) «— xs € paths (substitute (Az. fr Q®
flz) Tt

proof (induction xs arbitrary: ff't)
case Nil thus ?case by simp
case (Cons z xs)

thus Zcase

proof (cases possible t x)

case True

from Cons.prems

have prem’: \ z'. const-on (f-nat f’' T z) (carrier (fz")) empty
by (force simp add: f-nzt-def)
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hence Az'. const-on (f-nzt f' T z) (carrier ((f-nzt f T z) z')) empty
by (metis carrier-empty const-onl emptyE f-nxt-def fun-upd-apply)
note Cons.IH|[where f = f-nat f T z and f' = f-nat f' T x, OF this, simp]

have [simp]: nst t  @® fz @@ f'z =nsttz @2 f'r Q® fx
by (metis both-comm both-assoc)

show ?thesis using True
by (auto del: iffI simp add: substitute-only-empty-both|OF prem'[where z' = z] , sym-
metric])
next
case Fulse
thus ?thesis by simp
qed
qed
qed

lemma ttree-rest-substitute:
assumes A z. carrier (fz) N S = {}
shows ttree-restr S (substitute f T t) = ttree-restr St
proof (rule paths-inj, rule set-eql, rule iffT)
fix zs
assume zs € paths (ttree-restr S (substitute f T t))
then
obtain zs’ where [simp]: xs = filter (A 2’. ' € S) zs’ and zs’ € paths (substitute f T t)
by (auto simp add: filter-paths-conv-free-restr|symmetric])
from this(2) assms
have filter (A z'. 2" € S) zs’ € paths (ttree-restr S t)
proof (induction xzs’ arbitrary: f t)
case Nil thus ?case by simp
next
case (Cons z zs f t)
from Cons.prems
have possible t x and zs € paths (substitute (f-nzt f T x) T (nat t ¢ @® fz)) by auto

from Cons.prems(2)
have (Az'. carrier (f-nzt f Tz 2') NS = {}) by (auto simp add: f-nzt-def)

from Cons.IH[OF «xs € - this]
have [z<—xzs . ' € S| € paths (ttree-restr S (nat t x) QR ttree-restr S (f z)) by (simp add:
ttree-restr-both)
hence [z'<as . 2’ € S| € paths (ttree-restr S (nat t x)) by (simp add: ttree-restr-is-empty| OF
Cons.prems(2)])
with (possible t )
show [z'<z#zs . ¢’ € S| € paths (ttree-restr S t)
by (cases z € S) (auto simp add: Cons-path ttree-restr-possible dest: set-mp|OF ttree-restr-nat-subset2)
set-mp|OF ttree-restr-nxt-subset])
qed
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thus zs € paths (ttree-restr S t) by simp
next
fix zs
assume zs € paths (ttree-restr S t)
then obtain zs’ where [simpl:zs = filter (A 2. 2’ € §) xs’ and xs’ € paths t
by (auto simp add: filter-paths-conv-free-restr|symmetric])
from this(2)
have xs’ € paths (substitute f T t) by (rule set-mp|[OF substitute-contains-arg))
thus xs € paths (ttree-restr S (substitute f T t))
by (auto simp add: filter-paths-conv-free-restr[symmetric))
qed

An alternative characterization of substitution

inductive substitute’ :: (‘a = 'a ttree) = 'a set = 'a list = 'a list = bool where
substitute’’-Nil: substitute” f T ] []
| substitute’’-Cons:
zs € paths (f ©) = xzs’ € interleave xs zs = substitute’ (f-nat f T x) T xs’ ys
= substitute” f T (x#zs) (zys)
inductive-cases substitute’’-NilE[elim]: substitute’” f T xzs [| substitute” f T [] xs
inductive-cases substitute’’-ConsE[elim]: substitute” f T (x#axs) ys

lemma substitute-substitute’”:
zs € paths (substitute f T t) «— (3 zs’ € paths t. substitute” f T xs’ xs)
proof
assume zs € paths (substitute f T t)
thus 3 zs’ € paths t. substitute” f T xs’ xs
proof (induction xs arbitrary: f t)
case Nil
have substitute” f T [] []..
thus ?case by auto
next
case (Cons z zs f t)
from «x # zs € paths (substitute f T t)
have possible t x and zs € paths (substitute (f-nat f T xz) T (nzt t z @R fz)) by (auto simp
add: Cons-path)
from Cons.IH[OF this(2)]
obtain zs’ where zs’ € paths (nat t © ®® fx) and substitute’” (f-nzt f T z) T xs’ xs by
auto
from this(1)
obtain ys’ zs’ where ys’ € paths (nat t z) and zs’ € paths (f z) and zs’ € interleave ys’
zs'
by (auto simp add: paths-both)

from this(2,3) (substitute” (f-nzt f T x) T xs’ xs
have substitute” f T (z # ys') (z # xs)..
moreover

from (ys’ € paths (nat t z)) possible t x)

have z # ys’' € paths t by (simp add: Cons-path)
ultimately
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show ?case by auto
qged
next
assume 3 zs’ € paths t. substitute’ f T zs’ xs
then obtain zs’ where substitute” f T zs’' zs and zs’ € paths t by auto
thus zs € paths (substitute f T t)
proof (induction arbitrary: t rule: substitute’.induct|[case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs x xs’ xs ys t)
from Cons.prems Cons.hyps
show ?case by (force simp add: Cons-path paths-both introl: Cons.IH)
qged
qed

lemma paths-substitute-substitute’”:
paths (substitute f T t) = |J (A zs . Collect (substitute” f T xs)) ‘ paths t)
by (auto simp add: substitute-substitute’’)

lemma ttree-rest-substitute?:
assumes A z. carrier (fz) C S
assumes const-on f (—S) empty
shows ttree-restr S (substitute f T t) = substitute f T (ttree-restr S t)
proof (rule paths-inj, rule set-eql, rule iffI)
fix xs
assume zs € paths (ttree-restr S (substitute f T t))
then
obtain zs’ where [simp]: xs = filter (A z’. ' € S) zs’ and zs’ € paths (substitute f T t)
by (auto simp add: filter-paths-conv-free-restr|symmetric])
from this(2) assms
have filter (A z’. 2’ € S) xs’ € paths (substitute f T (ttree-restr S t))
proof (induction f T t zs’ rule: substitute-induct)
case Nil thus ?case by simp
next
case (Cons f T t © xs)
from Cons.prems(1)
have possible t x and zs € paths (substitute (f-nat f T x) T (nat t ¢ ®® fz)) by auto
note this(2)
moreover
from Cons.prems(2)
have A z’. carrier (f-nat f Tz 2’') C S by (auto simp add: f-nzt-def)
moreover
from Cons.prems(3)
have const-on (f-nat f T z) (—S) empty by (force simp add: f-nzt-def)
ultimately
have [z'«zs . ' € S] € paths (substitute (f-nzt f T x) T (ttree-restr S (nat t x @ f x)))
by (rule Cons.IH)
hence *: [z'<zs . ' € S] € paths (substitute (f-nat f T ) T (ttree-restr S (nat t x Q® f
z))) by (simp add: ttree-restr-both)
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show ?Zcase
proof (cases z € 5)
case True
show ?thesis
using (possible t ©) Cons.prems(3) * True
by (auto simp add: ttree-restr-both ttree-restr-noop[OF Cons.prems(2)] intro: ttree-restr-possible
dest: set-mp|OF substitute-mono2[OF both-monol [OF ttree-restr-nxt-subset]]])
next
case Fulse
with (const-on f (— S) TTree.empty) have [simp]: fx = emply by auto
hence [simp]: f-nat f Tz = f by (auto simp add: f-nat-def)
show ?thesis
using x False
by (auto dest: set-mp[OF substitute-mono2[OF ttree-restr-nxt-subset2]])
qed
qed
thus xs € paths (substitute f T (ttree-restr S t)) by simp
next
fix xs
assume zs € paths (substitute f T (ttree-restr S t))
then obtain zs’ where zs’ € paths ¢t and substitute’ f T (filter (A z'. 2'€S) xs’) xs
unfolding substitute-substitute’
by (auto simp add: filter-paths-conv-free-restr|symmetric])

from this(2) assms
have 3 xs”. xs = filter (X z’. z'€S) xs"' A substitute” f T xs’ xs"
proof (induction (xs’,xs) arbitrary: f xs’ zs rule: measure-induct-rulelwhere f = X\ (zs,ys).
length (filter (A z’. 2’ ¢ S) xs) + length ys))
case (less xs ys)
note (substitute’ f T [z'<zs . z' € ] ys»

show ?Zcase
proof(cases xs)
case Nil with less.prems have ys = [| by auto
thus ?thesis using Nil by (auto, metis filter.simps(1) substitute’’-Nil)
next
case (Cons z xs’)
show ?thesis
proof (cases z € 5)
case True with Cons less.prems
have substitute” f T (z# [z'+zs’. z' € S]) ys by simp
from substitute’’-ConsE[OF this]
obtain zs 2s” ys’ where ys = z # ys’ and zs € paths (f z) and zs'’ € interleave [z'xs’
.z’ € 8] zs and substitute” (f-nzt f T x) T xs' ys'.
from <zs € paths (f z)) less.prems(2)
have set zs C S by (auto simp add: Union-paths-carrier[symmetric])
hence [simp]: [z/42s . 2’ € S] = zs [z'2s . ' ¢ 5] =[]
by (metis UnCI Un-subset-iff eq-iff filter-True,
metis (set zs C S filter-False insert-absorb insert-subset)
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from ws” € interleave [x'zs’ . z' € 5] zs
have xs”’ € interleave [z'<xs’' . 2" € S] [z'42s . ' € S] by simp
then obtain zs”"’ where zs' = [z%—xs" . ' € S| and xs""’ € interleave xs’ zs by (rule
interleave-filter)
from «xs’"’ € interleave xs' zs
have [: A\ P. length (filter P zs’"") = length (filter P xs") + length (filter P zs)
by (induction) auto

from csubstitute” (f-nat f T x) T xs" ysh ws"” = -
have substitute” (f-nat f T z) T [z'+as"’ .z’ € S] ys’ by simp
moreover
from less.prems(2)
have Aza. carrier (f-nat f T x za) C S
by (auto simp add: f-nat-def)
moreover
from less.prems(3)
have const-on (f-nzt f T x) (— S) TTree.empty by (force simp add: f-nat-def)
ultimately
have Jys”. ys' = [x'+ys" . ' € S| A substitute” (f-nzt f T z) T zs"" ys”
by (rule less.hyps[rotated))
(auto simp add: «ys = - @ws =~ @ € S) s = -[symmetric] 1)[1]
then obtain ys” where ys’' = [z'«ys” . ' € S| and substitute” (f-nat f T z) T xs'"
ys'' by blast
hence ys = [z'+z#ys” . ' € S| using = € S (ys = - by simp
moreover
from <zs € paths (f x) @s'” € interleave xs’ zs) (substitute’ (f-nzt f T x) T xs’" ys'
have substitute” f T (z#xs’) (x#ys’’)
by rule
ultimately
show ?thesis unfolding Cons by blast
next
case Fualse with Cons less.prems
have substitute” f T ([x'«xs’ .z’ € S]) ys by simp
hence Jys’. ys = [x'«ys’' . z' € S] A substitute” f T xs’ ys’
by (rule less.hyps|OF - - less.prems(2,3), rotated]) (auto simp add: (s =- @ ¢

"

)
then obtain ys’ where ys = [z'<ys’ . 2’ € S| and substitute” f T zs’ ys' by auto

from this(1)
have ys = [z'+=x#ys'. 2’ € S] using «z ¢ S) (ys = - by simp
moreover
have [simp]: fz = empty using @ ¢ S» less.prems(3) by force
hence f-nat f T © = f by (auto simp add: f-nzt-def)
with (substitute” f T xs’ ys"
have substitute” f T (z#xs’) (x#ys’)
by (auto intro: substitute’.intros)
ultimately
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show ?thesis unfolding Cons by blast
qed

qed
qed
then obtain zs’’ where zs = filter (A z’. 2’€S) zs" and substitute” f T xs’ xs’’ by auto
from this(2) ws’ € paths ©
have xs”’ € paths (substitute f T t) by (auto simp add: substitute-substitute’)
with s = -
show zs € paths (ttree-restr S (substitute f T t))

by (auto simp add: filter-paths-conv-free-restr[symmetric|)

qed

end

85 TTree-HOLCF.tex

theory TTree—HOLCF
imports TTree HOLCF — Utils Set— Cpo HOLCF — Join— Classes
begin

instantiation ttree :: (type) below
begin
lift-definition below-ttree :: 'a ttree = 'a ttree = bool is op C.
instance..
end

lemma paths-mono: t C t' = paths t T paths t’
by transfer (auto simp add: below-set-def)

lemma paths-mono-iff: paths t C paths t' +— ¢t C ¢’
by transfer (auto simp add: below-set-def)

lemma ttree-belowl: (A xs. xs € paths t = xs € paths t') = t C t’
by transfer auto

lemma paths-belowl: (\ x zs. z#xs € paths t = z#uas € paths t') = t C t’
apply (rule ttree-belowl)
apply (case-tac xs)
apply auto
done

instance ttree :: (type) po
by standard (transfer, simp)-+

lemma is-lub-ttree:
S <<| FEither S
unfolding is-lub-def is-ub-def
by transfer auto
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lemma [ub-is-either: lub S = Fither S
using is-lub-ttree by (rule lub-eql)

instance ttree :: (type) cpo
by standard (rule exl, rule is-lub-ttree)

lemma minimal-ttree[simp, intro!]: empty C S
by transfer simp

instance ttree :: (type) pcpo
by standard (rule+)

lemma empty-is-bottom: empty = L
by (metis below-bottom-iff minimal-ttree)

lemma carrier-bottom|[simp|: carrier L = {}
unfolding empty-is-bottom[symmetric] by simp

lemma below-anything|simp]:
t C anything

by transfer auto

lemma carrier-mono: t C t' => carrier t C carrier t’
by transfer auto

lemma nat-mono: t C t' = nattx C nat t' z
by transfer auto

lemma either-above-argl: t C t && t’
by transfer fastforce

lemma either-above-arg2: t' C t &@ t’
by transfer fastforce

lemma either-belowl: t Ct"' —= t' Ct" = t ®® t'C t"
by transfer auto

lemma both-above-argl: t C t @R t’
by transfer fastforce

lemma both-above-arg2: t' C t @R t’
by transfer fastforce

lemma both-monol "
tCt =t t"Ct' e t"”
using both-monol [folded below-set-def , unfolded paths-mono-iff].

lemma both-mono2":
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tCt' = t"extCt'e®t’
using both-mono2|folded below-set-def , unfolded paths-mono-iff].

lemma nxt-both-left:
possible t © => nat t z @ t' C nat (t @R t')
by (auto simp add: nat-both either-above-arg2)

lemma nxt-both-right:
possible t' v = t @® nat t' ¢ C nat (t ® t')
by (auto simp add: nzt-both either-above-argl)

lemma substitute-monol” f C f'= substitute f T t T substitute f' T t
using substitute-monol [folded below-set-def, unfolded paths-mono-iff] fun-belowD
by metis

lemma substitute-mono2’: t C t'= substitute f T t C substitute f T ¢’
using substitute-mono2[folded below-set-def, unfolded paths-mono-iff].

lemma substitute-above-arg: t T substitute f T t
using substitute-contains-arg|folded below-set-def, unfolded paths-mono-iff].

lemma ttree-contl:
assumes A S. f (Either S) = Either (f ©S)
shows cont f
proof (rule contl)
fix Y :: nat = 'a ttree
have range (Xi. f (Y i)) = f ‘ range Y by auto
also have FEither ... = f (FEither (range Y)) unfolding assms(1)..
also have FEither (range Y) = lub (range Y') unfolding lub-is-either by simp
finally
show range (Ai. f (Y 1)) <<| f (L] 4. Y i) by (metis is-lub-ttree)
qed

lemma ttree-contl2:
assumes A z. paths (f z) = |J (¢t ¢ paths x)
assumes [] € ¢ ]
shows cont f
proof (rule contl)
fix Y :: nat = ’a ttree
have paths (FEither (range (Ai. f (Y 1)))) = insert [| (Jz. paths (f (Y z)))
by (simp add: paths-FEither)
also have ... = insert [| (Jz. U (¢ ¢ paths (Y 2)))
by (simp add: assms(1))
also have ... = [J(t “insert [| (Jz. paths (Y x)))
using assms(2) by (auto 0 4)
also have ... = |J(t ¢ paths (Fither (range Y)))
by (auto simp add: paths-FEither)
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also have ... = paths (f (Either (range Y)))
by (simp add: assms(1))
also have ... = paths (f (lub (range Y))) unfolding lub-is-either by simp
finally
show range (Ai. f (Y 1)) <<| f (L] i. Y i) by (metis is-lub-ttree paths-inj)
qed

lemma cont-paths[ THEN cont-compose, cont2cont, simp]:
cont paths
apply (rule set-contl)
apply (thin-tac -)
unfolding lub-is-either
apply transfer
apply auto
done

lemma ttree-contl3:
assumes cont (A z. paths (f z))
shows cont f
apply (rule conti2)
apply (rule monofunl)
apply (subst paths-mono-iff [symmetric])
apply (erule cont2monofunE[OF assms))

apply (subst paths-mono-iff [symmetric])

apply (subst cont2contlubE[OF cont-paths|OF cont-id]], assumption)
apply (subst cont2contlubE[OF assms], assumption)

apply rule

done

lemma cont-substitute]| THEN cont-compose, cont2cont, simp]:
cont (substitute f T)
apply (rule ttree-contI2)
apply (rule paths-substitute-substitute’’)
apply (auto intro: substitute’.intros)
done

lemma cont-bothi:
cont (X z. both x y)
apply (rule ttree-contI2[where t = Azs . {zs . Jys€paths y. zs € s ® ys}])
apply (rule set-eql)
by (auto intro: simp add: paths-both)

lemma cont-both2:

cont (X z. both y x)
apply (rule ttree-contI2[where t = Ays . {zs . Jas€paths y. zs € s ® ys}])
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apply (rule set-eql)
by (auto intro: simp add: paths-both)

lemma cont-both[cont2cont,simp|: cont f = cont g => cont (A z. fz R g x)
by (rule cont-compose2[OF' cont-both1 cont-both2])

lemma cont-intersect1:
cont (X x. intersect x y)
by (rule ttree-contI2 [where t = Azs . (if zs € paths y then {xs} else {})])
(auto split: if-splits)

lemma cont-intersect2:
cont (X x. intersect y x)
by (rule ttree-contI2 [where t = Azs . (if zs € paths y then {xs} else {})])
(auto split: if-splits)

lemma cont-intersect[cont2cont,simp]: cont f = cont g = cont (A z. fz NN g x)
by (rule cont-compose2[OF cont-intersectl cont-intersect2])

lemma cont-without[ THEN cont-compose, cont2cont,simp]: cont (without x)
by (rule ttree-contI2[where t = X zs.{filter (A z’. ' # z) zs}])
(transfer, auto)

lemma paths-many-calls-subset:
t C many-calls x @K without x t
by (metis (full-types) below-set-def paths-many-calls-subset paths-mono-iff)

lemma single-below:
[z] € paths t = single © T t by transfer auto

lemma cont-ttree-restr[THEN cont-compose, cont2cont,simp): cont (ttree-restr S)
by (rule ttree-contI2[where t = \ zs.{filter (A z’. 2’ € S) zs}])
(transfer, auto)

lemmas ttree-restr-mono = cont2monofunE[OF cont-ttree-restr|OF cont-id]]

lemma range-filter[simp]: range (filter P) = {zs. set xs C Collect P}
apply auto
apply (rule-tac z = = in rev-image-eql)
apply simp
apply (rule sym)
apply (auto simp add: filter-id-conv)
done

lemma ttree-restr-anything-cont[ THEN cont-compose, simp, cont2cont]:
cont (A S. ttree-restr S anything)
apply (rule ttree-contl3)
apply (rule set-contl)
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apply (auto simp add: filter-paths-conv-free-restr[symmetric] lub-set)
apply (rule finite-subset-chain)

apply auto

done

instance ttree :: (type) Finite-Join-cpo
proof
fix zy :: 'a ttree
show compatible x y
unfolding compatible-def
apply (rule exl)
apply (rule is-lub-ttree)
done
qed

lemma ttree-join-is-either:

tut' =t ot
proof—

have t ®® t' = FEither {t, t'} by transfer auto

thus t U t' =t &P t' by (metis lub-is-join is-lub-ttree)
qed

lemma ttree-join-transfer[transfer-rule]: rel-fun (pcr-ttree op =) (rel-fun (per-ttree op =) (per-ttree
op =)) op U op U
proof—
have op U = (op &® :: 'a ttree = 'a ttree = 'a tiree) using ttree-join-is-either by blast
thus ?thesis using either.transfer by metis
qed

lemma ttree-restr-join[simp]:
ttree-restr S (t U t') = ttree-restr S t U ttree-restr S t’
by transfer auto

lemma nxt-singles-below-singles:
nxt (singles S) x C singles S
apply auto
apply transfer
apply auto
apply (erule-tac © = zc in ballE)
apply (erule order-trans|rotated))
apply (rule length-filter-mono)
apply simp
apply simp
done

lemma in-carrier-fup[simp]:

z’ € carrier (fup-f-u) «— (3 v’ u = up-u’ A z’ € carrier (f-u’))
by (cases u) auto
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end

86 AnalBinds.tex

theory AnalBinds
imports Terms HOLCF — Utils Env
begin

locale ExpAnalysis =
fixes exp :: exp = 'aicpo — 'bipepo
begin

fun AnalBinds :: heap = (var = ‘ay) — (var = 'b)
where AnalBinds [| = (A ae. L)
| AnalBinds ((z,e)#I) = (A ae. (AnalBinds T-ae)(z := fup-(exp e)-(ae z)))

lemma AnalBinds-Nil-simp[simp]: AnalBinds [|-ae = L by simp

lemma AnalBinds-Cons|simp]:
AnalBinds ((z,e)#TI)-ae = (AnalBinds T'-ae)(z := fup-(exp e)-(ae z))
by simp

lemmas AnalBinds.simps[simp del]

lemma AnalBinds-not-there: © ¢ domA T' = (AnalBinds T'-ae) z = L
by (induction T' rule: AnalBinds.induct) auto

lemma AnalBinds-cong:
assumes ae f| domA T = ae’ f|* domA T
shows AnalBinds I'-ae = AnalBinds T'-ae’
using env-restr-eqD[OF assms|
by (induction T' rule: AnalBinds.induct) (auto split: if-splits)

lemma AnalBinds-lookup: (AnalBinds T-ae) © = (case map-of T’ z of Some e = fup-(exp e)-(ae
x) | None = 1)
by (induction T' rule: AnalBinds.induct) auto

lemma AnalBinds-delete-bot: ae © = 1 = AnalBinds (delete z T')-ae = AnalBinds I'-ae
by (auto simp add: AnalBinds-lookup split:option.split simp add: delete-conv)

lemma AnalBinds-delete-below: AnalBinds (delete x T')-ae C AnalBinds T'-ae
by (auto intro: fun-belowl simp add: AnalBinds-lookup split:option.split)

lemma AnalBinds-delete-lookup[simp]: (AnalBinds (delete x T')-ae) x = L
by (auto simp add: AnalBinds-lookup split:option.split)

lemma AnalBinds-delete-to-fun-upd: AnalBinds (delete x T')-ae = (AnalBinds T'-ae)(z := 1)
by (auto simp add: AnalBinds-lookup split:option.split)
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lemma edom-AnalBinds: edom (AnalBinds T-ae) C domA T' N edom ae
by (induction T’ rule: AnalBinds.induct) (auto simp add: edom-def)

end

end

87 TTreeAnalysisSig.tex

theory TTreeAnalysisSig
imports Arity TTree—HOLCF AnalBinds
begin

locale TTreeAnalysis =
fixes Texp :: exp = Arity — var ttree
begin
sublocale Texp: ExpAnalysis Texp.
abbreviation FBinds == Texp.AnalBinds
end

end

88 CoCallGraph-TTree.tex

theory CoCallGraph—TTree
imports CoCallGraph TTree— HOLCF
begin

lemma interleave-ccFromList:
xs € interleave ys zs = ccFromList xs = ccFromList ys U ccFromList zs U ccProd (set ys)
(set zs)
by (induction rule: interleave-induct)
(auto simp add: interleave-set ccProd-comm ccProd-insert2[where S’ = set xzs for us]
ccProd-insert1 [where S’ = set xs for xs] )

lift-definition ccApproz :: var ttree = CoCalls
is A zss . lub (ccFromlList * xss).
lemma ccApproz-paths: ccApprox t = lub (ccFromList ¢ (paths t)) by transfer simp

lemma ccApproz-strict[simp|: ccApprox L = L
by (simp add: ccApproz-paths empty-is-bottom|symmetric))

lemma in-ccApproz: (zx——y€(ccApprox t)) «— (I zs € paths t. (t——y€E(ccFromList xs)))
unfolding ccApprox-paths
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by transfer auto

lemma ccAppror-mono: paths t C paths t' = ccApprox t T ccApprox t’
by (rule below-CoCallsI) (auto simp add: in-ccApproz)

lemma ccApproz-mono’: t T t' => ccApprox t T ccApprox t’
by (metis below-set-def ccApproz-mono paths-mono-iff)

lemma ccApprox-belowl: () xs. xs € paths t => ccFromList s T G) = ccApproz t T G
unfolding ccApprox-paths
by transfer auto

lemma ccApprox-below-iff : ccApprox t © G <— (¥ zs € paths t. ccFromList xs C G)
unfolding ccApproxz-paths by transfer auto

lemma cc-restr-ccApproz-below-iff: cc-restr S (ccApproz t) T G «— (V¥ zs € paths t. cc-restr
S (ccFromlList zs) C Q)

unfolding ccApprox-paths cc-restr-lub

by transfer auto

lemma ccFromList-below-ccApprox:
xs € paths t => ccFromList xs T ccApprox t
by (rule below-CoCallsI)(auto simp add: in-ccApprox)

lemma ccApprox-nat-below:
ccApprox (nzt t x) T ccApprox t
by (rule below-CoCallsI)(auto simp add: in-ccApprox paths-nzt-eq elim!: bexl[rotated])

lemma ccApprox-ttree-restr-nxt-below:
ccApproz (ttree-restr S (nat t x)) T ccApprox (ttree-restr S t)
by (rule below-CoCallsI)
(auto simp add: in-ccApproz filter-paths-conv-free-restr[symmetric| paths-nzt-eq elim!: bexl [rotated])

lemma ccApproz-tiree-restr[simp|: ccApprox (ttree-restr S t) = cc-restr S (ccApproz t)
by (rule CoCalls-eql) (auto simp add: in-ccApproz filter-paths-conv-free-restr[symmetric] )

lemma ccApprox-both: ccApproz (t ®® t') = ccApprox t U ccApprox t' U ccProd (carrier t)
(carrier t')
proof (rule below-antisym)
show ccApproz (t @® t') C ccApprox t U ccApprox t' U ccProd (carrier t) (carrier t')
by (rule below-CoCallsI)
(auto 4 4 simp add: in-ccApprox paths-both Union-paths-carrier[symmetric] interleave-ccFromList)
next
have ccApprox t C ccApproz (t @® t')
by (rule ccApproz-mono[OF both-contains-argl))
moreover
have ccApproz t' C ccApproz (t R t')
by (rule ccApproz-mono[OF both-contains-arg2))
moreover
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have ccProd (carrier t) (carrier t') C ccApproz (t @® t')
proof(rule ccProd-belowl)
fix z y
assume z € carrier t and y € carrier t’
then obtain zs ys where z € set zs and y € set ys
and zs € paths t and ys € paths t' by (auto simp add: Union-paths-carrier|symmetric])
hence zs @ ys € paths (t @® t') by (metis paths-both append-interleave)
moreover
from x € set xs) (y € set ys
have z——ye(ccFromList (xzsQys)) by simp
ultimately
show z——y€&(ccApproz (t @® t')) by (auto simp add: in-ccApprox simp del: ccFromList-append)
qged
ultimately
show ccApproz t U ccApprox t' U ccProd (carrier t) (carrier t') C ccApprox (1 @® t')
by (simp add: join-below-iff)
qed

lemma ccApproz-many-calls[simp]:
ccApprox (many-calls ) = ccProd {z} {z}
by transfer’ (rule CoCalls-eql, auto)

lemma ccApproz-single[simp):
ccApprox (TTree.single y) = L
by transfer’ auto

lemma ccApproz-either[simp]: ccApproz (t &P t') = ccApproz t U ccApproz t’
by transfer’ (rule CoCalls-eql, auto)

lemma wild-recursion:
assumes ccApprox t C G
assumes A\ z. x ¢ S = fz = empty
assumes A z. z € S = ccApproz (fz) C G
assumes A\ z. z € S = ccProd (ccNeighbors x G) (carrier (fz)) C G
shows ccApprox (ttree-restr (—S) (substitute f T t)) C G
proof (rule ccApproz-belowl)
fix xs
def seen = {} :: var set

assume zs € paths (ttree-restr (— S) (substitute f T t))
then obtain xs’ xs’’ where xs = [z<xs’ . z ¢ S] and substitute’ f T zs' zs’ and zs”' €
paths t
by (auto simp add: filter-paths-conv-free-restr2[symmetric] substitute-substitute’’)

note this(2)

moreover
from (ccApprox t £ G) and <xs'’ € paths )
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have ccFromList zs'"' T G
by (auto simp add: ccApproz-below-iff )
moreover
note assms(2)
moreover
from assms(3,4)
have A\ z ys. x € S = ys € paths (f ) = ccFromList ys C G
and A\ zys. x € S = ys € paths (f ) = ccProd (ccNeighbors © G) (set ys) C G
by (auto simp add: ccApproz-below-iff Union-paths-carrier[symmetric| cc-lub-below-iff)
moreover
have ccProd seen (set zs'') C G unfolding seen-def by simp
ultimately
have ccFromList [x<xs’ .z ¢ S] T G A ccProd (seen) (set zs’) C G
proof (induction f T xs" xs’ arbitrary: seen rule: substitute'.induct|case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs fx xs’ xs T ys)

have seen-z: ccProd seen {z} C G
using (ccProd seen (set (z # zs)) C &
by (auto simp add: ccProd-insert2[where S’ = set xs for xs| join-below-iff)

show ?Zcase
proof(cases x € 5)
case True

from (ccFromList (z # xs) C &
have ccProd {z} (set zs) C G by (auto simp add: join-below-iff)
hence subsetl: set xs C ccNeighbors © G by transfer auto

from (ccProd seen (set (z # zs)) C G
have subset2: seen C ccNeighbors x G
by (auto simp add: subset-ccNeighbors ccProd-insert2[where S’ = set xs for xs]
join-below-iff ccProd-comm)

from subsetl and subset?

have seen U set zs C ccNeighbors © G by auto

hence ccProd (seen U set zs) (set zs) C ccProd (ccNeighbors x G) (set zs)
by (rule ccProd-monol)

also

from x € S) «zs € paths (f x)

have ... C G
by (rule Cons.prems(4))

finally

have ccProd (seen U set xs) (set zs) C G by this simp

with x € §) Cons.prems Cons.hyps
have ccFromList [z<ys . ¢ ¢ S] T G A ccProd (seen) (set ys) C G

apply —
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apply (rule Cons.IH)
apply (auto simp add: f-nxt-def join-below-iff interleave-ccFromList interleave-set
ccProd-insert2[where S’ = set xs for zs]
split: if-splits)

done
with @ € 5 seen-z
show ccFromList [x<x # ys . x ¢ S] © G A ccProd seen (set (z#ys)) E G

by (auto simp add: ccProd-insert2[where S’ = set zs for xs] join-below-iff)

next

case Fulse

from False Cons.prems Cons.hyps
have ccFromList [z<ys . © ¢ S] © G A ccProd ((insert x seen)) (set ys) C G
apply —
apply (rule Cons.IH|[where seen = insert x seen))
apply (auto simp add: ccApproz-both join-below-iff ttree-restr-both interleave-ccFromList
insert-Diff-if
simp add: ccProd-insert2[where S’ = set zs for xs]
simp add: ccProd-insertl [where S’ = seen))
done
moreover
from False this
have ccProd {z} (set ys) & G
by (auto simp add: insert-Diff-if ccProd-insert! [where S’ = seen] join-below-iff)
hence ccProd {z} {z € setys. z ¢ S} C G
by (rule below-trans[rotated, OF - ccProd-mono2]) auto
moreover
note Fulse seen-z
ultimately
show ccFromList [z<x # ys . x ¢ S] T G A ccProd (seen) (set (z # ys)) C G
by (auto simp add: join-below-iff simp add: insert-Diff-if ccProd-insert2|where S’ =
set s for xs| ccProd-insert! [where S’ = seen])
qed
qged
with s = -
show ccFromList xs C G by simp
qed

lemma wild-recursion-thunked:
assumes ccApprox t C G
assumes A\ z. 2 ¢ S = fz = empty
assumes A z. z € S = ccApproz (fz) C G
assumes A\ z. 2 € S = ccProd (ccNeighbors x G — {z} N T) (carrier (fz)) C G
shows ccApprox (ttree-restr (—S) (substitute f T t)) C G
proof (rule ccApproz-belowl)
fix zs

def seen = {} :: var set
def seen-T = {} :: var set
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assume zs € paths (ttree-restr (— S) (substitute f T t))
then obtain zs’ zs’’ where zs = [z<—xs’ . z ¢ S] and substitute’ f T zs' zs’ and zs”’ €
paths t
by (auto simp add: filter-paths-conv-free-restr2[symmetric] substitute-substitute’’)

note this(2)
moreover
from (ccApprox t © G) and <xs'’ € paths t)
have ccFromList zs"' C G
by (auto simp add: ccApproz-below-iff)
hence ccFromList xs" G|* (— seen-T) C G
by (rule rev-below-trans|OF - cc-restr-below-arg])
moreover
note assms(2)
moreover
from assms(3,4)
have A\ z ys. x € S = ys € paths (f ) = ccFromList ys C G
and A\ z ys. x € S = ys € paths (f x) = ccProd (ccNeighbors ¢ G — {x} N T) (set ys)
C G
by (auto simp add: ccApprox-below-iff seen-T-def Union-paths-carrier|symmetric] cc-lub-below-iff )
moreover
have ccProd seen (set zs"' — seen-T) C G unfolding seen-def seen-T-def by simp
moreover
have seen N S = {} unfolding seen-def by simp
moreover
have seen-T C S unfolding seen-T-def by simp
moreover
have A z. x € seen-T = fx = empty unfolding seen-T-def by simp
ultimately
have ccFromList [x<xs’ .z ¢ S] T G A ccProd (seen) (set xs’ — seen-T) C G
proof (induction f T xs’ xs' arbitrary: seen seen-T rule: substitute.induct[case-names Nil
Cons))
case Nil thus ?case by simp
next
case (Cons zs fx xs’ xs T ys)

let %seen-T = if v € T then insert x seen-T else seen-T

have subset: — insert x seen-T C — seen-T by auto

have subset2: set xs N — insert © seen-T C insert x (set xs) N — seen-T by auto
have subset3: set zs N — insert © seen-T C set zs by auto

have subset{: set xs N — seen-T C insert x (set zs) N — seen-T by auto

have subsets: set zs N — seen-T C set zs by auto

have subset6: set ys — seen-T C (set ys — ?seen-T) U {z} by auto

show ?Zcase

proof(cases © € seen-T)
assume z € seen-T
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[simp]: fx = empty using @ € seen-T) Cons.prems by auto
[simp]: f-nat f T x = f by (auto simp add: f-nxt-def split:if-splits)
have [simp]: zs = [] using (zs € paths (f z)) by simp
[ |: zs’ = zs using «xs’ € s ® zs) by simp
[ |: € S using ¢ € seen-T) Cons.prems by auto

from Cons.hyps Cons.prems

have ccFromList [t<ys . © ¢ S] C G A ccProd seen (set ys — seen-T) C G
apply —
apply (rule Cons.IH|[where seen-T = seen-T1)
apply (auto simp add: join-below-iff Diff-eq)
apply (erule below-trans|OF ccProd-mono[OF order-refl subset]])
done

thus ?thesis using ¢ € seen-T) by simp

next
assume z ¢ seen-T

have seen-x: ccProd seen {z} C G
using (ccProd seen (set (x # xs) — seen-T) C G «x ¢ seen-T)
by (auto simp add: insert-Diff-if ccProd-insert2[where S’ = set s — seen-T for us]
join-below-iff )

show ?case
proof(cases x € S)
case True

from (cc-restr (— seen-T) (ccFromList (z # zs)) & G)
have ccProd {z} (set zs — seen-T) C G using (x ¢ seen-T) by (auto simp add:
join-below-iff Diff-eq)
hence set zs — seen-T C ccNeighbors v G by transfer auto
moreover

from seen-x

have seen C ccNeighbors x G by (simp add: subset-ccNeighbors —ccProd-comm)
moreover

have z ¢ seen using True (seen N S = {} by auto

ultimately

have seen U (set zs N — ?seen-T) C ccNeighbors G — {x}NT by auto
hence ccProd (seen U (set xs N — %seen-T)) (set zs) T ccProd (ccNeighbors © G —

{z}INT) (set zs)

by (rule ccProd-monol)

also

from @ € S) (zs € paths (f z)

have ... C G
by (rule Cons.prems(4))

finally

have ccProd (seen U (set zs N — ?seen-T)) (set zs) T G by this simp
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with @ € S) Cons.prems Cons.hyps(1,2)
have ccFromList [xt<ys . ¢ S| E G A ccProd (seen) (set ys — ?seen-T) C G
apply —
apply (rule Cons.IH [where seen-T = ?seen-T))
apply (auto simp add: Un-Diff Int-Un-distrib2 Diff-eq f-nzt-def join-below-iff
interleave-ccFromList interleave-set ccProd-insert2[where S’ = set xs for ws]
split: if-splits)
apply (erule below-trans|OF cc-restr-monol [OF subset]])
apply (rule below-trans|OF cc-restr-below-arg], simp)
apply (erule below-trans|OF ccProd-mono[OF order-refl Int-lowerl]])
apply (rule below-trans|OF cc-restr-below-arg|, simp)
apply (erule below-trans|OF ccProd-mono[OF order-refl Int-lowerl]])
apply (erule below-trans|OF ccProd-mono|OF order-refl subset2]])
apply (erule below-trans|OF ccProd-mono|OF order-refl subset3]])
apply (erule below-trans|OF ccProd-mono|OF order-refl subset4]])
apply (erule below-trans[OF ccProd-mono[OF order-refl subset5]])
done
with @ € S) seen-z «x ¢ seen-T)
show ccFromList [z<x # ys . x ¢ S] T G A ccProd seen (set (z#ys) — seen-T) C G

e i T e N e T e

apply (auto simp add: insert-Diff-if ccProd-insert2[where S’ = set ys — seen-T for
xs] join-below-iff)
apply (rule below-trans|OF ccProd-mono[OF order-refl subset6]])
apply (subst ccProd-union2)
apply (auto simp add: join-below-iff )
done
next
case Fulse

from False Cons.prems Cons.hyps
have ccFromList [x<ys . x ¢ S] T G A ccProd ((insert x seen)) (set ys — seen-T) C

apply —
apply (rule Cons.IH[where seen = insert © seen and seen-T = seen-T1])
apply (auto simp add: «x ¢ seen-T» Diff-eq ccApprox-both join-below-iff ttree-restr-both
interleave-ccFromList insert-Diff-if
simp add: ccProd-insert2[where S’ = set zs N — seen-T for xs]
simp add: ccProd-insert! [where S’ = seen])
done
moreover
{
from Fulse this
have ccProd {z} (set ys — seen-T) C G
by (auto simp add: insert-Diff-if ccProd-insert! [where S’ = seen| join-below-iff)
hence ccProd {z} {z € set ys — seen-T. z ¢ S} C G
by (rule below-trans[rotated, OF - ccProd-mono2]) auto
also have {z € set ys — seen-T. x ¢ S} = {x € setys. x ¢ S}
using <seen-T C S) by auto
finally
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have ccProd {z} {z € set ys. x ¢ S} C G.

moreover
note Fulse seen-z
ultimately
show ccFromList [x<x # ys . ¢ ¢ S| C G A ccProd (seen) (set (z # ys) — seen-T) C
G
by (auto simp add: join-below-iff simp add: insert-Diff-if ccProd-insert2[where S’ =
set ys — seen-T for xzs] ccProd-insert! [where S’ = seen))
qed
qed
qged
with s = -
show ccFromList xs C G by simp
qed

inductive-set valid-lists :: var set = CoCalls = var list set
for S G
where [| € valid-lists S G
| set zs C ccNeighbors © G = xs € wvalid-lists S G — © € S = x#uas € valid-lists S G

inductive-simps valid-lists-simps[simp): [| € valid-lists S G (x#xs) € valid-lists S G
inductive-cases vald-lists-ConsE: (z#xs) € valid-lists S G

lemma wvalid-lists-downset-aux:
zs € wvalid-lists S CoCalls = butlast xs € valid-lists S CoCalls
by (induction xs) (auto dest: in-set-butlastD)

lemma valid-lists-subset: xs € wvalid-lists S G —> set s C S
by (induction rule: valid-lists.induct) auto

lemma valid-lists-monol:

assumes S C S’

shows valid-lists S G C wvalid-lists S’ G
proof

fix zs

assume zs € valid-lists S G

thus zs € valid-lists S’ G

by (induction rule: valid-lists.induct) (auto dest: set-mp[OF assms])

qed

lemma valid-lists-chainl:
assumes chain Y
assumes zs € valid-lists (UNION UNIV Y) G
shows 3 i. zs € wvalid-lists (Y i) G
proof—
note <chain Y)
moreover
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from assms(2)

have set s C UNION UNIV Y by (rule valid-lists-subset)
moreover

have finite (set zs) by simp

ultimately

have Ji. set zs C Y i by (rule finite-subset-chain)

then obtain i where set s C Y i..

from assms(2) this
have zs € wvalid-lists (Y i) G by (induction rule:valid-lists.induct) auto
thus ?thesis..

qed

lemma valid-lists-chain2:
assumes chain Y
assumes zs € valid-lists S (| |i. Y i)
shows 3 i. s € valid-lists S (Y 4)
using assms(2)
proof (induction rule:valid-lists.induct[case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs x)

from (chain Y»
have chain (A i. ccNeighbors z (Y 7))
apply (rule ch2ch-monofun[OF monofunl, rotated])
unfolding below-set-def
by (rule ccNeighbors-mono)
moreover
from (set xs C ccNeighbors x (|| i. Y i)
have set zs C (|J 4. ccNeighbors x (Y 1))
by (simp add: lub-set)
moreover
have finite (set xs) by simp
ultimately
have Ji. set xs C ccNeighbors © (Y i) by (rule finite-subset-chain)
then obtain i where i: set xs C ccNeighbors © (Y i)..

from Cons.IH
obtain j where j: zs € valid-lists S (Y j)..

from ¢
have set s C ccNeighbors x (Y (maz ij))
by (rule order-trans[OF - ccNeighbors-mono|OF chain-mono[OF <chain Y) max.cobounded1]]])
moreover
from j
have zs € wvalid-lists S (Y (max i j))
by (induction rule: valid-lists.induct)
(auto del: subsetl elim: order-trans|OF - ccNeighbors-mono[OF chain-mono[OF (chain Y
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maz.cobounded?2]]])
moreover
note (x € S
ultimately
have z # zs € valid-lists S (Y (maz i 7)) by rule
thus ?Zcase..
qed

lemma valid-lists-cc-restr: valid-lists S G = wvalid-lists S (cc-restr S G)
proof (rule set-eql)
fix zs
show (zs € wvalid-lists S G) = (zs € valid-lists S (cc-restr S G))
by (induction xs) (auto dest: set-mp[OF wvalid-lists-subset])
qed

lemma interleave-valid-list:

s € ys @ 28 = ys € valid-lists S G = zs € valid-lists S’ G' = xs € valid-lists (S U S’)
(G U (G'"U ccProd S S))
proof (induction rule:interleave-induct)

case Nil
show ?case by simp
next

case (left ys zs xs z)

from «x # ys € wvalid-lists S @)
have z € S and set ys C ccNeighbors © G and ys € valid-lists S G
by auto

from s € ys ® zs

have set zs = set ys U set zs by (rule interleave-set)

with «set ys C ccNeighbors © G) valid-lists-subset[OF <zs € wvalid-lists S’ G"]

have set zs C ccNeighbors z (G U (G’ U ccProd S S'))
by (auto simp add: ccNeighbors-ccProd x € S»)

moreover

from (ys € valid-lists S G) <zs € wvalid-lists S" G"

have zs € valid-lists (S U S’) (G U (G’ U ccProd S S'))
by (rule left.IH)

moreover

from z € &

have z € S U S’ by simp

ultimately

show ?Zcase..

next
case (right ys zs zs x)

from «z # zs € valid-lists S" G

have z € S’ and set zs C ccNeighbors © G’ and zs € valid-lists S' G’
by auto
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from (s € ys ® zs

have set zs = set ys U set zs by (rule interleave-set)

with «set zs C ccNeighbors © G valid-lists-subset[OF (ys € wvalid-lists S G)]

have set s C ccNeighbors z (G U (G’ U ccProd S S))
by (auto simp add: ccNeighbors-ccProd x € S%)

moreover

from (ys € valid-lists S G) (zs € valid-lists S’ G

have zs € wvalid-lists (S U S’) (G U (G’ U ccProd S S"))
by (rule right.IH)

moreover

from «z € S%

have z € S U S’ by simp

ultimately

show ?case..

qed

lemma interleave-valid-list":
zs € valid-lists (SU S’) G = 3 ys zs. s € ys ® zs A ys € valid-lists S G A zs € valid-lists
S’ G
proof (induction rule: valid-lists.induct[case-names Nil Cons])
case Nil show ?Zcase by simp
next
case (Cons zs )
then obtain ys zs where zs € ys ® zs ys € valid-lists S G zs € valid-lists S’ G by auto

from (s € ys ® zs) have set xs = set ys U set zs by (rule interleave-set)
with «set zs C ccNeighbors © G)
have set ys C ccNeighbors © G and set zs C ccNeighbors x G by auto

from z € SU S
show ?case
proof
assume z € S
with «set ys C ccNeighbors © G (ys € wvalid-lists S G
have z # ys € wvalid-lists S G
by rule
moreover
from s € ys ® z
have z#zxs € z#Hys ® zs..
ultimately
show ?thesis using (zs € wvalid-lists S’ G) by blast
next
assume z € S’
with (set zs C ccNeighbors x G) (zs € valid-lists S’ G
have = # zs € valid-lists S’ G
by rule
moreover
from @s € ys ® zs
have z#2xs € ys ® x#zs..
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ultimately
show ?thesis using (ys € walid-lists S G> by blast
qed
qed

lemma many-calls-valid-list:
zs € wvalid-lists {x} (ccProd {z} {x}) = xs € range (An. replicate n x)
by (induction rule: valid-lists.induct) (auto, metis UNIV-I image-iff replicate-Suc)

lemma filter-valid-lists:
zs € wvalid-lists S G = filter P xs € wvalid-lists {a € S. P a} G
by (induction rule:valid-lists.induct) auto

lift-definition ccTTree :: var set = CoCalls = wvar ttree is X S G. valid-lists S G
by (auto intro: valid-lists-downset-aux)

lemma paths-ccTTree[simp]: paths (ccTTree S G) = wvalid-lists S G by transfer auto

lemma carrier-ccTTree[simp]: carrier (ccTTree S G) = S
apply transfer
apply (auto dest: valid-lists-subset)
apply (rule-tac x = [z] in bexl)
apply auto
done

lemma valid-lists-ccFromList:
zs € valid-lists S G = ccFromList vs T cc-restr S G
by (induction rule:valid-lists.induct)
(auto simp add: join-below-iff subset-ccNeighbors ccProd-below-cc-restr elim: set-mp[ OF valid-lists-subset])

lemma ccApproxz-ccTTree[simp]: ccApprox (ccTTree S G) = cc-restr S G
proof (transfer’ fizing: S G, rule below-antisym)
show lub (ccFromList ‘ valid-lists S G) C cc-restr S G
apply (rule is-lub-thelub-ex)
apply (metis coCallsLub-is-lub)
apply (rule is-ubl)
apply clarify
apply (erule valid-lists-ccFromList)
done
next
show cc-restr S G C lub (ccFromList ¢ valid-lists S G)
proof (rule below-CoCallsI)
fix zy
have x——y€&(ccFromList [y,z]) by simp
moreover
assume z——y&(ce-restr S G)
hence [y,z] € valid-lists S G by (auto simp add: elem-ccNeighbors)
ultimately
show z——ye(lub (ccFromList ¢ valid-lists S G))
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by (rule in-CoCallsLubI[OF - imagel])
qged
qed

lemma below-ccTTreel:
assumes carrier t C S and ccApprox t C G
shows ¢t C ccTTree S G
unfolding paths-mono-iff [symmetric] below-set-def
proof
fix zs
assume zs € paths t
with assms
have zs € wvalid-lists S G
proof (induction xs arbitrary : t)
case Nil thus ?case by simp
next
case (Cons z xs)
from <x # xs € paths t)
have possible t  and zs € paths (nat t z) by (auto simp add: Cons-path)

have ccProd {z} (set xs) C ccFromList (z # zs) by simp
also
from <x # xs € paths t)
have ... C ccApproz t

by (rule ccFromList-below-ccApprox)
also
note (ccApprox t & G
finally
have ccProd {z} (set xs) C G by this simp-all
hence set zs C ccNeighbors v G unfolding subset-ccNeighbors.
moreover
have zs € valid-lists S G
proof(rule Cons.IH)

show s € paths (nat t x) by fact
next

from <carrier t C S

show carrier (nzttz) C S

by (rule order-trans[OF carrier-nxt-subset))

next

from (ccApprox t C G)

show ccApprox (nat tz) C G

by (rule below-trans[OF ccApproz-nxt-below])
qed
moreover
from <(carrier t C S) and (possible t x
have z € S by (rule carrier-possible-subset)
ultimately
show ?Zcase..
qed
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thus zs € paths (ccTTree S G) by (metis paths-ccTTree)
qed

lemma ccTTree-monol:
S CS'"= ccTTree S G C ccTTree S’ G
by (rule below-ccTTreel) (auto simp add: cc-restr-below-arg)

lemma cont-ccTTreel:
cont (A S. ccTTree S G)
apply (rule conti2)
apply (rule monofunl)
apply (erule ccTTree-monol [folded below-set-def])

apply (rule ttree-belowl)

apply (simp add: paths-Either lub-set lub-is-either)
apply (drule (1) valid-lists-chainl [rotated])

apply simp

done

lemma ccTTree-mono2:
GC G' = ccTTree S G C ccTTree S G’
apply (rule ttree-belowl)
apply simp
apply (induct-tac rule:valid-lists.induct) apply assumption
apply simp
apply simp
apply (erule (1) order-trans|OF - ccNeighbors-mono))
done

lemma ccT'Tree-mono:
SCS8' = GC G'= ccTTree S G T ccTTree S’ G'
by (metis below-trans[OF ccT Tree-monol ccTTree-mono2))

lemma cont-ccTTree2:
cont (ccTTree S)
apply (rule contl2)
apply (rule monofunl)
apply (erule ccTTree-mono?2)

apply (rule ttree-belowl)

apply (simp add: paths-Either lub-set lub-is-either)
apply (drule (1) valid-lists-chain2)

apply simp

done

lemmas cont-ccTTree = cont-compose2[where ¢ = ccTTree, OF cont-ccTTreel cont-ccTTree2,
simp, cont2cont]
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lemma ccTTree-below-singlel :
assumes S N S’ = {}
shows ccTTree S G C singles S’
proof—
{
fix zs x
assume zs € valid-lists S G and z € S’
from this assms
have length [z'+zs . ' = 2] < Suc 0
by (induction rule: valid-lists.induct|[case-names Nil Cons]) auto

thus ?thesis by transfer auto
qed

lemma ccTTree-cc-restr: ccTTree S G = ccTTree S (cc-restr S G)
by transfer’ (rule valid-lists-cc-restr)

lemma ccT Tree-cong-below: cc-restr S G T ce-restr S G/ = ccTTree S G T ccTTree S G’
by (metis ccTTree-mono2 ccTTree-cc-restr)

lemma ccTTree-cong: cc-restr S G = cc-restr S G' = ccTTree S G = ccTTree S G’
by (metis ccTTree-cc-restr)

lemma either-ccTTree:
ccTTree S G ®® ccTTree S G' T ceTTree (S U S') (G U G')
by (auto introl: either-belowl ccTTree-mono)

lemma interleave-ccTTree:
ccTTree S G @® ccTTree S' G’ T ccTTree (S U S’) (G U G’ U ccProd S S’)
by transfer’ (auto, erule (2) interleave-valid-list)

lemma interleave-ccTTree':
ccTTree (SUS') G C ccTTree S G @® ccTTree S’ G
by transfer’ (auto dest!: interleave-valid-list”)

lemma many-calls-ccTTree:
shows many-calls © = ccTTree {z} (ccProd {z} {z})
apply (transfer’)
apply (auto intro: many-calls-valid-list)
apply (induct-tac n)
apply (auto simp add: ccNeighbors-ccProd)
done

lemma filter-valid-lists’:

zs € wvalid-lists {z' € S. P2’} G = s € filter P ‘ valid-lists S G
proof (induction xs )
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case Nil thus ?case by auto (metis filter.simps(1) image-iff valid-lists-simps(1))
next

case (Cons z xs)

from Cons.prems

have set zs C ccNeighbors ¢ G and zs € valid-lists {z' € S. P2’} G and z € S and P z by
auto

from this(2) have set xs C {2’ € S. P z'} by (rule valid-lists-subset)
hence Vz € set xs. P x by auto
hence [simp]: filter P xs = xs by (rule filter-True)

from Cons.IH[OF (s € -]
have zs € filter P ‘ valid-lists S G.

from (s € wvalid-lists {z' € S. Pz} &)
have zs € valid-lists S G by (rule set-mp[OF wvalid-lists-monol, rotated]) auto

from (set xs C ccNeighbors ¢ G) this <z € S
have = # zs € valid-lists S G by rule

hence filter P (z # xs) € filter P ‘ valid-lists S G by (rule imagel)
thus ?case using (P x) (filter P xs =xs) by simp
qed

lemma without-ccTTree[simp]:

without x (ccTTree S G) = ccTTree (S — {z}) G
by (transfer’ fizing: z) (auto dest: filter-valid-lists’ filter-valid-lists|[where P = (A z'. 2'# )]
simp add: set-diff-eq)

lemma ttree-restr-ccTTree[simp]:

ttree-restr S’ (ccTTree S G) = ccTTree (S N S") G
by (transfer’ fizing: S’) (auto dest: filter-valid-lists’ filter-valid-listsjwhere P = (A z'. ' €
S’ simp add:Int-def)

lemma repeatable-ccTTree-ccSquare: S C S’ = repeatable (ccTTree S (ccSquare S'))
unfolding repeatable-def
by transfer (auto simp add:ccNeighbors-ccSquare dest: set-mp[OF valid-lists-subset])

An alternative definition

inductive valid-lists’ :: var set = CoCalls = var set = var list = bool

for S G

where wvalid-lists’ S G prefiz ||

| prefiz C ccNeighbors © G = wvalid-lists’ S G (insert © prefiz) s = z € S = valid-lists’
S G prefiv (z#xs)

inductive-simps valid-lists’-simps[simp]|: valid-lists’ S G prefiz [| valid-lists’ S G prefiz (x#xs)
inductive-cases vald-lists’-ConsE: valid-lists’ S G prefix (z#zs)

lemma valid-lists-valid-lists .
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zs € walid-lists S G = ccProd prefiz (set xs) T G = walid-lists’ S G prefix s
proof (induction arbitrary: prefix rule: valid-lists.induct|case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs )

from Cons.prems Cons.hyps Cons.IH [where prefic = insert z prefiz]
show ?Zcase
by (auto simp add: insert-is-Un|where A = set zs| insert-is-Un[where A = prefix]
join-below-iff subset-ccNeighbors elem-ccNeighbors ccProd-comm simp del:
Un-insert-left )
qed

lemma valid-lists’-valid-lists-auz:
valid-lists’ S G prefiv s = x € prefix => ccProd (set zs) {z} C G
proof (induction rule: valid-lists’.induct|case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons prefic © s)
thus ?case
apply (auto simp add: ccProd-insert2|where S’ = prefiz] ccProd-insertl [where S’ = set
xs] join-below-iff subset-ccNeighbors)
by (metis Cons.hyps(1) dual-order.trans empty-subsetl insert-subset subset-ccNeighbors)
qed

lemma valid-lists’-valid-lists:

valid-lists’ S G prefix xs = xs € valid-lists S G
proof (induction rule: valid-lists’.induct[case-names Nil Cons])

case Nil thus ?case by simp
next

case (Cons prefic © xs)

thus ?case

by (auto simp add: insert-is-Un|where A = set zs] insert-is-Un|where A = prefix]
join-below-iff subset-ccNeighbors elem-ccNeighbors ccProd-comm simp del:
Un-insert-left
intro: valid-lists'-valid-lists-aux)

qed

Yet another definition

lemma valid-lists-characterization:

zs € valid-lists S G «— set s C S A (¥ n. ccProd (set (take n xs)) (set (drop n xs)) C G)
proof (safe)

fix z

assume zs € valid-lists S G

from walid-lists-subset[OF this]

show z € set s = = € S by auto
next

fix n

assume zs € valid-lists S G
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thus ccProd (set (take n xs)) (set (drop n zs)) E G
proof (induction arbitrary: n rule: valid-lists.induct|case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs )
show ?Zcase
proof(cases n)
case () thus ?thesis by simp
next
case (Suc n)
with Cons.hyps Cons.IH|[where n = n]
show ?%thesis
apply (auto simp add: ccProd-insert! [where S’ = set xs for xs] join-below-iff subset-ccNeighbors)
by (metis dual-order.trans set-drop-subset subset-ccNeighbors)
qed
qed
next
assume set zs C S
and V n. ccProd (set (take n xs)) (set (drop n zs)) E G
thus zs € valid-lists S G
proof (induction xs)
case Nil thus ?case by simp
next
case (Cons z zs)
from Vn. ccProd (set (take n (z # xs))) (set (drop n (x # zs))) C G
have Vn. ccProd (set (take n xs)) (set (drop n zs)) C G
by —(rule, erule-tac x = Suc n in allE, auto simp add: ccProd-insert! [where S’ = set xs
for zs] join-below-iff)
from Cons.prems Cons. IH[OF - this]
have zs € wvalid-lists S G by auto
with Cons.prems(1) spec[OF ¢ n. ccProd (set (take n (x # xs))) (set (drop n (z # xs)))
C &, where z = 1]
show ?case by (simp add: subset-ccNeighbors)
qged
qed

end

89 CoCalllmplTTree.tex

theory CoCalllmplTTree
imports TTreeAnalysisSig Env—Set— Cpo CoCallAritySig CoCallGraph— T Tree
begin

context CoCallArity
begin
definition Texp :: exp = Arity — var ttree
where Tezp e = (A a. ccTTree (edom (Aexp e -a)) (ccExp e-a))
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lemma Texp-simp: Texp e-a = ccTTree (edom (Aexp e -a)) (ccExp e-a)
unfolding Texp-def
by simp

sublocale TTreeAnalysis Texp.
end

end

90 Cardinality-Domain-Lists.tex

theory Cardinality— Domain— Lists
imports Vars Nominal—HOLCF Env Cardinality— Domain Set— Cpo Env—Set— Cpo
begin

fun no-call-in-path where
no-call-in-path z [ «— True
| no-call-in-path x (y#zs) <— y # x A no-call-in-path = xs

fun one-call-in-path where
one-call-in-path z [| «— True
| one-call-in-path z (y#xs) «— (if z = y then no-call-in-path z xs else one-call-in-path x xs)

lemma no-call-in-path-set-conv:
no-call-in-path x p +— x ¢ set p
by (induction p) auto

lemma one-call-in-path-filter-conv:
one-call-in-path © p +— length (filter (A z'. 2’ =2) p) < 1
by (induction p) (auto simp add: no-call-in-path-set-conv filter-empty-conv)

lemma no-call-in-tail: no-call-in-path = (tl p) +— (no-call-in-path x p V one-call-in-path x p A
hd p = x)
by (induction p) auto

lemma no-imp-one: no-call-in-path © p = one-call-in-path x p
by (induction p) auto

lemma one-imp-one-tail: one-call-in-path © p = one-call-in-path = (tl p)
by (induction p) (auto split: if-splits intro: no-imp-one)

lemma more-than-one-setD:

= one-call-in-path t p = x € set p
by (induction p) (auto split: if-splits)
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lemma no-call-in-path[equt]: no-call-in-path p © = no-call-in-path (7 « p) (7 - z)
by (induction p x rule: no-call-in-path.induct) auto

lemma one-call-in-path[equt]: one-call-in-path p * = one-call-in-path (7 + p) (7 - x)
by (induction p z rule: one-call-in-path.induct) (auto dest: no-call-in-path)

definition pathCard :: var list = (var = two)
where pathCard p x = (if no-call-in-path z p then none else (if one-call-in-path x p then once
else many))

lemma pathCard-Nil[simp]: pathCard [|] = L
by rule (simp add: pathCard-def)

lemma pathCard-Cons[simp]: pathCard (z#zs) © = two-add-once-(pathCard zs x)
unfolding pathCard-def
by (auto simp add: two-add-simp)

lemma pathCard-Cons-other[simp]: x’ # © = pathCard (x#xs) x' = pathCard zs z’
unfolding pathCard-def by auto

lemma no-call-in-path-filter[simp]: no-call-in-path x [z<1zs . x € S| +— no-call-in-path x xs V
z ¢S

by (induction xs) auto

lemma one-call-in-path-filter[simp]: one-call-in-path ¢ [z<zs . © € S] +— one-call-in-path z
xs V¢S
by (induction zs) auto

definition pathsCard :: var list set = (var = two)
where pathsCard ps x = (if (V p € ps. no-call-in-path = p) then none else (if (V¥ peps.
one-call-in-path = p) then once else many))

lemma paths-Card-above:
p € ps = pathCard p C pathsCard ps
by (rule fun-belowl) (auto simp add: pathsCard-def pathCard-def)

lemma pathsCard-below:

assumes A p. p € ps = pathCard p C ce

shows pathsCard ps C ce
proof (rule fun-belowl)

fix z

show pathsCard ps z C ce z

by (auto simp add: pathsCard-def pathCard-def split: if-splits dest!: fun-belowD|[OF assms,

where z = z| elim: below-trans[rotated]| dest: no-imp-one)
qed

lemma pathsCard-mono:

ps C ps’ = pathsCard ps T pathsCard ps’
by (auto intro: pathsCard-below paths-Card-above)

352



lemmas pathsCard-mono’ = pathsCard-mono|folded below-set-def]

lemma record-call-pathsCard:

pathsCard ({ tlp | p.p € fs AN hd p = z}) C record-call x-(pathsCard fs)
proof (rule pathsCard-below)

fix p’

assume p' € {tip |p. p € fs A hd p = z}

then obtain p where p’ = tl p and p € fs and hd p = z by auto

have pathCard (tl p) C record-call z-(pathCard p)
apply (rule fun-belowl)
using hd p = o by (auto simp add: pathCard-def record-call-simp no-call-in-tail dest:
one-imp-one-tail)

hence pathCard (tl p) T record-call z-(pathsCard fs)
by (rule below-trans|OF - monofun-cfun-arg[OF paths-Card-above|OF p € fs]]])
thus pathCard p’ T record-call z-(pathsCard fs) using p’ = - by simp
qed

lemma pathCards-noneD:
pathsCard ps © = none = = ¢ |J(set * ps)
by (auto simp add: pathsCard-def no-call-in-path-set-conv split:if-splits)
lemma cont-pathsCard[ THEN cont-compose, cont2cont, simp]:
cont pathsCard
by (fastforce introl: cont2cont-lambda cont-if-else-above simp add: pathsCard-def below-set-def )

lemma pathsCard-equt[equt]: © - pathsCard ps x = pathsCard (7 - ps) (7 - x)
unfolding pathsCard-def by perm-simp rule

lemma edom-pathsCard[simp): edom (pathsCard ps) = |J(set * ps)
unfolding edom-def pathsCard-def
by (auto simp add: mno-call-in-path-set-conv)

lemma env-restr-pathsCard[simp): pathsCard ps f|* S = pathsCard (filter (A z. x € S) * ps)
by (auto simp add: pathsCard-def lookup-env-restr-eq)

end

91 TTreeAnalysisSpec.tex

theory TTreeAnalysisSpec
imports TTreeAnalysisSig ArityAnalysisSpec Cardinality— Domain— Lists
begin

hide-const Multiset.single
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locale TTreeAnalysisCarrier = TTreeAnalysis + EdomArityAnalysis +
assumes carrier-Fexp: carrier (Texp e-a) = edom (Aexp e-a)

locale TTreeAnalysisSafe = TTreeAnalysisCarrier +

assumes Texp-App: many-calls © @® (Texp e)-(inc-a) C Texp (App e x)-a

assumes Texp-Lam: without y (Texp e-(pred-n)) T Texp (Lam [y]. €) - n

assumes Texp-subst: Texp (e[y::=z])-a C many-calls © @ without y ((Texp €)-a)

assumes Texp-Var: single v C Texp (Var v)-a

assumes Fun-repeatable: isVal e = repeatable (Texp e-0)

assumes Texp-IfThenElse: Texp scrut-0 @Q (Texp el-a & Texp e2-a) T Texp (scrut ? el
s e2)a

locale T'TreeAnalysisCardinalityHeap =

TTreeAnalysisSafe + ArityAnalysisLetSafe +

fixes Theap :: heap = exp = Arity — var ttree

assumes carrier-Fheap: carrier (Theap T e-a) = edom (Aheap T e-a)

assumes Theap-thunk: x € thunks T = p € paths (Theap T e-a) = — one-call-in-path x p
= (Aheap T e-a) z = up-0

assumes Theap-substitute: ttree-restr (domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a)) C Theap A e-a

assumes Texp-Let: ttree-restr (— domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a)) C Texp (Terms.Let A e)-a

end

92 CoCalllmplT TreeSafe.tex

theory CoCalllmplT TreeSafe
imports CoCalllmplT Tree CoCallAnalysisSpec TTreeAnalysisSpec
begin

hide-const Multiset.single

lemma valid-lists-many-calls:
assumes — one-call-in-path x p
assumes p € valid-lists S G
shows z——z € G
using assms(2,1)
proof (induction rule:valid-lists.induct[case-names Nil Cons])
case Nil thus ?case by simp
next
case (Cons zs z')
show Zcase
proof(cases one-call-in-path z xs)
case Fulse
from Cons.IH[OF this]
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show ?thesis.
next
case True
with = one-call-in-path = (x' # xs)
have [simp]: ' = z by (auto split: if-splits)

have z € set zs

proof(rule ccontr)
assume z ¢ set xs
hence no-call-in-path © xs by (metis no-call-in-path-set-conv)
hence one-call-in-path x (z # zs) by simp
with Cons show Fulse by simp

qed

with (set zs C ccNeighbors x' G)

have x € ccNeighbors G by auto

thus ?thesis by simp

qed
qed

context CoCallArityEdom

begin

lemma carrier-Fexp”: carrier (Texp e-a) C fv e
unfolding Texp-simp carrier-ccTTree
by (rule Aexp-edom)

end

context CoCallAritySafe
begin

lemma carrier-AnalBinds-below:
carrier ((Texp.AnalBinds A-(Aheap A e-a)) z) C edom ((ABinds A)-(Aheap A e-a))
by (auto simp add: Texp.AnalBinds-lookup Texp-def split: option.splits
elim!: set-mp[OF edom-mono|OF monofun-cfun-fun[OF ABind-below-ABinds]]])

sublocale TTreeAnalysisCarrier Texp
apply standard
unfolding Texp-simp carrier-ccT Tree
apply standard
done

sublocale TTreeAnalysisSafe Texp
proof
fixzea

from edom-mono|OF Aexp-App)

have {z} U edom (Aexp e-(inc-a)) C edom (Aexp (App e x)-a) by auto
moreover
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{

have ccApprox (many-calls ¥ @® ccTTree (edom (Aexp e-(inc-a))) (ccExp e-(inc-a)))
= cc-restr (edom (Aexp e-(inc-a))) (ccExp e-(inc-a)) U ccProd {z} (insert x (edom (Aexp
e-(inc-a))))
by (simp add: ccApproz-both ccProd-insert2[where S’ = edom e for e])
also
have edom (Aexp e-(inc-a)) C fue
by (rule Aexp-edom)
also(below-trans[OF eg-imp-below join-mono[OF below-refl ccProd-mono2[OF insert-mono]
I,
have cc-restr (edom (Aexp e-(inc-a))) (ccExp e-(inc-a)) C ccEzp e-(inc-a)
by (rule cc-restr-below-arg)
also
have ccEzp e-(inc-a) U ccProd {z} (insert x (fv e)) E ccExp (App e x)-a
by (rule ccEzp-App)
finally
have ccApproz (many-calls x @® ccTTree (edom (Aexp e-(inc-a))) (ccEzp e-(inc-a))) C ccExp
(App e z)-a by this simp-all

ultimately
show many-calls z ®® Texp e-(inc-a) C Texp (App e x)-a
unfolding Texp-simp by (auto intro!: below-ccT Treel)
next
fixyen
show without y (Texp e:(pred-n)) C Texp (Lam [y]. e)-n
unfolding Texp-simp
by (auto dest: set-mp[OF Aexp-edom]
intro!: below-ccTTreel below-trans|OF - ccExp-Lam] cc-restr-monol set-mp|OF
edom-mono[OF Aexp-Lam]])
next
fixeyzra

from edom-mono[OF Aexp-subst]
have x: edom (Aexp e[y::=x]-a) C insert x (edom (Aexp e-a) — {y}) by simp

have Texp ely::=z]-a = ccTTree (edom (Aexp e[y:=z]-a)) (ccExp e[y:=z]-a)
unfolding Texp-simp..
also have ... T ccTTree (insert x (edom (Aexp e-a) — {y})) (ccExp e[y:=x]-a)
by (rule ccTTree-monol|[OF %])
also have ... C many-calls 2 @® without z (...)
by (rule paths-many-calls-subset)
also have without x (ccTTree (insert x (edom (Aexp e-a) — {y})) (ccEzxp ely::=z]-a))
= ccTTree (edom (Aexp e-a) — {y} — {z}) (ccExp ely:=z]-a)
by simp
also have ... C ccTTree (edom (Aexp e-a) — {y} — {z}) (ccEzp e-a)
by (rule ccTTree-cong-below|OF ccExp-subst]) auto
also have ... = without y (ccTTree (edom (Aexp e-a) — {z}) (ccExp e-a))
by simp (metis Diff-insert Diff-insert2)
also have ccTTree (edom (Aexp e-a) — {x}) (ccExp e-a) T ccTTree (edom (Aexp e-a)) (ccExp

356



e-a)
by (rule ccTTree-monol) auto

also have ... = Texp e-a
unfolding Texp-simp..
finally

show Texp ely::=z]-a C many-calls © @® without y (Texp e-a)
by this simp-all
next
fixva
have up-a C (Aexp (Var v)-a) v by
hence v € edom (Aexp (Var v)-a) b
thus single v C Texp (Var v)-a
unfolding Texp-simp
by (auto intro: below-ccTTreel)
next
fix scrut el a e2
have ccTTree (edom (Aexp el-a)) (ccExp el-a) &® ccTTree (edom (Aexp e2-a)) (ccExp
e2-a)
C ccTTree (edom (Aexp el-a) U edom (Aexp e2-a)) (ccExp el-a U ccExp e2-a)
by (rule either-ccTTree)
note both-mono2'[OF this]
also
have ccTTree (edom (Aexp scrut-0)) (ccExp scrut-0) @® ccTTree (edom (Aexp el-a) U edom
(Aexp e2-a)) (ccExp el-a U ccExp e2-a)
C ccTTree (edom (Aexp scrut-0) U (edom (Aexp el-a) U edom (Aexp e2-a))) (ccExp scrut-0
U (ccExp el-a U ccExp e2-a) U ccProd (edom (Aexp scrut-0)) (edom (Aexp el-a) U edom (Aexp
2-a))
by (rule interleave-ccT Tree)
also
have edom (Aexp scrut-0) U (edom (Aexp el-a) U edom (Aexp e2-a)) = edom (Aexp scrut-0
U Aexp el-a U Aexp e2-a) by auto
also
have Aexp scrut-0 U Aexp el-a U Aexp e2-a T Aexp (scrut ? el : e2)-a
by (rule Aexp-IfThenElse)
also
have ccEzp scrut-0 U (ccEzp el-a U ccExp e2-a) U ccProd (edom (Aexp scrut-0)) (edom
(Aexp el-a) U edom (Aexp e2-a)) T
ccExp (scrut ? el : e2)-a
by (rule ccExp-IfThenElse)

(rule Aexp-Var)
y (auto simp add: edom-def)

show Texp scrut-0 @® (Texp el-a &® Texp e2-a) T Texp (scrut ? el : e2)-a

unfolding Texp-simp

by (auto simp add: ccApproz-both join-below-iff below-trans[OF - join-above2]

introl: below-ccTTreel below-trans|OF cc-restr-below-arg]
below-trans|[OF - ccExp-IfThenElse] set-mp|OF edom-mono|OF Aexp-IfThenElse]])
next

fix e
assume isVal e
hence [simp]: ccExp e-0 = ccSquare (fv €) by (rule ccExp-pap)
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thus repeatable (Texp e-0)
unfolding Texp-simp by (auto intro: repeatable-ccTTree-ccSquare[OF Aexp-edom))
qed

definition Theap :: heap = exp = Arity — var ttree
where Theap T' e = (A a. if nonrec T then ccTTree (edom (Aheap T e-a)) (ccExp e-a) else
ttree-restr (edom (Aheap T e-a)) anything)

lemma Theap-simp: Theap T' e-a = (if nonrec T' then ccTTree (edom (Aheap T e-a)) (ccExp
e-a) else ttree-restr (edom (Aheap T' e-a)) anything)
unfolding Theap-def by simp

lemma carrier-Fheap’.carrier (Theap T' e-a) = edom (Aheap T' e-a)
unfolding Theap-simp carrier-ccTTree by simp

sublocale TTreeAnalysisCardinalityHeap Texp Aexp Aheap Theap
proof

fixTea

show carrier (Theap T e-a) = edom (Aheap T e-a)

by (rule carrier-Fheap’)

next

fixzxTpea

assume z € thunks I’

assume — one-call-in-path © p
hence = € set p by (rule more-than-one-setD)

assume p € paths (Theap T e-a) with x € set p
have z € carrier (Theap T e-a) by (auto simp add: Union-paths-carrier[symmetric])
hence = € edom (Aheap T' e-a)

unfolding Theap-simp by (auto split: if-splits)

show (Aheap T e-a) x = up-0
proof(cases nonrec T')
case False
from Fualse x € thunks T (x € edom (Aheap T e-a)
show ?thesis by (rule aHeap-thunks-rec)
next
case True
with p € paths (Theap T e-a))
have p € wvalid-lists (edom (Aheap T e-a)) (ccEzp e-a) by (simp add: Theap-simp)

with (— one-call-in-path x p
have x——z€ (ccExp e-a) by (rule valid-lists-many-calls)

from True «x € thunks I this
show ?thesis by (rule aHeap-thunks-nonrec)
qed
next
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fix Aea

have carrier: carrier (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks A) (Texp e-a))
C edom (Aheap A e-a) U edom (Aexp (Let A e)-a)
proof(rule carrier-substitute-below)
from edom-mono[OF Aexp-Let[of A e al]
show carrier (Texp e-a) C edom (Aheap A e-a) U edom (Aexp (Let A e)-a) by (simp add:
Texp-def)
next
fix z
assume z € edom (Aheap A e-a) U edom (Aexp (Let A e)-a)
hence z € edom (Aheap A e-a) V z : (edom (Aexp (Let A e)-a)) by simp
thus carrier ((Texp.AnalBinds A-(Aheap A e-a)) z) C edom (Aheap A e-a) U edom (Aexp
(Let A e)-a)
proof
assume z € edom (Aheap A e-a)

have carrier ((Texp.AnalBinds A-(Aheap A e-a)) x) C edom (ABinds A-(Aheap A e-a))
by (rule carrier-AnalBinds-below)
also have ... C edom (Aheap A e-a U Aexp (Terms.Let A e)-a)
using edom-mono[OF Aexp-Let[of A e a]] by simp
finally show “thesis by simp
next
assume z € edom (Aexp (Terms.Let A e)-a)
hence z ¢ domA A by (auto dest: set-mp[OF Aexp-edom))
hence (Texp.AnalBinds A-(Aheap A e-a)) z = L
by (rule Texp.AnalBinds-not-there)
thus ?thesis by simp
qed
qed

show ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks A)
(Texp e-a)) C Texp (Let A e)-a
proof (rule below-trans|OF - eq-imp-below[OF Texp-simp[symmetric]]], rule below-ccTTreel )
have carrier (ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks
A) (Teap e-a))
= carrier (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks A) (Texp e-a)) — domA
A by auto
also note carrier
also have edom (Aheap A e-a) U edom (Aexp (Terms.Let A e)-a) — domA A = edom
(Aexp (Let A e)-a)
by (auto dest: set-mp[OF edom-Aheap] set-mp[OF Aexp-edom))
finally
show carrier (ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks
A)(Texp e-a)))
C edom (Aexp (Terms.Let A e)-a) by this auto
next
let %z = ccApproz (ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a))
(thunks A) (Texp e-a)))
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have %z = cc-restr (— domA A) ?x by simp
also have ... C cc-restr (— domA A) (ccHeap A e-a)
proof(rule cc-restr-mono2|[OF wild-recursion-thunked))
have ccEzp e-a T ccHeap A e-a by (rule ccHeap-Exp)
thus ccApproz (Texp e-a) C ccHeap A e-a
by (auto simp add: Texp-simp intro: below-trans[OF cc-restr-below-arg))
next
fix z
assume z ¢ domA A
thus (Tezp.AnalBinds A-(Aheap A e-a)) z = empty
by (metis Texp.AnalBinds-not-there empty-is-bottom)
next
fix z
assume z € domA A
then obtain e’ where e’ map-of A z = Some e’ by (metis domA-map-of-Some-the)

show ccApprox ((Texp.AnalBinds A-(Aheap A e-a)) x) C ccHeap A e-a
proof(cases (Aheap A e-a) x)
case bottom thus ?thesis using e’ by (simp add: Texp.AnalBinds-lookup)
next
case (up a’)
with e’
have ccExp e’-a’ C ccHeap A e-a by (rule ccHeap-Heap)
thus ?thesis using up e’
by (auto simp add: Texp.AnalBinds-lookup Texp-simp intro: below-trans[OF cc-restr-below-arg])
qed

show ccProd (ccNeighbors © (ccHeap A e-a)— {z} N thunks A) (carrier ((Texp.AnalBinds
A-(Aheap A e-a)) z)) C ccHeap A e-a
proof (cases (Aheap A e-a) x)
case bottom thus ?thesis using e’ by (simp add: Texp.AnalBinds-lookup)
next
case (up a’)
have subset: (carrier (fup-(Texp e’)-((Aheap A e-a) z))) C fve'
using up e’ by (auto simp add: Texp.AnalBinds-lookup carrier-Fexp dest!: set-mp[OF
Aezp-edom])

from e’ up
have ccProd (fv e') (ccNeighbors x (ccHeap A e-a) — {z} N thunks A) C ccHeap A e-a
by (rule ccHeap-FExtra-Edges)
then
show ?thesis using e’
by (simp add: Texp.AnalBinds-lookup Texp-simp ccProd-comm  below-trans|OF
ccProd-mono2|OF subset]])
qed
qed
also have ... C ccExp (Let A e)-a
by (rule ccExp-Let)

360



finally
show ccApprozx (ttree-restr (— domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a))
(thunks A) (Texp e-a)))
C ccExp (Terms.Let A e)-a by this simp-all
qed

note carrier
hence carrier (substitute (ExpAnalysis. AnalBinds Texp A-(Aheap A e-a)) (thunks A) (Texp
e-a)) C edom (Aheap A e-a) U — domA A
by (rule order-trans) (auto dest: set-mp[OF Aexp-edom))
hence ttree-restr (domA A) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a))
= ttree-restr (edom (Aheap A e-a)) (ttree-restr (domA A) (substitute (Texp.AnalBinds
A-(Aheap A e-a)) (thunks A) (Texp e-a)))
by —(rule ttree-restr-noop[symmetric], auto)
also
have ... = ttree-restr (edom (Aheap A e-a)) (substitute (Texp.AnalBinds A-(Aheap A e-a))
(thunks A) (Texp e-a))
by (simp add: inf.absorb2[OF edom-Aheap ])
also
have ... T Theap A e -a
proof(cases nonrec A)
case False
have ttree-restr (edom (Aheap A e-a)) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a))
C ttree-restr (edom (Aheap A e-a)) anything
by (rule ttree-restr-mono) simp
also have ... = Theap A e-a
by (simp add: Theap-simp False)
finally show ¢thesis.
next
case [simp]: True

from True
have tiree-restr (edom (Aheap A e-a)) (substitute (Texp.AnalBinds A-(Aheap A e-a)) (thunks
A) (Texp e-a))
= ttree-restr (edom (Aheap A e-a)) (Texp e-a)
by (rule nonrecE) (rule ttree-rest-substitute, auto simp add: carrier-Fexp fv-def fresh-def
dest!: set-mp|OF edom-Aheap) set-mp[OF Aexp-edom))
also have ... = ccTTree (edom (Aexp e-a) N edom (Aheap A e-a)) (ccExp e-a)
by (simp add: Texp-simp)
also have ... C ccTTree (edom (Aexp e-a) N domA A) (ccExp e-a)
by (rule ccTTree-monol[OF Int-mono|OF order-refl edom-Aheap)])
also have ... C ccTTree (edom (Aheap A e-a)) (ccExp e-a)
by (rule ccTTree-monol[OF edom-mono[OF Aheap-nonrec[OF True], simplified]])
also have ... C Theap A e-a
by (simp add: Theap-simp)
finally
show ?thesis by this simp-all
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qed

finally

show ttree-restr (domA A) (substitute (ExpAnalysis. AnalBinds Texp A-(Aheap A e-a)) (thunks
A) (Teap e-a)) T Theap A e-a.

qed
end

lemma paths-singles: xs € paths (singles S) +— (Yz € S. one-call-in-path z xs)
by transfer (auto simp add: one-call-in-path-filter-conv)

lemma paths-singles” xs € paths (singles S) «— (Vz € (set zs N S). one-call-in-path x xs)
apply transfer
apply (auto simp add: one-call-in-path-filter-conv)
apply (erule-tac x = z in ballE)
apply auto
by (metis (poly-guards-query) filter-empty-conv le0 length-0-conv)

lemma both-below-singles1:

assumes t C singles S

assumes carrier t' N S = {}

shows t ®® t' C singles S
proof (rule ttree-belowl)

fix zs

assume zs € paths (t @R t)

then obtain ys zs where ys € paths t and zs € paths t' and xs € ys ® zs by (auto simp
add: paths-both)

with assms

have ys € paths (singles S) and set zs N S = {}

by (metis below-ttree.rep-eq contra-subsetD paths.rep-eq, auto simp add: Union-paths-carrier[symmetric])

with s € ys ® zs

show zs € paths (singles S)

by (induction) (auto simp add: paths-singles no-call-in-path-set-conv interleave-set dest:

more-than-one-setD split: if-splits)
qed

lemma paths-ttree-restr-singles: xs € paths (ttree-restr S’ (singles S)) «— set xs C S’ AN (Vz
€ S. one-call-in-path x xs)
proof

show zs € paths (ttree-restr S’ (singles S)) = set xs C S’ A (VY € S. one-call-in-path x
xs)

by (auto simp add: filter-paths-conv-free-restr[symmetric] paths-singles)

next

assume x: set s C S’ A (Vz€S. one-call-in-path z xs)

hence set zs C S’ by auto
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hence [simp]: filter (A z'. ' € §') xs = xs by (auto simp add: filter-id-conv)

from x

have xs € paths (singles S)
by (auto simp add: paths-singles’)

hence filter (A z'. 2’ € §') zs € filter (Az'. ' € §') ¢ paths (singles S)
by (rule imagel)

thus zs € paths (ttree-restr S’ (singles S))
by (auto simp add: filter-paths-conv-free-restr[symmetric] )

qed

lemma substitute-not-carrier:
assumes z ¢ carrier t
assumes A\ z’. = ¢ carrier (f )
shows = ¢ carrier (substitute f T t)
proof—
have ttree-restr ({x}) (substitute f T t) = tiree-restr ({z}) ¢
proof(rule ttree-rest-substitute)
fix z’
from «x ¢ carrier (fx')
show carrier (fz’) N {z} = {} by auto
qed
hence = ¢ carrier (ttree-restr ({z}) (substitute f T t)) +— x ¢ carrier (ttree-restr ({z}) t)
by metis
with assms(1)
show ?thesis by simp
qed

lemma substitute-below-singlesl:
assumes t C singles S
assumes A z. carrier (fz) N S = {}
shows substitute f T t T singles S
proof (rule ttree-belowl)
fix zs
assume zs € paths (substitute f T t)
thus zs € paths (singles S)
using assms
proof (induction f T t xs arbitrary: S rule: substitute-induct)
case Nil
thus ?case by simp
next
case (Cons f T t = xs)

from «x#zs € -
have zs: xs € paths (substitute (f-nat f Tz) T (nztt z ® fx)) by auto
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moreover

from «t C singles S)
have nazt t © C singles S

by (metis TTree— HOLCF .nxzt-mono below-trans nat-singles-below-singles)
from this <carrier (fz) NS ={h
have nzt t  ®® fx C singles S

by (rule both-below-singles1)
moreover
{ fix z’

from <(carrier (fz'y N S ={}p

have carrier (fnat f Tx2) NS = {}

by (auto simp add: f-nat-def)

}
ultimately
have IH: zs € paths (singles S)

by (rule Cons.IH)

show ?case
proof(cases z € S)
case True
with <carrier (fz) N S ={}p
have z ¢ carrier (f x) by auto
moreover
from (¢t C singles S
have nzt t x C nat (singles S) x by (rule nazt-mono)
hence carrier (nat t ©) C carrier (nat (singles S) ) by (rule carrier-mono)
from set-mp[OF this] True
have = ¢ carrier (nat t x) by auto
ultimately
have = ¢ carrier (nat t z ®® fz) by simp
hence z ¢ carrier (substitute (f-nat f T z) T (nzt t z @ f 1))
proof (rule substitute-not-carrier)
fix z’
from (carrier (fz') NS ={h @eH
show z ¢ carrier (f-nat f T z z') by (auto simp add: f-nat-def)
qed
with zs
have z ¢ set zs by (auto simp add: Union-paths-carrier|symmetric))
with IH
have zs € paths (without z (singles S)) by (rule paths-withoutl)
thus %thesis using True by (simp add: Cons-path)

next
case Fulse
with IH
show ?thesis by (simp add: Cons-path)
qed
qed
qed
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end

93 TTreelmplCardinality.tex

theory TTreelmplCardinality
imports TTreeAnalysisSig CardinalityAnalysisSig Cardinality— Domain— Lists
begin

hide-const Multiset.single

context TTreeAnalysis
begin

fun unstack :: stack = exp = exp where
unstack [ e = e

| unstack (Alts el e2 # S) e = unstack S e

| unstack (Upd x # S) e = unstack S e

| unstack (Arg x # S) e = unstack S (App e z)

| unstack (Dummy x # S) e = unstack S e

fun Fstack :: Arity list = stack = var ttree
where Fstack - [| = L
| Fstack (a#as) (Alts el e2 # S) = (Texp el-a ®® Texp e2-a) ®® Fstack as S
| Fstack as (Arg z # S) = many-calls x @® Fstack as S
| Fstack as (- # S) = Fstack as S

fun prognosis :: AEnv = Arity list = Arity = conf = var = two

where prognosis ae as a (T, e, S) = pathsCard (paths (substitute (FBinds T'-ae) (thunks T')
(Texp e-a @R Fstack as S)))
end

end

94 TTreelmplCardinalitySafe.tex

theory TTreelmplCardinalitySafe

imports TTreeImplCardinality TTreeAnalysisSpec CardinalityAnalysisSpec
begin

hide-const Multiset.single
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lemma pathsCard-paths-nat:  pathsCard (paths (nat f z)) T record-call x-(pathsCard (paths
)

apply transfer

apply (rule pathsCard-below)

apply auto

apply (erule below-trans[OF - monofun-cfun-arg[OF paths-Card-above], rotated]) back

apply (auto intro: fun-belowl simp add: record-call-simp two-pred-two-add-once)

done

lemma pathsCards-none: pathsCard (paths t) © = none = x ¢ carrier t
by transfer (auto dest: pathCards-noneD)

lemma const-on-edom-disj: const-on f S empty +— edom f N S = {}
by (auto simp add: empty-is-bottom edom-def)

context TTreeAnalysisCarrier
begin
lemma carrier-Fstack: carrier (Fstack as S) C fv S
by (induction S rule: Fstack.induct)
(auto simp add: empty-is-bottom[symmetric] carrier-Fexp dest!: set-mp[OF Aexp-edom])

lemma carrier-FBinds: carrier ((FBinds I'ae) z) C fo T

apply (simp add: Texp.AnalBinds-lookup)

apply (auto split: option.split simp add: empty-is-bottom[symmetric] )

apply (case-tac ae )

apply (auto simp add: empty-is-bottom|symmetric] carrier-Fexp dest!: set-mp[OF Aexp-edom))

by (metis (poly-guards-query) contra-subsetD domA-from-set map-of-fv-subset map-of-SomeD
option.sel)
end

context TTreeAnalysisSafe
begin

sublocale CardinalityPrognosisShape prognosis
proof
fix T :: heap and ae ae’ :: AEnv and u e S as
assume ae f|‘ domA T = ae’ f|* domA T
from Texp.AnalBinds-cong[OF this]
show prognosis ae as u (T, e, S) = prognosis ae’ as u (T, e, S) by simp
next
fix aeasal e S
show const-on (prognosis ae as a (T, e, S)) (ap S) many
proof
fix z
assume z € ap S
hence [z,z] € paths (Fstack as S)
by (induction S rule: Fstack.induct)
(auto 4 4 intro: set-mp|OF both-contains-argl] set-mp|[OF both-contains-arg2] paths-Cons-nat)
hence [z,z] € paths (Texp e-a ®® Fstack as S)
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by (rule set-mp[OF both-contains-arg2])
hence [z,z] € paths (substitute (FBinds T'-ae) (thunks T') (Texp e-a ®® Fstack as S))
by (rule set-mp[OF substitute-contains-arg))
hence pathCard [z,z] © T pathsCard (paths (substitute (FBinds T-ae) (thunks T") (Texp
e-a ®® Fstack as S5))) x
by (metis fun-belowD paths-Card-above)
also have pathCard [z,z] * = many by (auto simp add: pathCard-def)
finally
show prognosis ae as a (T, e, S) x = many
by (auto intro: below-antisym)
qed
next
fix I' A :: heap and e :: exp and ae :: AEnv and as u S
assume map-of I' = map-of A
hence FBinds I’ = FBinds A and thunks I’ = thunks A by (auto intro!: cfun-eql thunks-cong
stmp add: Texp.AnalBinds-lookup)
thus prognosis ae as u (T, e, S) = prognosis ae as u (A, e, S) by simp
next
fix I' :: heap and e :: exp and ae :: AEnv and as u Sz
show prognosis ae as u (I, e, S) C prognosis ae as u (I', e, Upd z # S) by simp
next
fix I' :: heap and e :: exp and ae :: AEnv and as a S x
assume ae r = L

hence FBinds (delete x T')-ae = FBinds T'-ae by (rule Texp.AnalBinds-delete-bot)
moreover
hence ((FBinds I'-ae) ) = L by (metis Texp.AnalBinds-delete-lookup)
ultimately
show prognosis ae as a (T, e, S) C prognosis ae as a (delete z T, e, S)

by (simp add: substitute-T-delete empty-is-bottom)
next

fixaeasal xS

have once C (pathCard [z]) z by (simp add: two-add-simp)

also have pathCard [z] C pathsCard ({[],[z]})

by (rule paths-Card-above) simp

also have ... = pathsCard (paths (single x)) by simp

also have single © C (Texp (Var z)-a) by (rule Texp-Var)

also have ... C Texp (Var x)-a ®® Fstack as S by (rule both-above-argl)

also have ... C substitute (FBinds I'"-ae) (thunks T') (Texp (Var z)-a ®® Fstack as S) by

(rule substitute-above-arg)

also have pathsCard (paths ...) © = prognosis ae as a (I, Var z, S) = by simp

finally

show once C prognosis ae as a (I, Var z, S) z

by this (rule cont2cont-fun, intro cont2cont)+

qed

sublocale CardinalityPrognosisApp prognosis

proof
fixacasal ex S
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have Texp e-(inc-a) ®® many-calls © @R Fstack as S = many-calls x @ (Texp e)-(inc-a)
®R® Fstack as S
by (metis both-assoc both-comm)
thus prognosis ae as (inc-a) (I', e, Arg x # S) C prognosis ae as a (T, App e z, S)
by simp (intro pathsCard-mono’ paths-mono substitute-mono2’ both-monol’ Texp-App)
qed

sublocale CardinalityPrognosisLam prognosis
proof
fix aeasal eyx S
have Texp e[y::=z|-(pred-a) T many-calls t ®® Texp (Lam [y]. e)-a
by (rule below-trans|OF Texp-subst both-mono2'|OF Texp-Lam]])
moreover have Texp (Lam [y]. €)-a ®® many-calls x ®® Fstack as S = many-calls z @®
Texp (Lam [y]. e)-a ®® Fstack as S
by (metis both-assoc both-comm)
ultimately
show prognosis ae as (pred-a) (T, e[y::=z], S) C prognosis ae as a (T'; Lam [y]. e, Arg x #
S)
by simp (intro pathsCard-mono’ paths-mono substitute-mono2’ both-monol’)
qged

sublocale CardinalityPrognosisVar prognosis

proof
fix I :: heap and e :: exp and z :: var and ae :: AEnv and as u a S
assume map-of I' z = Some e
assume ae r = up-u

assume isVal e
hence = ¢ thunks T using (map-of T' z = Some e by (metis thunksE)
hence [simp]: f-nzt (FBinds T-ae) (thunks T') © = FBinds T-ae by (auto simp add:
f-nat-def)

have prognosis ae as u (T, e, S) = pathsCard (paths (substitute (FBinds T-ae) (thunks T')
(Texp e-u ®® Fstack as S)))

by simp
also have ... = pathsCard (paths (substitute (FBinds T-ae) (thunks T') (nat (single z) z
®® Terp eu @ Fstack as S)))
by simp
also have ... = pathsCard (paths (substitute (FBinds T-ae) (thunks T') ((nat (single z) z

®® Fstack as S) @ Texp e-u )))
by (metis both-assoc both-comm)
also have ... C pathsCard (paths (substitute (FBinds T'-ae) (thunks T') (nat (single z @®
Fstack as S) x ®® Texp e-u)))
by (intro pathsCard-mono’ paths-mono substitute-mono2’ both-monol’ nat-both-left) simp
also have ... = pathsCard (paths (nzt (substitute (FBinds T-ae) (thunks T') (single z @®
Fstack as S)) z))
using (map-of T' x = Some e (ae x = up-w» by (simp add: Texp.AnalBinds-lookup)
also have ... C record-call z -(pathsCard (paths (substitute (FBinds I'-ae) (thunks I') (single
x ®® Fstack as 5))))
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by (rule pathsCard-paths-nat)
also have ... C record-call z -(pathsCard (paths (substitute (FBinds T'-ae) (thunks T') (( Texp
(Var z)-a) @® Fstack as S))))
by (intro monofun-cfun-arg pathsCard-mono’ paths-mono substitute-mono2’ both-monol’
Texp-Var)
also have ... = record-call z -(prognosis ae as a (T, Var z, S))
by simp
finally
show prognosis ae as u (', e, S) C record-call x-(prognosis ae as a (I, Var z, S)) by this
simp-all
next
fix I :: heap and e :: exp and z :: var and ae :: AEnv and as u a S
assume map-of I' z = Some e
assume ae T = up-u
assume — isVal e
hence z € thunks ' using (map-of I' = Some e) by (metis thunksl)
hence [simp]: f-nat (FBinds T-ae) (thunks T') x = FBinds (delete z T')-ae
by (auto simp add: f-nzt-def Texp.AnalBinds-delete-to-fun-upd empty-is-bottom)

have prognosis ae as u (delete x T, e, Upd © # S) = pathsCard (paths (substitute (FBinds
(delete © T)-ae) (thunks (delete x T")) (Texp e-u ®® Fstack as S)))
by simp
also have ... = pathsCard (paths (substitute (FBinds (delete x T')-ae) (thunks T') (Texp e-u
®® Fstack as S)))
by (rule arg-cong[OF substitute-cong-T|) (auto simp add: empty-is-bottom)

also have ... = pathsCard (paths (substitute (FBinds (delete x T')-ae) (thunks T') (nat
(single ) © ®@® Texp eu @R Fstack as S)))

by simp

also have ... = pathsCard (paths (substitute (FBinds (delete x T')-ae) (thunks T') ((nxt

(single ) © ®® Fstack as S) ®® Texp e-u )))
by (metis both-assoc both-comm)
also have ... T pathsCard (paths (substitute (FBinds (delete x T')-ae) (thunks T') (nat
(single © @® Fstack as S) © @® Texp e-u)))
by (intro pathsCard-mono’ paths-mono substitute-mono2’ both-monol’ nxt-both-left) simp
also have ... = pathsCard (paths (nat (substitute (FBinds T-ae) (thunks T') (single z @®
Fstack as S)) z))
using (map-of I' x = Some e (ae z = up-w» by (simp add: Texp.AnalBinds-lookup)
also have ... C record-call z -(pathsCard (paths (substitute (FBinds T'-ae) (thunks T') (single
z ®® Fstack as 5))))
by (rule pathsCard-paths-nxt)
also have ... C record-call z -(pathsCard (paths (substitute (FBinds I'-ae) (thunks T') (( Texp
(Var z)-a) ®® Fstack as S))))
by (intro monofun-cfun-arg pathsCard-mono’ paths-mono substitute-mono2’ both-monol’
Texp-Var)
also have ... = record-call z -(prognosis ae as a (T, Var z, S))
by simp
finally
show prognosis ae as u (delete x T, e, Upd © # S) C record-call z-(prognosis ae as a (T,
Var x, S)) by this simp-all
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next
fix I :: heap and e :: exp and ae :: AEnv and =z :: var and as S
assume isVal e
hence repeatable (Texp e-0) by (rule Fun-repeatable)

assume [simp|: © ¢ domA T

have [simp]: thunks ((z, e) # T') = thunks T
using «sVal e
by (auto simp add: thunks-Cons dest: set-mp[OF thunks-domA|)

have fup-(Texp e)-(ae ) C Texp e-0 by (metis fup2 monofun-cfun-arg up-zero-top)
hence substitute ((FBinds T-ae)(z := fup-(Texp e)-(ae x))) (thunks T') (Texp e-0 @ Fstack
as S) C substitute ((FBinds I-ae)(z := Texp e-0)) (thunks I') (Texp e-0 @ Fstack as S)
by (intro substitute-monol’ fun-upd-mono below-refl monofun-cfun-arg)
also have ... = substitute (((FBinds I'-ae)(z := Texp e-0))(z := empty)) (thunks I') (Texp
e-0 ®® Fstack as S)
using «repeatable (Texp e-0)) by (rule substitute-remove-anyways, simp)
also have ((FBinds T'-ae)(z := Texp e-0))(z := empty) = FBinds T'-ae
by (simp add: fun-upd-idem Texp.AnalBinds-not-there empty-is-bottom)
finally
show prognosis ae as 0 ((z, €) # T, e, S) C prognosis ae as 0 (T, e, Upd z # 5)
by (simp, intro pathsCard-mono’ paths-mono)
qged

sublocale CardinalityPrognosislfThenFElse prognosis
proof
fix ae as I scrut el e2 S a
have Texp scrut-0 ®® (Texp el-a &® Texp e2-a) T Texp (scrut ? el : e2)-a
by (rule Texp-IfThenElse)
hence substitute (FBinds T'-ae) (thunks T') (Texp scrut-0 @® (Texp el-a ®&® Texp e2-a)
®® Fstack as §) T substitute (FBinds I'-ae) (thunks T') (Texp (scrut 7 el : e2)-a ®® Fstack
as S)
by (rule substitute-mono2’[OF both-monol’])
thus prognosis ae (a#tas) 0 (T, scrut, Alts el e2 # S) C prognosis ae as a (T, scrut 2 el :
e2, S)
by (simp, intro pathsCard-mono’ paths-mono)
next
fix aeasal bele2S
have Texp (if b then el else e2)-a T Texp el-a ®® Texp e2-a
by (auto simp add: either-above-argl either-above-arg2)
hence substitute (FBinds I'-ae) (thunks T') (Texp (if b then el else e2)-a ®® Fstack as S)
C substitute (FBinds I'-ae) (thunks T') (Texp (Bool b)-0 ®® (Texp el-a & Texp e2-a) @R
Fstack as S)
by (rule substitute-mono2’|OF both-monol’|OF below-trans[OF - both-above-arg2]]])
thus prognosis ae as a (T, if b then el else e2, S) C prognosis ae (aftas) 0 (I, Bool b, Alts
el e2 # 5)
by (auto intro!: pathsCard-mono’ paths-mono)
qed
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end

context TTreeAnalysisCardinalityHeap
begin

definition cHeap where
cHeap T' e = (A a. pathsCard (paths (Theap T e-a)))

lemma cHeap-simp: (cHeap T €)-a = pathsCard (paths (Theap T e-a))
unfolding cHeap-def by (rule beta-cfun) (intro cont2cont)

sublocale CardinalityHeap cHeap.

sublocale CardinalityHeapSafe cHeap Aheap
proof
fixzlea
assume z € thunks I’
moreover
assume many C (cHeap T' e-a) z
hence many C pathsCard (paths (Theap T' e -a)) z unfolding cHeap-def by simp
hence 3pe (paths (Theap T e-a)). = (one-call-in-path x p) unfolding pathsCard-def
by (auto split: if-splits)
ultimately
show (Aheap T e-a) x = up-0
by (metis Theap-thunk)
next
fixTea
show edom (cHeap T' e-a) = edom (Aheap T e-a)
by (simp add: cHeap-def Union-paths-carrier carrier-Fheap)
qed

sublocale CardinalityPrognosisEdom prognosis
proof
fix aeasal' e S
show edom (prognosis ae as a (I', e, S)) CfoT U foeU fo S
apply (simp add: Union-paths-carrier)
apply (rule carrier-substitute-below)
apply (auto simp add: carrier-Fexp dest: set-mp[OF Aexp-edom] set-mp|OF carrier-Fstack]
set-mp[OF ap-fv-subset] set-mp[OF carrier-FBinds])
done
qed

sublocale CardinalityPrognosisLet prognosis cHeap
proof
fix AT :: heap and e :: exp and S :: stack and ae :: AEnv and a :: Arity and as
assume atom ‘ domA A #x T’
assume atom ‘ domA A #x S
assume edom ae C domA T' U upds S
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have domA A N edom ae = {}
using fresh-distinct|OF (atom ‘ domA A #x D] fresh-distinct-fo[OF <atom ‘ domA A fx
S|
tedom ae C domA T' U upds S) ups-fo-subset[of S]
by auto

have const-on1: N z. const-on (FBinds A-(Aheap A e-a)) (carrier ((FBinds T-ae) z))
empty
unfolding const-on-edom-disj using fresh-distinct-fu[OF <atom ‘ domA A fx D))
by (auto dest!: set-mp[OF carrier-FBinds] set-mp[OF Texp.edom-AnalBinds))
have const-on2: const-on (FBinds A-(Aheap A e-a)) (carrier (Fstack as S)) empty
unfolding const-on-edom-disj using fresh-distinct-fu[OF (atom ¢ domA A tx S)]
by (auto dest!: set-mp[OF carrier-FBinds] set-mp[OF carrier-Fstack] set-mp[OF Texp.edom-AnalBinds]
set-mp[OF ap-fo-subset )
have const-on3: const-on (FBinds I'-ae) (— (— domA A)) TTree.empty
and const-onj: const-on (FBinds A-(Aheap A e-a)) (domA T') TTree.empty
unfolding const-on-edom-disj using fresh-distinct|OF (atom ‘ domA A fx I)]
by (auto dest!: set-mp[OF Texp.edom-AnalBinds])

have disj1: A\ z. carrier ((FBinds I'-ae) ) N domA A = {}
using fresh-distinct-fo| OF <atom ‘ domA A #x T
by (auto dest: set-mp[OF carrier-FBinds))
hence disj1’: \ z. carrier ((FBinds T'-ae) ) C — domA A by auto
have disj2: N\ z. carrier (Fstack as S) N domA A = {}
using fresh-distinct-fo[ OF atom ‘ domA A #x S)] by (auto dest!: set-mp[OF carrier-Fstack))
hence disj2": carrier (Fstack as S) C — domA A by auto

{

fix z
have (FBinds (A @ I')-(ae U Aheap A e-a)) © = (FBinds I'-ae) © ®® (FBinds A-(Aheap
A ea)) x
proof (cases © € domA A)
case True
have map-of T' x = None using True fresh-distinct|OF (atom ‘ domA A tx I)] by (metis
disjoint-iff-not-equal domA-def map-of-eq-None-iff)
moreover
have ae © = 1 using True <domA A N edom ae = {} by auto
ultimately
show ?thesis using True
by (auto simp add: Texp.AnalBinds-lookup empty-is-bottom[symmetric| cong: op-
tion.case-cong)
next
case Fulse
have map-of A x = None using False by (metis domA-def map-of-eq-None-iff)
moreover
have (Aheap A e-a) v = L using False using edom-Aheap by (metis contra-subsetD
edomIff)
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ultimately
show ?thesis using False
by (auto simp add: Texp.AnalBinds-lookup empty-is-bottom[symmetric] cong: op-
tion.case-cong)
qed

}

note FBinds = ext[OF this]

{
have pathsCard (paths (substitute (FBinds (A QT')-(Aheap A e-a U ae)) (thunks (A QT))

(Texp e-a ®® Fstack as S)))
= pathsCard (paths (substitute (FBinds T-ae) (thunks (A @Q T)) (substitute (FBinds
A-(Aheap A e-a)) (thunks (A QT)) (Texp e-a ®® Fstack as S))))
by (simp add: substitute-substitute[OF const-onl1]| FBinds)
also have substitute (FBinds T'-ae) (thunks (A @Q T")) = substitute (FBinds T'-ae) (thunks
r)
apply (rule substitute-cong-T')
using const-on3
by (auto dest: set-mp[OF thunks-domA])
also have substitute (FBinds A-(Aheap A e-a)) (thunks (A Q T')) = substitute (FBinds
A-(Aheap A e-a)) (thunks A)
apply (rule substitute-cong-T')
using const-on/
by (auto dest: set-mp[OF thunks-domA])
also have substitute (FBinds A-(Aheap A e-a)) (thunks A) (Texp e-a @® Fstack as S) =
substitute (FBinds A-(Aheap A e-a)) (thunks A) (Texp e-a) ®® Fstack as S
by (rule substitute-only-empty-both[OF const-on2])
also note calculation
}
note eq-imp-below|OF this]
also
note env-restr-splitfwhere S = domA A
also
have pathsCard (paths (substitute (FBinds T-ae) (thunks T') (substitute (FBinds A-(Aheap
A e-a)) (thunks A) (Texp e-a) @R Fstack as S))) f|¢ domA A
= pathsCard (paths (ttree-restr (domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks
A) (Teap ea))
by (simp add: filter-paths-conv-free-restr ttree-restr-both ttree-rest-substitute|OF disj!]
ttree-restr-is-empty| OF disj2])
also
have ttree-restr (domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks A) (Texp e-a)) C
Theap A e-a by (rule Theap-substitute)
also
have pathsCard (paths (substitute (FBinds T-ae) (thunks T') (substitute (FBinds A-(Aheap
A e-a)) (thunks A) (Texp e-a) ®® Fstack as 9))) f|* (— domA A) =
pathsCard (paths (substitute (FBinds I'-ae) (thunks T') (ttree-restr (— domA A) (substitute
(FBinds A-(Aheap A e-a)) (thunks A) (Texp e-a)) ®® Fstack as S)))
by (simp add: filter-paths-conv-free-restr2 ttree-rest-substitute2[OF disj1’ const-on3]
ttree-restr-both ttree-restr-noop| OF disj2’])
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also have ttree-restr (— domA A) (substitute (FBinds A-(Aheap A e-a)) (thunks A) (Texp
e-a)) C Texp (Terms.Let A e)-a by (rule Texp-Let)
finally
show prognosis (Aheap A e-a U ae) as a (A QT e, S) C cHeap A e-a U prognosis ae as
a (T, Terms.Let A e, S)
by (simp add: cHeap-def del: fun-meet-simp)
qged

sublocale CardinalityPrognosisSafe prognosis cHeap Aheap Aexp ..
end

end

95 CallArityEnd2EndSafe.tex

theory CallArityEnd2EndSafe
imports CallArityEnd2End CardArity TransformSafe CoCalllmplSafe CoCalllmplT TreeSafe T TreeImplCardinalitySa
begin

locale CallArityEnd2EndSafe
begin

sublocale CoCalllmplSafe.
sublocale CuallArityEnd2End.

abbreviation transform-syn’ (T.) where T 4 = transform a

lemma end2end:

c=* ¢ =

= boring-step ¢/ =

heap-upds-ok-conf ¢ =—>

consistent (ae, ce, a, as, r) ¢ =

Jae’ ce’ a’ as’ r'. consistent (ae’, ce’, a’, as’, r’) ¢/ N conf-transform (ae, ce, a, as, r) ¢
=g* conf-transform (ae’, ce’, o', as’, r’) ¢’

by (rule card-arity-transform-safe)

theorem end2end-closed:
assumes closed: fu e = ({} :: var set)
assumes ([], e, []) =* (T',v,[]) and isVal v
obtains I'' and v’
where ([], Tg e, []) =* (I',v')]]) and isVal v’
and card (domA T') < card (domA T)
proof—
note assms(2)
moreover
have — boring-step (I',v,[]) by (simp add: boring-step.simps)
moreover
have heap-upds-ok-conf ([], e, []) by simp
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moreover
have consistent (L, L,0,]],[]) (], €, []) using closed by (rule closed-consistent)
ultimately
obtain ae ce a as r where
x: consistent (ae, ce, a, as, r) (I',v,]]) and
swk: conf-transform (L, L, 0, ], []) ([,e.l]) =™ conf-transform (ae, ce, a, as, r) (I',v,[])
by (metis end2end)

let ?T" = map-transform Aeta-expand ae (map-transform transform ae (restrictA (—set )

)

let ?v = transform a v
from * have set r C domA I' by auto

have conf-transform (L, L, 0, [], []) ([,e[]) = ([J,transform 0 e,[]) by simp
with *x
have ([], transform 0 e, [|) =¢* (T, 2v, map Dummy (rev r)) by simp

have isVal ?v using «sVal v) by simp

have fv (transform 0 e¢) = ({} :: var set) using closed
by (auto dest: set-mp[OF fo-transform])

note sestoftUnGC'[OF («([], transform 0 e, [|) =¢* (T, 2v, map Dummy (rev 1)) <isVal %v)
(fo (transform 0 e) = {})]
then obtain T’
where ([], transform 0 e, [|) =* (I, %v, [])
and ?T' = restrictA (— set r) I
and set r C domA T’
by auto

have card (domAT') = card (domA ?T' U (set r N domA T'))
by (rule arg-cong[where f = card]) auto
also have ... = card (domA ?T) + card (set r N domA T')
by (rule card-Un-disjoint) auto
also note ?T" = restrictA (— set r) T')
also have set r N domA T’ = set r N domA T’
using (set 1 C domA I «(set r C domA T’y by auto
also have card (domA (restrictA (— set r) T'')) 4+ card (set r N domA T'') = card (domA
r
by (subst card-Un-disjoint[symmetric]) (auto intro: arg-cong|where f = card])
finally
have card (domA T') < card (domA T) by simp
with «([], transform 0 e, [|) =* (T, %v, [])» «isVal ?v)
show thesis using that by blast
qed

lemma fresh-var-eqE[elim-format]: fresh-var e = x =z ¢ fve
by (metis fresh-var-not-free)
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lemma examplel:

fixes e :: exp

fixes fgzy 2z :: var

assumes Aezp-e: \a. Aexp e-a = esing z-(up-a) U esing y-(up-a)

assumes ccEzp-e: Na. CCexp e-a = L

assumes [simp]: transform 1 e = e

assumes isVal e

assumes disj: y A fy#ga Fyz#fz2# gy #z

assumes fresh: atom z § e

shows transform 1 (let y be App (Var f) g in (let x be e in (Var z))) =

let y be (Lam [z]. App (App (Var f) g) z) in (let z be (Lam [z]. App e z) in (Var z))

proof—

from arg-cong[where f = edom, OF Aexp-e]

have z € fv e by simp (metis Aexp-edom’ insert-subset)

hence [simp]: = nonrec [(z,e)]

by (simp add: nonrec-def)

from (isVal e
have [simp]: thunks [(z, e)] = {}
by (simp add: thunks-Cons)

have [simp]: CCfix [(x, e)]-(esing z-(up-1) U esing y-(up-1), L) = L
unfolding CCfiz-def
apply (simp add: fix-bottom-iff ccBindsExtra-simp)
apply (simp add: ccBind-eq disj ccEzp-e)
done

have [simp]: Afiz [(z, e)]-(esing z-(up-1)) = esing x-(up-1) U esing y-(up-1)
unfolding Afiz-def
apply simp
apply (rule fiz-eql)
apply (simp add: disj Aexp-e)
apply (case-tac z z)
apply (auto simp add: disj Aexp-e)
done

have [simp]: Aheap [(y, App (Var f) g)] (let x be e in Var z)-1 = esing y-((Aexp (let = be e
in Varz )-1) y)
by (auto simp add: Aheap-nonrec-simp ABind-nonrec-eq pure-fresh fresh-at-base disj)

have [simp]: (Aexp (let x be e in Var x)-1) = esing y-(up-1)
by (simp add: env-restr-join disj)

have [simp]: Aheap [(z, e)] (Var z)-1 = esing z-(up-1)
by (simp add: env-restr-join disj)

have [simp]: Aeta-expand 1 (App (Var f) g) = (Lam [z]. App (App (Var f) g) 2)
apply (simp add: one-is-inc-zero del: exp-assn.eq-iff)
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apply (subst change-Lam-Variable|of z fresh-var (App (Var f) g)])

apply (auto simp add: fresh-Pair fresh-at-base pure-fresh disj introl: flip-fresh-fresh elim!:
fresh-var-eqE)

done

have [simp]: Aeta-expand 1 e = (Lam [z]. App e z)
apply (simp add: one-is-inc-zero del: exp-assn.eq-iff)
apply (subst change-Lam-Variable[of z fresh-var e])
apply (auto simp add: fresh-Pair fresh-at-base pure-fresh disj fresh intro!: flip-fresh-fresh
elim!: fresh-var-eqE)
done

show ?thesis
by (simp del: Let-eq-iff add: map-transform-Cons disj[symmetric])
qed

end
end

96 ArityAnalysisCorrDenotational.tex

theory ArityAnalysisCorrDenotational
imports ArityAnalysisSpec Denotational ArityTransform
begin

context ArityAnalysisLetSafe
begin

inductive eq :: Arity = Value = Value = bool where
eq Ovw
| (A v.eqgn (v [Fnv) (v2 |Fnv)) = eq (inc-n) vl v2

lemma [simp]: eq 0 v v’ +— v = v’
by (auto elim: eq.cases intro: eq.intros)

lemma eg-inc-simp:
eq (incn) vl v2 +— (V v . eqn (vI {Fnv) (v2 [Fn v))
by (auto elim: eq.cases intro: eq.intros)

lemma eq-Fnl:
(A v. eq (pred-n) (f1-0) (2-0)) = eq n (Fu-ft) (Fn-f2)

by (induction n rule: Arity-ind) (auto intro: eq.intros cfun-eql)

lemma eg-refi[simp]: eq a v v
by (induction a arbitrary: v rule: Arity-ind) (auto intro!: eq.intros)

lemma eg-trans[trans]: eq a vl v2 = eq a vV2 v8 = eq a vl v3
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apply (induction a arbitrary: vl v2 v3 rule: Arity-ind)
apply (auto elim!: eq.cases intro!: eq.intros)

apply blast

done

lemma eg-Fn: eq a vl v2 = eq (pred-a) (vI |Fn v) (v2 [Fn v)
apply (induction a rule: Arity-ind|case-names 0 inc])

apply (auto simp add: eg-inc-simp)

done

lemma eg-inc-same: eq a vl v2 = eq (inc-a) vl v2
by (induction a arbitrary: vl v2 rule: Arity-ind[case-names 0 inc]) (auto simp add: eg-inc-simp)

lemma eqg-mono: a C o’ = eq a’ vl v2 = eq a vl v2
proof (induction a rule: Arity-ind[case-names 0 inc))
case 0 thus ?case by auto
next
case (inc a)
show eq (inc-a) vi v2
proof (cases inc-a = a’)
case True with inc show ?thesis by simp
next
case Fualse with ¢nc-a C a” have ¢ C o’
by (simp add: inc-def)(transfer, simp)
from this inc.prems(2)
have eq a v1 v2 by (rule inc.IH)
thus ?thesis by (rule eg-inc-same)
ged
qed

lemma eg-join[simp]: eq (a U a’) vl v2 <— eq a vl v2 A eq a’ vl v2
using Arity-total[of a a']
apply (auto elim!: eg-mono[OF join-abovel] eg-mono|OF join-above2])
apply (metis join-self-below(2))
apply (metis join-self-below(1))
done

lemma eg-adm: cont f = cont g = adm (A z. eq a (fz) (g x))
proof (induction a arbitrary: f g rule: Arity-ind[case-names 0 inc])
case ( thus ?case by simp
next
case nc
show ?Zcase
apply (subst eg-inc-simp)
apply (rule adm-all)
apply (rule inc)
apply (intro cont2cont inc(2,3))+
done
qed
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inductive eqp :: AEnv = (var = Value) = (var = Value) = bool where
eqol: (N z a. ae z = up-a = eq a (01 z) (02 x)) = eqo ae o1 p2

lemma eqoFE: eqo ae p1 02 = ae z = up-a = eq a (o1 z) (02 )
by (auto simp add: eqp.simps)

lemma eqo-refi[simp]: eqo ae o o
by (simp add: eqp.simps)

lemma eg-esing-up|[simp|: eqo (esing z-(up-a)) ol 02 +— eq a (01 z) (02 x)
by (auto simp add: eqo.simps)

lemma eqo-mono:
assumes ae C ae’
assumes eqo ae’ 91 02
shows eqp ae 01 02
proof (rule eqol)
fix z a
assume ae T = up-a
with ae C ae’ have up-a C ae’ z by (metis fun-belowD)
then obtain o’ where ae’ © = up-a’ by (metis Exh-Up below-antisym minimal)
with <eqo ae’ o1 02
have eq a’ (01 z) (02 z) by (auto simp add: eqp.simps)
with (up-a C ae’ ) and <ae’ z = up-ah
show eq a (01 z) (02 z) by (metis eg-mono up-below)
qed

lemma eqo-adm: cont f = cont ¢ = adm (X x. eqo a (fz) (g z))
apply (simp add: eqo.simps)
apply (intro adm-lemmas egq-adm)
apply (erule cont2cont-fun)+
done

lemma up-join-eq-up[simp|: up-(n::’a:: Finite-Join-cpo) U up-n’ = up-(n U n’)
apply (rule lub-is-join)
apply (auto simp add: is-lub-def )
apply (case-tac u)
apply auto
done

lemma eqo-join[simp]: eqo (ae U ae’) o1 02 +— eqo ae o1 02 A eqp ae’ o1 02
apply (auto elim!: eqo-mono[OF join-abovel] eqo-mono|OF join-above2))
apply (auto intro!: eqol)
apply (case-tac ae z, auto elim: eqoE)
apply (case-tac ae’ x, auto elim: eqoF)
done

lemma eqp-override[simp]:
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eqo ae (o1 ++g 02) (01’ ++502") <— eqo ae (o1 fI* (— 5)) (o1’ f|* (= 8)) A eqo ae (02
f1°8) (027 f1° )

by (auto simp add: lookup-env-restr-eq eqo.simps lookup-override-on-eq)

lemma Aezp-heap-below-Aheap:

assumes (Aheap T e-a) © = up-a’

assumes map-of I' z = Some e’

shows Aexp e”-a’ C Aheap T’ e-a U Aexp (Let T e)-a
proof—

from assms(1)

have Aexp e’-a’ = ABind x ¢’-(Aheap T' e-a)

by (simp del: join-comm fun-meet-simp)
also have ... C ABinds T-(Aheap T e-a)

by (rule monofun-cfun-fun|OF ABind-below-ABinds|OF «map-of - - = -]])
also have ... C ABinds I'-(Aheap T e-a) U Aexp e-a
by simp
also note Aexp-Let
finally
show ?thesis by this simp-all
qed

lemma Aezp-body-below-Aheap:
shows Aexp e-a C Aheap T e-a U Aexp (Let T e)-a
by (rule below-trans[OF join-above2 Aexp-Let))

lemma Aezp-correct: eqo (Aerp e-a) o1 02 = eq a ([e]y1) ([e]p2)
proof (induction a e arbitrary: o1 02 rule: transform.induct[case-names App Lam Var Let Bool
IfThenElse])

case (Var a )

from ceqo (Aexp (Var x)-a) o1 02

have eqp (esing z-(up-a)) ol 02 by (rule eqo-mono[OF Aexp-Var-singleton))

thus “case by simp
next

case (App a e )

from <eqp (Aexp (App e z)-a) 01 02

have eqo (Aexp e-(inc-a) U esing z-(up-0)) 01 02 by (rule eqo-mono[OF Aexp-App))

hence eqp (Aexp e-(inc-a)) o1 02 and g1 z = p2 = by simp-all

from App(1)[OF this(1)] this(2)

show ?case by (auto elim: eq.cases)
next

case (Lam a z e)

from <eqo (Aexp (Lam [z]. €)-a) ol 02

have eqp (env-delete = (Aexp e-(pred-a))) ol 02

hence A v. eqo (Aexp e-(pred-a)) (o1(z = v)
eqoF)

from Lam/(1)[OF this]

show ?case by (auto intro: eq-Fnl simp del: fun-upd-apply)
next

by (rule eqo-mono[OF Aexp-Lam])
(02(z := v)) by (auto introl: eqol elim!:

)
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case (Bool b)
show ?Zcase by simp
next
case (IfThenFElse a scrut e, es)
from <eqo (Aexp (scrut ? eq : e3)-a) ol 02
have eqp (Aexp scrut-0 U Aexp e1-a U Aexp ex-a) 01 02 by (rule eqo-mono|OF Aexp-IfThenkElse])
hence eqo (Aexp scrut-0) ol 02
and eqo (Aexp e1-a) ol 02
and eqo (Aexp eq-a) ol 02 by simp-all
from IfThenElse(1)[OF this(1)] IfThenElse(2)[OF this(2)] IfThenElse(3)[OF this(3)]
show ?Zcase
by (cases [ scrut y2) auto
next
case (Let a T e)

have eqp (Aheap T e-a U Aexp (Let T e)-a) ({T'}eol) ({T'}o2)
proof (induction rule: parallel-HSem-ind[case-names adm bottom step))
case adm thus ?case by (intro eqo-adm cont2cont)
next
case bottom show ?Zcase by simp
next
case (step o1’ 027)
show ?Zcase
proof (rule eqol)
fix x a’
assume ass: (Aheap T e-a U Aexp (Let T e)-a) z = up-a’
show eq a’ ((e1 ++domar [T 1,77 ©) (02 ++dgomar [T 1y27) =)
proof(cases © € domA T")
case [simp]: True
then obtain e’ where [simp]: map-of T x = Some e’ by (metis domA-map-of-Some-the)
have (Aheap T e-a) © = up-a’ using ass by simp
hence Aezp e"a’ C Aheap T e-a U Aexp (Let T' e)-a using (map-of - - = - by (rule
Aexp-heap-below-Aheap)
hence eqo (Aexp e”a’) o1’ p2' using step(1) by (rule eqo-mono)
hence eg a’ (] e’]]glz) {l e’]]ggl)

by (rule Let(1)[OF map-of-SomeD[OF (map-of - - = -]])
thus ?thesis by (simp add: lookupFEvalHeap')
next

case [simp]: False
with edom-Aheap have = ¢ edom (Aheap T e-a) by blast
hence (Aexp (Let T e)-a) x = up-a’ using ass by (simp add: edomIff)
with (eqo (Aexp (Let T e)-a) o1 02
have eq a’ (01 z) (02 z) by (auto elim: eqoF)
thus ?thesis by simp
qed
qged
qged
hence eqp (Aexp e-a) ({T}o1) ({T'}e2) by (rule eqo-mono[OF Aexp-body-below-Aheap))
hence eq a ([ e ]]{]FI}QJ) ([ e ]]{Irl}gg) by (rule Let(2)[simplified])

381



thus “case by simp
qed

lemma ESem-ignores-fresh[simp]: [ e ]]Q(fresh-var e =) = [elo
by (metis ESem-fresh-cong env-restr-fun-upd-other fresh-var-not-free)

lemma eg-Aeta-expand: eq a ([ Aeta-expand a e Jo) ([€]o)
apply (induction a arbitrary: e o rule: Arity-ind[case-names 0 inc])
apply simp
apply (fastforce simp add: eq-inc-simp elim: eg-trans)
done

lemma Arity-transformation-correct: eq a ([ Ta € Jo) ([ € Jo)

proof (induction a e arbitrary: o rule: transform.induct[case-names App Lam Var Let Bool
IfThenElse])

case Var
show ?case by simp
next

case (App a e 1)
from this[where o =p ]
show ?case
by (auto elim: eq.cases)
next
case (Lam z e)
thus Zcase
by (auto intro: eq-Fnl)
next
case (Bool b)
show ?case by simp
next
case (IfThenElse a e e e3)
thus ?case by (cases [ e ]p) auto
next
case (Let a T' e)

have eq a ([ transform a (Let T e) ],) ([ transform a e ]
by simp
alsohave ega ... ([e]

{map-transform Aeta-expand (Aheap I' e-a) (map-transform tras

{map-transform Aeta-expand (Aheap T' e-a) (map-transform transform (Aheap T e-a) F)]}g)
using Let(2) by simp
also have eqga ... ([ e ]]{]Fﬂ‘é’)
proof (rule Aexp-correct)
have eqo (Aheap T' e-a U Aexp (Let T e)-a) ({map-transform Aeta-expand (Aheap T e-a)
(map-transform transform (Aheap T' e-a) T)}o) ({T}o)
proof (induction rule: parallel-HSem-ind[case-names adm bottom step))
case adm thus ?case by (intro eqo-adm cont2cont)
next
case bottom show ?case by simp
next
case (step o1 02)
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have eqp (Aheap T e-a U Aexp (Let T e)-a) ([ map-transform Aeta-expand (Aheap T e-a)
(map-transform transform (Aheap T' e-a) T') ],1) ([I']p2)
proof (rule eqol)
fix x a’
assume ass: (Aheap T e-a U Aexp (Let T e)-a) z = up-a’
show eq a’ (([ map-transform Aeta-expand (Aheap T e-a) (map-transform transform
(Aheap T e-a) T) 17) =) (I1p9) @)
proof(cases x € domAT)
case [simp]: True
then obtain e’ where [simp]: map-of Tz = Some e’ by (metis domA-map-of-Some-the)
from ass have ass”: (Aheap T e-a) x = up-a’ by simp

have ([ map-transform Aeta-expand (Aheap T' e-a) (map-transform transform (Aheap
L ea)T) Jpp) @ =
[Aeta-expand o’ (transform a’ e')] 54
by (simp add: lookupFEvalHeap’ map-of-map-transform ass’)
also have eqg a’ ... ([transform a’ e'],;)
by (rule eq-Aeta-expand)
also have eq a’ ... ([e'],1)
by (rule Let(1)[OF map-of-SomeD[OF (map-of - - = -]])
also have eq a’ ... ([e'],2)
proof (rule Aexp-correct)
from ass’ (map-of - - = -
have Aexp e’-a’ C Aheap T e-a U Aexp (Let T ¢e)-a by (rule Aexp-heap-below-Aheap)
thus eqo (Aexp e’-a’) o1 02 using step by (rule eqo-mono)
qed
also have ... = ([[']y2) =
by (simp add: lookupFEvalHeap')
finally
show ?thesis.
next
case Fulse thus ?thesis by simp
qed
qed
thus ?case
by (simp add: env-restr-useless order-trans|OF edom-evalHeap-subset] del: fun-meet-simp
eqo-join)
qed
thus eqo (Aexp e-a) ({map-transform Aeta-expand (Aheap T' e-a) (map-transform transform
(Aheap T e-a) T)ko) (ITho)
by (rule eqo-mono[OF Aexp-body-below-Aheap))

qed
also have ... = [ LetT' e ],
by simp
finally show ?Zcase.
qed

corollary Arity-transformation-correct’:

[Toelo=1l¢elo

383



using Arity-transformation-correct{where a = 0] by simp

end
end
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